Lecture 8 — Small Oscillations[Chapter 4in F & W]

We want to discuss the small oscillations that a mechanical system exhibits when
perturbed around an equilibrium point as has already appeared in the HW exercises
(and the appendix to the previous lecture). Asusua we are imagining that the

systems can be described by potentials, U (ql, o ) and Lagrangians,

L(ql,...,qf,ql,..., o ) . We consider systems that exhibit equilibrium points in phase
space where both ¢, =0 and p, =0 (al K). If we expand the behavior in terms of
small perturbations about this point, we expect to have alinear description of the
system, in which case we can aways solve for the behavior of the system in terms of
the normal modes (the eigenfunctions) with generic time dependence exp(i ot ) For

expansions about a stable equilibrium (a true minimum of the potential) we find real
values for the frequencies o, . (For future reference we note that the corresponding

flow in phase space —recall the appendix to thelast lecture - iséliptical, including
circular.) For expansions about an unstable equilibrium (a maximum or saddle point
of the potential) the frequency picks up an imaginary part and the system tends to run
away from theinitial point (thereby lowering its energy). (This correspondsto
hyperbolic flow in phase space.)

We consider systems described by a positive kinetic energy defined in terms of a
possibly coordinate dependent metric (which includes any mass factors left over after
the definition of q),

1 .
T=§ka|(q1,-.-,qf )chh- (8.1
k|

We are implicitly assuming that al conserved canonical momenta have been
identified and replaced by their constant valuesin the effective potential , which we

will continueto call U (ql, ...q; ) The remaining coordinates are taken to be fin
number. Since T is positive, the matrix m, (sometimes represented as g, ) is both

symmetric and positive definite. Henceit also hasaninverse, m™, . Asusua we
have,
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P =§—qu=%2% (ql1°"1qf )q +%|ka (ql"“’qf )Q|
:Zl:mkl (q“---’CIf )qI’ (8.2
ZHA Zhu( 0 )44 =2T=>H=T+U=E

Employing the inverse of the metric we can write

g = Z m_llk Px
K

1 ) (8.3
=§kam Im knp P, = Zm kP By =
K

I\JlH

pm~p,

where we have introduced the usual matrix notation in the last step (the transpose p

Isarow vector instead of a column vector). The equilibria are defined by Hamilton's
eguations set to zero, which yield

oH_oT _ .

lz@p 8p=m|kpk20 pk:O
| | > =< oU :
: oH _om* oU —=0 (8.4)
p=———=-P——pP-—-=0 [
aq| 8q| aql J

Wefocusfirst on asolution, q =Q,...,J; , to these equations corresponding to a

stable (élliptic) equilibrium (with later mention of the hyperbolic case). Interms of a
small perturbation about the equilibrium point, 6q, = g, — ., we have

Physics 505 Lecture 8 2 Autumn 2005



. 1« oU
U =U +— 00,0
(q) (q ) 2 kZJ: aqk8q| q:q qk ql

1
=U (9)+= %5959,
(a)+5 2. %504 ©5)

1 _ _ s e
T(p)zazkllrm(ql,...,qf )5qk5q|,

where we have kept only terms (up) to quadratic order in the small perturbations.
Thiswill lead to linear equations of motion, which we know we can solve. By
assumption of being at a stable equilibrium we expect the matrix v to bereal, positive
semi-indefinite and symmetric.

Now we move entirely to matrix notation (summeations assumed) and subtract the
(constant) value of the potential at the equilibrium point, which yields

56)  [T=2im

_| 2

n=| : |=9 1 (8.6)
59; U=§nvn

In this notation (the linear) Lagrange’ s equations of motion are (the metric istime
independent by assumption)

ny =—-vn. (8.7)

Asusual such linear equations with constant coefficients suggests looking for
exponentia solutions of the form

n=Rep ce™, 8.9
k

I.e., the magic of exponentialsisthat any number of derivatives still yields the same
exponential. Substituting in the generic form 1 ~ exp(iot) (F&W tend to work with
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just the real form but we will work with the complex form and then take the real part
at the end) produces the eigenvalue equation

®°mn = vn. (8.9)
Asreal, symmetric matrices both v and mcan be diagonalized, but we want to

diagonalize both at once (which is not possible if the matrices do not commute). We
change Eq. (8.9) from a vector equation to a scalar equation by multiplying on the left

by n" =7 (i.e.,, multiply into the remaining free index) and use the factsthat vand m
arerea and symmetric to obtain 2 equations

T]jTVUk = im,-Tm?k,

77,TV77k = lj*n;rm/Ik ) (8'10)

In these expressions n, isnot the K" component of avector but rather the vector
representing the k™ eigenvector of mwith eigenvalue 4, = w?. By taking the
difference of these two equations we find

(A‘k —/lf)mem =0. (8.11)

Thus we can conclude from the diagonal terms, j = k, with the constraint that mis
positive definite (n/mn, > 0), that the eigenvalues are real,

Ay = Ay (8.12)

From the off-diagonal terms, | # k, assuming non-degenerate eigenvalues 4, = 4, ,
we |learn that the eigenvectors are orthogonal (in terms of the metric),

n;my, =0. (8.13)

In the case of degeneracy, A, = 4, , we can always choose orthogonal eigenvectors
(by hand). We will assume this choice has been made in the following discussion.
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Since thisisalinear problem, thereis an overall normalization ambiguity. Wefix the
normalization with the constraint

nimyp, =1. (8.14)

We are also free to choose the eigenvectorsto be rea (the only ambiguity is an
overall phase). From Egs. (8.10) and (8.14) it follows that

T
NV t
A =——<=nVn,. 8.15
ThImUk K ( )

Thus, as we expect, the eigenvalues A, arereal and positive for an elliptic

equilibrium point, (v=U "> 0), corresponding to real values of the frequencies @, .
At hyperbolic points at |east some of the eigenvalues will be negative (v < 0)
yielding complex frequencies.

The eilgenvalues are found by solving the f-order equation
det[v-Am] =0, (8.16)

which must hold in order to find non-trivial eigenfunctions (i.e., otherwise the inverse
of the matrix v — Am exists and we can solve Eq. (8.9) to find n =0). Assuming that
we have found the corresponding eigenvectors, we can (at least formally) define the
normal mode transformation or modal matrix, whichisa f x f matrix in which each

column is one of the eigenvectors (n, , isthe K" component of eigenvector j),

Thea Mo = T2
The Myt 0 Mg

From the orthonormal properties of the eigenvectors, Egs. (8.13) and (8.14) we have
(note, if everything isreal, we have, asin F&W, N =NT=g"=4")
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( NTmN )jk = ZUmenk,m = U;rm’?k =0y
im (8.18)

N'mN = 1.

Thus the transformation N serves to diagonalize m, or, said the other way, with
respect to the metric m, Nisaunitary matrix, N =N". Actually, with our choice of
rea eigenvectors, Nis (real and) orthogonal, N™*= N"=N =N, al defined with
respect to the metric m. In thislanguage Eqg. (8.18) is a standard similarity
transformation, N"'mN (or NmN ™).

Thus by construction we have

(VN)jk = ZVJI Ny :Zvjlnk,l = ﬂ’kzmjlnk,l

| | |
= VN =mNA, A, =5, 4, (8.19)
— N'WN = N'TmNA = A.

So, as desired the transformation provided by the normal mode (modal) matrix
diagonalizes both v and m. If we consider the linear transformation provided by N in
terms of the general states, n = N¢&, & = N'np, we have

1 1 1
U==n'w; ==¢"N'WN¢ ==¢"A
o0’ = JCINWG =2 CTAC
I ST VR
T=2r'my =SNG =24 620

E=Tr[T+U]= %Z(g‘;cjk + i)
k

Thus we have a system composed of f independent harmonic oscillators with normal
modes ¢, (t) =G, exp(ia)kt), where we will use just thereal parts (asin Eq. (8.8)).
The question of whether the overall motion is periodic boils down to whether the
individual frequencies have ratios that are rational or not. Every pair with arational
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ratio, o, /a)k =m/n, will yield a2-D subspace of the full configuration space in which
the projected tragjectory is periodic.

A classical example of such asystem is the case of two (identical) coupled
pendulums, asillustrated in Fig. 23.1in F&W, of length | and mass m. In terms of
the usual angles that define the deviation from the local down direction (i.e., the
direction of gravity) we have

r-m’ (67 +63),
> (8.21)
U = mgl (2 cost, — cost, ) + ki*(1-cos(6, - 6,)),

where Kk is the spring constant of the spring coupling the two pendulums. The
corresponding Lagrangian in the small angle limit is (the variablesin F&W are
n.=16,)

2 | "k
L - mz(92 +62)- m%(@fw;) —6.- 0,)°. (822

We can simplify the analysis (or at least the notation) by switching to dimensionless
guantities

oL
mgl
t'= \/gza)pt,
I (8.23)
K ?
a=—=—7%,
gm o

where we have identified the two natura frequencies in the problem: the usual
pendulum oscillator frequency, o, =+/g /I, and the usual spring oscillator frequency,

o, =+/k/m. Interms of these quantities we want to study
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1((de Y (do. ) 1 o ,
L'=2|| =2 | +| =2 |-=(62+67)-=(6,-6,)".
2[( dt’j (dt’j J 2( 1 2) 2( 1 2) (8.24)

Switching to matrix, vector notation we have

7= oy,
2 (8.25)
f 1+ —

U,:nvn:vz( a o j
2 —a l+a

where the dots in the second line mean 6/6t". The eigenvalue problemis

1+a -4 -
et =0
—O 1+a- A4

= (1+a-1) —a’=1+2a -2(1+a) A +A°=0
1+ 2cx

(8.26)

=> A =1+a i\/(1+ a)2 -1-2a :{

The 2 eigenfrequencies are (recall the factor of w, = Jg/l inour definition of t')
- 9
a)l = l_a)p = \/I:’
_ _ [ 2 _ |9 K
W, = A0, =V1+ 200, =0, + 20; = |—+ 25.

The corresponding eigenvectors are

(8.27)
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VI = A

1y 1l (8.28)
:>nl_\/§£1j’n2_\/§£_lja

where we identify the first eigenfunction with the case where the 2 pendulums move
in paralel, with no stretching of the spring, and the second with the two pendulums
moving oppositely with maximum spring stretching/compression. The normal modes

are then
1(1 1) ., 1(1 1
3 2l )
1(6,+6,) (&
=N J_[@ OJ_KCJ (8.29)

é-’/l+é-’/2 91
=nneglele)(a)

2

In terms of the normal modes the (original) Lagrangian decouples

L= %(g‘f +¢7)- %(wfglz +03gl). (8.30)

In terms of the scaled coordinates with @, = o, /@, =1 and &, =& =w,/o, =1+ 2a
we have

{,=asint’+b cost’ =, cos(t' +4,),
¢, =a,sinat’+h, cosat’ = c, cos(at’ +¢,)

=i sint’+b cost’ + a,sinot’ + b, coswt’), 8.31
\/— CH a, ) (8.31)

=-——(asint’+b cost’'—a, sinmt’'—b, coswt’).
\/’al a,
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=0 and

t'=0

If we assume initial conditions of the form 6,(0) =6, (0) =d@, /dt’

d91/dt' =C (akick applied to pendulum 1 at t = 0), we have

t'=0

0, (t) = %(sint' +%gna‘)t'j,
a
j (8.32)

0, () =%(sint'—%sina7t'
0]

Now consider this solution in the limit of small frequency difference (o < 1) for the
two normal modes (o, < @, ) where

i 1. _ i .
sint' +t =sinwt'=sint' = sinot’ =

0
_dn 1+a)+1—a) Y+ 1+a)_1—a) ¢
2 2 2 2
1+ w 1-w W, + o, -,
Zsm—t cos——t' =29in tcos t
2 2 2
= 29 nt'cosgt'
_ 2
n 1+w 1- , + ® ® -, .
200512 Gni= Py — 20082t P2 gin Y1 ” P2y
2 2 2 (8.33)
=~ —ZCost'singt’
2
Thus, in this limit, the solutions look like
6,(t) =csint’ cos%t',
(8.34)

0,(t)= —ccost’sin%t’,
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corresponding to arapid oscillation at frequency , (amplitude) modulated by a

slower frequency oscillation at aw, /2= ? /2w, . Thisis the phenomenon of

“beats’, i.e, the amplitude of the motion of the two pendulums go up and down at the
(smaller) difference frequency. This behavior isindicated in the final two figures

(x=0.1).

a0 : “Inl“““ l'.?ﬂ“!“h_;"xl,‘.“
o

o 1’1‘!_““j,..,ajm.“l”i L!“U_x,l
- IS

Note that this is the same mathematics that describes the phenomenon of neutrino
oscillation that has created so much excitement in the last 10 years.

a1

a1
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