Lecture 14: Appendix A The general central force problem

We can apply theideas of Lecture 14 to the general central force problem and (as
promised at the beginning of the course) ask which central potential can yield
periodic (clock-like) behavior. We consider avery general form for the potential

K. o
U(p)z—zp;ﬁ‘j+kolnp+zkjp ' (14A.1)
j j

with a; >0 and B, <2-¢, ¢ >0, for bounded motion. The question is, which terms

in this expression can yield periodic tragjectories independently of the specific initia
conditions and the specific force constants k| , i.e., we are interested in when stable

periodic behavior arises. This question can be stated in terms of the integral

(D Pmax L dp

z

2 2% f2u(E-V(p))

where we ask under what conditions does thisintegral yield arational result
independent of the specific valuesof E,L,,k, . We can study this problem by

(14.A.2)

focusing first on circular orbitswhere E =V (p,), V'(p,) =0, V'(p,) >0 and
p, =0. Thisisasingle frequency problem with w, =¢= Lz/up§ . Next we consider

small perturbations around this solution and determine when these perturbed orbits
are independent of theinitial conditions and force constants and then when they yield
rational valuesin Eq. (14.A.2). Asusua with such linearized perturbation problems
we will start with a harmonic oscillator problem. We can simplify the expressions by
choosing arescaled variable x=L_/p, setting 1 =1 (i.e., rescaing al energies by the

reduces mass) and defining a new potential

X° L
w(x)="—+U (—Zj (14A.3)

Now we are interested in the quantity
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& dx
O = f' ’ (14.A.4)

) - \/2( E-w(x))

which isthe half period of a particle described by the 1-D (effective) Hamiltonian

2

h =5t w(x) =E. (14.A.5)

By construction, we are near acircular orbit at x, =L,/p, where

W( X) = W(X,) +W'(XO)@' (14.A.6)

Thus the frequency of the perturbed radial motionis

O=—= 14A.7
0y W (%) (14A.7)

and we want to know when this quantity isindependent of initial conditions and force
constants. Using the expression for the potentia in Eq. (14.A.3) we have

Physics 505 Lecture 14 Appendix A 2 Autumn 2005



3><0LZU’(LZ + LU [Lj
:>V\/,(XO): XO y XO
XO
L L
ST
_ % X
L
LU'| =2
XO z [Xo
I T S iy
7 (Xoj+xou Xoj (1448
U'(Lz
X
So finally we have
W@ 1 :1\/ U'(p,) ns
2r 2 V\/'(XO) 2 SU'(po)'FpoU”(po) (14A.9)

and we want to know when this expression is independent of the initial conditions
and the force constants and then when isit rational. The dependence on the angular
momentum (an initial condition) and the force constant appears through the
dependenceon p,. So wefirst ask how the square root in Eq. (14.A.9) can be

independent of p,. Thiscan clearly only occur when the potential isjust one of the
termsin Eq. (14.A.1) (i.e, asingle power of p). Sincein this case the above
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expression isindependent of the force constant and its sign, we need only consider
U o« p* (-2<a for bounded motion) and find

U'OCOCpa_l,U”OCOC(OC—l),Oa_Z
U’ a 1
— = =
V' +pU" +ala-1) a+2 (14.A.10)
1

2Na+2

So a potential with asingle power can produce awinding number that is independent
of theinitial conditions and the force constant. However, the result is periodic only
if W aboveisrational. Thusthe alowed powers(-2<a) are-1, 2,7, 14,

(o =? — 2, with n an integer).

W=

Next we ask what happens for larger perturbations around the circular orbit. Since
theresult in Eq. (14.A.10) isrequired to be stable with respect to changesin the
energy E, we might as well consider large changes such that the resulting expressions

arerelatively simple. For thecase U =kp”, k,a >0 we consider thelimit E — .
In this limit we expect that the x*/2 termin w(x) will dominate at the maximum
turning Point X — Xym —> 0, E=W(Xm )= Xom /2. We can scale out this behavior
with the change of variables y = X/X., (p=L,/X=L,/YXu ),

w( X L
(_): y* +2k—2—. (14.A.11)
E Y Xrax

where we expect, inthe E — oo limit, that vy, = x. /X _ —0. Withthese

definitions of the variables for the E — oo limit and assuming that the y* terms
dominates (y fixed, X, — «), we have from Eq. (14.A .4) that
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1 T dx
W =
an{n¢z<E_W(x))E
LY L
1-y (14.A.12)
l T l
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From EqQ. (14.A.10) we see that this correspondsto o =2 and meansthat thisisthe
only positive exponent that gives the same winding number both at the energy of the
circular orbit and at arbitrarily large energy. Thus we conclude that the only potential
with a positive exponent that yields periodic motion independent of the initial
conditions, i.e, the value of E, isthe isotropic harmonic oscillator.

To study the negative exponent case, U = —kp”, 0< 8 < 2 we consider the opposite
limit E— 0. We have

W(Xmax):W(Xmin): E_)O’
( Xrnin :O

Ny o V)
\)gnax = L_§

Note that here x . =0 impliesthat p — co where we can consider that the orbits
close. Againweuse y=x/x__ and noting that x2_ /2=kx’_/L?, we have

k 2 2
—wW(X)= Fx” _XE: X”;‘X (yﬂ — yz). (14.A.13)
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Thus the winding number is given by

1 dx
WE—>O = 27_[ J-

o \/2( E-w(Xx)) .

= (14.A.14)

Again we demand that this result match that in Eq. (14.A.10), which yields

B =—a =1. Theonly negative power potential that yields periodic motion for al
initial conditionsisthe 1/r (Kepler) potential. Aswe have claimed since the
beginning of the quarter, only two central potentias yield periodic behavior
independent of the details of the initial conditions and independent of the force

constant (k), U, . =—k/r and U, = kr?/2. Thisresult isthe Bertrand-Knigs
theorem.

Kepler

To summarize, for W = irrational we find quasiperiodic behavior and the function for
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¢(p), or better it sinverse p(¢), must be an infinitely valued function. For periodic
behavior we have W = m/n and the orbit function is an m-vaued function of ¢ if nis

even and a2m-valued function of ¢ if nisodd. [Y ou can confirm this result by
considering the various orbits illustrated in the Appendix to thislecture. The “multi-
valuedness” of ¢(p) isgiven by how many times you intersect the orbit in moving

from p,,, t0 p,., a afixed valueof ¢.] For the Kepler (and harmonic oscillator)

problem m = 1 with n even and the orbit function is single-valued, i.e, analytic. This
analyticity arises from the existence of another conserved quantity, which allows the
problem to be solved algebraically (and analytically) rather than viaan integral. Here
we discuss the Kepler problem. A similar strategy works for the oscillator problem.
Quite generally for the central force problem we have

p=uf, ﬁi:—U'(r)f

(14.A.15)

Since the total angular momentum is conserved for a central force problem, we can
write d (P E)/dt = px L. For the Kepler potential we have U’ =k /r? so that we
can rewrite Eq. (14.A.15) as

(14.A.16)
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Thus we have a new conserved vector quantity,

A= px L — ukf, (14.A.17)

called the Laplace-Runge-Lenz, or just Runge-Lenz, vector. Note that, since the
angular momentum is orthogonal to the radius vector, we have

—

A-L=0. (14.A.18)

The Runge-Lenz vector liesin the plane orthogonal to the angular momentum. It has
amagnitude defined by (using helpful vector identities)

A’ :(fJx I:)(rox I:)—Zukf-(f)x I:)Jr,uzk2
= p2L2—<f)- I:)z—Z,ukl:-(fx f))+/,tzk2
12

= p°L® - 2uk— 2K?
P HESTTH (14.A.19)

2
k
=2ul? {p—— —} + p’k?
2u r
=2uEL” + u’K>.
It is now easy to find the orbit function in terms of this conserved quantity and the

angular momentum (using the form of the scalar triple product — symmetric under
cyclic permutations),

f-A:f-(pr)—ukr:E-(Fx p)— ukr

(14.A.20)
=% — pkr.

As before we choose to define cylindrical coordinates with the z-axis aligned with L
and the x-axis along the projection of A into the (x,y) plane. Then, for motionin
that plane as required by angular momentum conservation, Eq. (14.A.20) reads
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pAcosg = L2 — ukp

L2 (14.A.21)
= p= :
Acosg + uk

an analytic orbit function. We can further ssmplify this expression by defining

g =+1+2EL%/k? = A/uk and p' = L2 /uk =1/C sothat

__ P
p £00S¢p +1’
1 (14.A.22)
—=C(ecosg +1).
0

Weidentify & asthe eccentricity of the corresponding orbit: E<0=¢ <1= an
ellipse, E=0= ¢=1= acircle,and E> 0= ¢ >1= ahyperbola. More formally

the 3 components of L and the 3 components of the (properly normalized) vector
D= A/ J2uE areall conserved and, viewed as operators, provide a representation of
the 6 generators of the group SO(4) (rotations in a Euclidean 4-D space), which isthe

true symmetry of the Kepler problem (thisis aformal extension of the true 3-D
configuration space).

The extra conserved quantity in the isotropic harmonic oscillator problemisa
symmetric (3x3) tensor, which has 6 independent components. However, the trace of
thistensor (correctly normalized) isjust the Hamiltonian. So besides the
Hamiltonian, we have 3 (L) plus 5 (the components of the tracel ess symmetric
tensor), i.e., 8, conserved quantities. These 8 quantities, viewed as operators, provide
arepresentation of the group SU(3), the true symmetry of the 3-D isotopic harmonic
oscillator.
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