
Light	  Interacts	  with	  Ma0er:	  Basic	  Process	  

•  Ini5al	  State	  
– Photon	  +	  ground-‐state	  nanostructure	  

•  Transi5on	  
– Absorp5on	  event	  (~	  10-‐17	  sec)	  

•  Final	  State	  
– Excited-‐state	  nanostructure	  
– By	  products:	  

•  Absorp5on	  -‐-‐	  nothing	  
•  Photoemission	  	  -‐-‐	  emi0ed	  electron	  
•  Raman	  	  -‐-‐	  emi0ed	  photon	  

hν	  

hν'	  

hν	  



Basic	  Interac5on	  in	  Classical	  Picture	  
•  Electric	  field	  acts	  on	  charges	  
•  Nega5ve	  and	  posi5ve	  charges	  separate,	  causing	  dipole	  moment	  
•  Oscilla5ng	  dipole	  radiates	  EM	  field	  
•  This	  process	  slows	  down	  light	  propaga5on	  and	  change	  its	  phase	  
•  Dissipa5ve	  forces	  lead	  to	  absorp5on	  

E-‐field	  

–	  	  	  –	  
–	  	  	  –	  +	  

Polarized	  
atom	  



Maxwell’s	  Equa5ons	  and	  Cons5tuent	  Rela5ons	  

∇ •D = ρ ∇ ×E = − ∂B
∂t

∇ •B = 0 ∇ ×H = J+ ∂D
∂t

D = ε εoE = εoE +P P = χεoE = (ε −1)εoE
Dielectric	  constant	  ε,	  Polariza5on	  Density	  P	  and	  Suscep5bility	  χ:	  

B = µµoH = µo(H+M) M = χMH = (µ −1)H

Permeability	  μ,	  Magne5za5on	  M	  and	  Magne5c	  Suscep5bility	  χM:	  

Conduc5vity	  σ	  (Ohm’s	  Law)	  and	  Charge	  Conserva5on:	  

J = σE;

∇ •

J+ ∂ρ

∂t
= 0

Gauss’	  Law	  
Faraday’s	  Law	  

Ampere’s	  Law	  



EM	  Wave	  Solu5on	  

•  Assume	  Plane	  Wave	  solu5on:	  

ik ×E = iωµµoH
ik ×H = σE − iωεεoE = −iω(εεo + iσ /ω )E

E = ê Eo  ei (k•x−ωt )

∇ ×E = − ∂B
∂t

;  ∇ ×H = J+ ∂D
∂t

⇓

This	  has	  a	  solu5on	  for:	  	  	  k 2 =ω 2µµoεo ε + i σ
ωεo

⎛

⎝⎜
⎞

⎠⎟
= µω 2

c2
ε

Complex	  dielectric	  func5on	  or	  complex	  conduc5vity?	  
•  Real	  ε	  ~	  Imaginary	  σ	  and	  vice	  versa	  
•  Low	  ω:	  treat	  as	  σ,	  with	  Im(σ)	  =	  capaci5ve	  response	  
•  High	  ω:	  treat	  as	  ε,	  with	  Im(ε)	  =	  absorp5on	  



Op5cal	  Constant	  Rela5onships	  
n,	  ε,	  and	  χ	  

•  EM	  Wave:	  
–  Complex	  ε	  implies	  Complex	  wave	  vector	  	  


E = ê Eoe

i (kz−ωt ) = ê Eoe
− iωte+ inkoze−κkoz

k = ω
c
ε ≡

n
ω
c
= kreal + ikimag = ko(n + iκ )

Dielectric	  constant	  ε,	  Suscep5bility	  χ	  and	  Index	  of	  Refrac5on	  n:	  
ε = ε r + iε im = ′ε + i ′′ε =

n2 = n2 −κ 2 + 2inκ
χ = ε −1= χ r + iχ im = (ε r −1) + iε im

Suscep5bility	  is	  the	  true	  response	  func5on	  and	  sa5sfies	  KK-‐rela5on:	  

χ im(ω ) = − 2ω
π

℘
χ r ( ′ω )
′ω 2 −ω 2 d ′ω

0

∞

∫ χ r = + 2
π
℘

′ω χ im( ′ω )
′ω 2 −ω 2 d ′ω

0

∞

∫

absorp5on	  

Phase	  velocity	  



Op5cal	  Constants	  Control	  Reflec5on,	  
Transmission	  and	  Absorp5on	  

•  Absorp5on	  (α)	  and	  Transmission	  (T)	  
E = Eoe

− iωte+ inkoze−κkoz

Intensity ∝ E
2
= Ioe

−2κkz = Ioe
−αoptz

αopt = 2κ ω
c
= −1

I
dI
dz

= − d
dz

lnI = − 1
z

ln I(z)
Io

αoptz = − ln T (z)

Imaginary	  index	  of	  refrac5on	  

Transmission	  

Note	  this	  is	  Incident	  -‐	  Reflected	  

•  Reflec5on	  
–  Depends	  on	  angle	  and	  polariza5on	  

  
rp =

n1 cosθ1 − n2 cosθ2

n1 cosθ1 + n2 cosθ2  
rs =

n1 cosθ2 − n2 cosθ1

n1 cosθ2 + n2 cosθ1



Basic	  Interac5on	  in	  Classical	  Picture	  
•  Electric	  field	  acts	  on	  charges	  
•  Nega5ve	  and	  posi5ve	  charges	  separate,	  causing	  dipole	  moment	  
•  Oscilla5ng	  dipole	  radiates	  EM	  field	  
•  This	  process	  slows	  down	  light	  propaga5on	  and	  change	  its	  phase	  
•  Dissipa5ve	  forces	  lead	  to	  absorp5on	  

E-‐field	  

–	  	  	  –	  
–	  	  	  –	  +	  

Polarized	  
atom	  



So	  what	  is	  the	  suscep5bility?	  

•  Response	  of	  internal	  charges	  of	  a	  medium	  to	  
an	  applied	  electric	  field	  


P = χεo


E

Various	  models:	  
1. Free	  electron	  gas	  
2. Free	  electron	  gas	  with	  damping	  
3. Bound	  electron	  gas	  with	  damping	  
4. Quantum	  mechanical	  excita5ons	  

χ = −
ω p
2

ω 2 −ωo
2 + iωΓ

χ im(ω ) =
2
εoω

2

Rc←v
A
2 = e

2mωεo

⎛

⎝⎜
⎞

⎠⎟

2

℘cv

2
δ (Ec k( ) −Ev k( ) − ω )

k
∑

Momentum	  matrix	  element	   Joint	  density	  of	  states	  



Classical	  Model	  1	  :	  Free	  Electron	  Gas	  
•  Consider	  free	  electrons	  in	  a	  compensa5ng	  fixed	  posi5ve	  
background.	  

•  Release	  a	  sta5c	  displacement	  of	  electrons	  δ:	  

	  	  	  	  	  	  	  -‐neδ	  
(n	  =	  volume	  density)	  

+neδ	  

Eind =
neδ
εoF = ma = qE = −e * neδ

εo
This	  has	  the	  form	  F	  =	  -‐kx,	  	  which	  is	  a	  
harmonic	  oscillator	  with	  frequency	  	  

ωo =
k
m

P = neδ

This	  defines	  the	  plasma	  frequency:	   ω p =
ne2

mεo
For	  Na	  density	  of	  2.5	  x	  1022	  cm-‐3,	  !ωp	  ~	  9.2	  eV;	  for	  doping	  at	  1017	  cm-‐3,	  around	  10	  meV	  	  	  

This	  the	  relevant	  model	  for	  the	  surface	  plasmon	  lab.	  



FEG	  Dielectric	  Func5on	  

  

If  ω <ωp : εFEG < 0 ⇒ imaginary index

absorption and  high reflectivity

EM	  Wave	  in	  a	  FEG	  

•  Drive	  the	  system	  with	  E	  field	  at	  frequency	  ω:	  
Eapp = Eoe

− iωt ; δ = δoe
− iωt

F = ma⇒ −mω 2δ = −eEapp
δ = e

mω 2 Eapp

•  χ	  is	  the	  ra5o	  of	  the	  Polariza5on	  Field	  to	  the	  Electric	  Field.	  
•  P	  is	  the	  dipole	  moment	  per	  unit	  volume.	  
•  For	  n	  charges	  per	  unit	  volume	  displaced	  by	  δ,	  

P = −neδ = − ne
2

mω 2 Eapp = −
ω p

2

ω 2 εoEapp

P = χεoEapp

χ = −
ω p

2

ω 2 ;  εFEG = 1−
ω p

2

ω 2



Classical	  Model	  2:	  FEG	  with	  damping	  
•  Response	  to	  DC	  field:	  standard	  conduc5vity	  
–  Electron	  accelerates	  in	  E-‐field	  un5l	  it	  sca0ers	  arer	  a	  5me	  τ	  
–  That	  sca0ering	  event	  makes	  the	  average	  momentum	  p	  in	  
the	  drir	  direc5on	  zero,	  since	  it	  sends	  the	  par5cle	  into	  an	  
arbitrary	  direc5on.	  

F =ma = dp
dt

= qE − p
τ

Steady	  state	  solu5on:	  	  p = qEτ =mv

Define	  mobility:	  	   v = µE = eτ
m

And	  DC	  conduc5vity:	  	  J = σE
nev = σE

σ = neµ = ne
2τ
m

=ω p
2τεo

E-‐field	  

This	  the	  relevant	  model	  for	  the	  Hall	  effect	  lab	  



Dominate	  for	  ωτ	  >>	  1	  
Dominate	  for	  ωτ	  <<	  1	  

Frequency	  response	  of	  damped	  FEG	  
•  Same	  equa5on	  –	  finite	  frequency	  
– Usually	  replace	  τ	  =	  1/Γ	  –	  damping	  instead	  of	  
sca0ering.	  

– Whether	  think	  in	  terms	  of	  conduc5vity	  with	  some	  
capaci5ve	  response	  or	  dielectric	  with	  some	  
absorp5on	  depends	  on	  ωτ.	  

F =ma = dp
dt

= qE − p
τ
= −eE −mvΓ Steady	  state	  response:	  	  x = e /m

ω 2 + iωΓ
Eapp

Complex	  x	  means	  response	  not	  in	  phase	  with	  applied	  field.	  

Solve	  for	  real	  and	  imaginary	  suscep5bility,	  χ	  =	  –	  nex:	  

χ = −
ω p
2

ω 2 + iωΓ
= −

ω p
2

ω 2 + Γ2 + i
σ o

ωεo

Γ2

Γ2 +ω 2

= χFEG
1

1+ ωτ( )−2
+ i

σ o

ωεo

1

1+ ωτ( )2



Classical	  Model	  3:	  Bound	  electron	  gas	  
•  Add	  a	  restoring	  force	  with	  resonant	  frequency	  ωo.	  

– We’ll	  see	  later	  this	  is	  equivalent	  to	  an	  absorp5on	  at	  !ωo.	  

F =ma = −eEapp −mΓv −mωo
2x

x = eE /m
ω 2 −ωo

2 + iωΓ
Force	  equa5on:	  

Response:	  

Suscep5bility:	  
χosc = −f j

ω p
2

ω 2 −ω j
2 − iωΓ j

f	  	  is	  the	  oscillator	  strength,	  effec5vely	  the	  frac5on	  of	  
the	  electron	  density	  par5cipa5ng	  in	  this	  resonance.	  

This	  the	  relevant	  model	  for	  op5cal	  absorp5on,	  which	  isn’t	  in	  any	  current	  Phys	  431	  labs.	  



Example	  of	  Bound	  EG	  response	  
Wp	  =	  2	  eV	  
Wo	  =	  3	  eV	  
Gamma	  =	  1/3	  eV	  

Wp	  =	  4	  eV	  
Wo	  =	  3	  eV	  
Gamma	  =	  1/3	  eV	  

χosc = −f j
ω p
2

ω 2 −ω j
2 − iωΓ j



All	  well	  and	  good,	  but	  what	  about	  
quantum	  mechanics??	  

The	  remaining	  slides	  were	  created	  for	  another	  purpose,	  
and	  are	  just	  here	  for	  your	  enlightenment.	  	  	  
	  
They	  will	  make	  	  more	  sense	  if	  you	  have	  taken	  E&M	  and	  
QM.	  
	  
We	  don’t	  have	  any	  labs	  in	  Phys	  431	  that	  require	  the	  
quantum	  mechanical	  picture	  of	  the	  dielectric	  constant.	  



All	  well	  and	  good,	  but	  what	  about	  
quantum	  mechanics??	  

	  

energy absorbed
time

=
′′ε ω 3εo

2
| A |2

− dI
dt

= − dI
dz
dz
dt

= αI( ) cn
⎛
⎝⎜

⎞
⎠⎟
= ′′ε ω
n2

I

I =
cn2εo
2

E(ω )
2
=
cn2εo
2

ωA
2
=
n2ω 2cεo
2

| A |2

A	  =	  vector	  poten5al	  in	  Coulomb	  gauge	  

hν	  

Connec5on	  is	  through	  the	  Absorp5on	  Coefficient	  
•  Macroscopic	  wave	  propaga5on	  is	  classical	  
•  Photon	  absorp5on	  is	  a	  quantum	  event.	  

Absorp5on	  Coefficient:	  	  	  
•  Quantum	  mechanics	  gives	  rates	  wrt	  5me,	  not	  posi5on	  	  

I = Ioe
−αz = Ioe

−2κωz/c

Real	  part	  
of	  index	  

Imaginary	  
part	  of	  ε	  



Quantum	  Descrip5on:	  	  
Fermi	  Golden	  Rule	  

energy absorbed
time

=
′′ε ω 3εo

2
| A |2

energy absorbed
time

= Rc←vω

Rc←v =
2π


c He−Rad v
2
δ (Ec (kc ) −Ev (kv ) − ω )

kc ,kv
∑

′′ε (ω ) = ′′χ (ω ) = 2
εoω

2

Rc←v
A
2

Matrix	  element	  
Symmetry	  

Joint	  density	  of	  states	  

This	  is	  why	  χ	  is	  more	  fundamental	  than	  the	  index	  of	  
refrac5on	  or	  absorp5on	  coefficient.	  
You	  can	  use	  KK-‐rela5on	  to	  get	  the	  real	  part.	  

E	  

k

CBM	  

VBM	  

ω



What	  is	  the	  Hamiltonian?	  

•  Poten5al	  Energy	  in	  electric	  field:	  

•  Atom:	  r	  <<	  λ	  and	  can	  ignore	  high	  order	  terms	  
	  
•  Crystal:	  	  wave	  vector	  is	  what	  is	  confined	  to	  
small	  range,	  and	  not	  posi5on	  
– Use	  vector	  poten5al	  form	  of	  Hamiltonian	  

    U = qV = −q
!
E •
!
r

    
!
E = Eoe

i
!
k•
!
r =
!
Eo 1+ i

!
k •
!
r − (
!
k •
!
r)2 +…⎡⎣ ⎤⎦

    
He−r = −q

!
E •
!
r   vs.  He−r =

e
m

!
A •
!
p

Include	  EM	  field	  by	  changing	  momentum	  to	  p	  +	  eA	  	  



Calcula5ng	  the	  Matrix	  Element	  for	  Direct	  
Gap	  Semiconductor	  

Coulomb	  gauge	      
E = − ∂A

∂t
;    B = ∇ × A

A = − 1
ω
Eo cos(q•r −ωt) =

−1
2ω
Eo e

i (q•r −ωt ) + e− i (q•r−ωt )( )

H =
p + eA( )2
2m

+V (r)

= p2

2m
+ e
2m

p •A + e
2m

A •p + e
2A2

2m
+V (r)

Hamiltonian	  

Matrix	  Element	   c He−Rad v
2
= e
m

⎛
⎝⎜

⎞
⎠⎟

2

c Axpx + Aypy + Azpz v
2

c = uce
ikc•r;  v = uve

ikv •r pxuve
ikv •r = eikv •rpxuv + kvuve

ikv •r

Integrates	  to	  zero	  
uv	  orthog.	  to	  uc	  Important	  term	  



Momentum	  matrix	  element	  
Between	  valence	  and	  conduc5on	  bands	  

More	  matrix	  element	  
u *c e

+ i (q+kv −kc )•rpxuvd
3r

crystal
∫ =

= e+ i (q+kv −kc )•R j

j=lattice pnts
∑ u *c e

+ i (q+kv −kc )• ′r pxuvd
3 ′r

unit cell
∫

Momentum	  conserva5on:	  

      

� 

q + k v −k c = 0  or  G

        

� 

ei (q• ′ r ) = 1 (+iq • ′ r + 1
2

iq • ′ r ( )2 +…)

Magne5c	  dipole	  

Electric	  quadrupole	  

u *c pxuvd
3 ′r

unit cell
∫

2

= 1
3

|℘ |2
Main	  term	  

c He−Rad v
2
= e
2m

⎛
⎝⎜

⎞
⎠⎟

2

A
2
℘cv

2

Net	  result:	  



Pull	  together	  and	  connec5on	  to	  ε	  
Rc←v =

2π


c He−Rad v
2
δ (Ec (kc ) −Ev (kv ) − ω )

kc ,kv
∑

= 2π


e
2m

⎛
⎝⎜

⎞
⎠⎟

2

A ω( ) 2℘cv

2
δ

k
∑ (Ec (k + q) −Ev (k) − ω )

′′ε (ω ) = 2
εoω

2

Rc←v
A
2 = e

2mωεo

⎛

⎝⎜
⎞

⎠⎟

2

℘cv

2
δ (Ec k( ) −Ev k( ) − ω )

k
∑

    

′ε = 1+ e2

εom
1

2πm!ωcv

℘cv

2 1
ωcv

2 −ω 2
k
∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

′ε = 1−

fi k( )e2

mεo

ω 2 −ωcv
2

k
∑

′ε = 1+ 2
π

′ω
′ω 2 −ω 2

e
2mεo ′ω

⎛

⎝⎜
⎞

⎠⎟

2

℘cv

2 δ (ωcv − ′ω )
k

∑∫ d ′ω

Kramers-‐Kronig:	  

Oscillator	  strength	  ~	  
Matrix	  element	  

Transi5on	  frequency	  

Joint	  density	  of	  states	  

εBEG ω( ) = 1− ω p
2

ω 2 −ωo
2

Bound	  electron	  gas	  

fcv k( ) = 1
2πmωcv

℘cv

2



Joint	  Density	  of	  States	  

′′ε (ω ) = e
2mεoω

⎛

⎝⎜
⎞

⎠⎟

2

℘cv

2
δ (Ec k( ) −Ev k( ) − ω )

k
∑

3D :  ρ j (Ecv ) =
2

2π( )3

dSk
∇k (Ecv )

∫

Sum	  over	  occupied	  v	  and	  
empty	  c	  states	  with	  same	  k	  
separated	  by	  !ω	  

Cri5cal	  point:	  	  denominator	  goes	  to	  zero	  

Ecv k( ) = Eo(ko) + [linear = 0] + α i k −ko( )
i

2

i=1

dim

∑



Cri5cal	  points	  

    

� 

Dimension Type Dj (E < Eo ) Dj (E < Eo )

3 M0 0 E−Eo

M1 C− Eo −E C

M2 C C− E−Eo

M3 Eo −E 0

2 M0 0 C

M1 − ln Eo −E( ) − ln E−Eo( )
M2 C 0

1 M0 0 1
E−Eo

M1
1

Eo −E
0

Shape	  of	  curve	  gives	  info	  
on	  dimensionality	  and	  
band	  structure	  

Ecv k( ) = Eo(ko) + α i k −ko( )
i

2

i=1

dim

∑

Subscript	  =	  number	  of	  nega5ve	  α’s	  

!


