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HW |l Solutions
10/13/10

1) (7 pts) Fetter & Walecka- 1.10 Here we want to analyze the r? potential much as
we did the 1/r potential. Be certain to note the ssimilarities and differencesin the
two cases, especially the fact that both produce closed, stable orbits.

Solution: @) (2 pts) We start by considering the effective potentia corresponding to
the harmonic potential
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which hasthe feature that it is positive everywhere,
going to +oo at the origin and at infinity asin the
figure. Thusfor all energies above the minimum of
the potential,
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there are bound (classical) states with turning points given by
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b) (3 pts) Next we want to verify that the corresponding orbit is an ellipse with the
origin at the center. Asin the text and Lecture 2 we have the orbit equation
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Thisisvery similar to the 1/r case except for the factor of %2 and the integration
variable being p°. Thislatter difference (due to the different change of variables)
also meansthat in the current analysis the angle ¢, corresponds to the location of

the minor rather than major axis (i.e., the minimum value of p? instead of 1/p%).
Manipulating this expression to find the standard form for the orbit, with ¢, = 7z/2

so the major axisis aong the x-axis, we obtain
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We recognize this last expression as describing an ellipse symmetric about the
origin. For example, we note that p?is maximum at ¢ = 0 and 7, and minimum at ¢
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= /2 and 37/2. If a represents the length of the semi-mgjor axis and b the semi-
minor axis, with the usual relation b? = a? (1— gz), the standard Cartesian form for

the symmetric ellipseis

Thus we identify
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In the (hyperbolic) notation suggested by F&W we have (i.e., we define)

E E’m |E’m
E, _\/kLz _\/klz =coshe,

which we can substitute into the above expressions to obtain the required results
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Clearly the two limits correspond to

E=E,  =&=0=.b=

E>o=¢&—>w0=1{b’—0.

Thefirst case is the expected circle, while the second is a very asymmetric ellipse.

c) (2 pts) From the generd result relating the period to the areawe have
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The essential feature hereisthat this period isindependent of | and E, i.e.,, &. This
means that the period is independent of the initial conditions. Itis clearly fixed by
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the underlying harmonic oscillator frequency, o, = \'k/m, and is independent of the

size of the oscillations (just like a 1-D oscillator). Thisfeatureis unlike the 1/r
case. Likethe 1/r casethe orbit isclosed, i.e., the changein ¢ inacycle of p,
P+—>p.—>ps, ISasimple fraction of 2z, A¢ = 7. Two complete cyclesin p
correspond to exactly 1 complete cyclein ¢. Hence thetrgectory isaclosed,
periodic eliptical orbit that is stable under perturbationsin the initial conditions and
the physical parameters, mand k. The difference from the 1/r caseisthat in that
case 1 cyclein p correspondsto 1 complete cyclein ¢. If we define awinding
number W as the ratio of the A¢ in aone (half) cyclein p, p.—p., to 2x, the orbit in
al/r potential has W = %2 while the harmonic potentia correspondsto W = %,
Generally periodic behavior correspondsto arationa value for W (= m/n, m, n are
integers). A rational W value arises only for these two central potentials.

2) (4 pts) Fetter & Waecka- 1.11 The question here is what happens when the
central potential is more singular than the angular momentum barrier. Consider
whether our methods are reliable for motion near the origin in such a potentia,
I.e., do any of our approximation break down?

Solution: Recall that we used angular momentum and energy conservation (and
cylindrical coordinates) to obtain the first order, 1-D equation, which we apply here

p =i\/% E-Ug (p),

PERNE:
Ueff (p):_ﬁ-i_ 2mp2 .

With the constraint n > 2 the true potential is more singular at small radius values
than the angular momentum barrier and hence dominates the effective potential near
the origin. Far from the origin the angular momentum eventually dominates and the
effective potential will approach its asymptotic value of zero from above. The
characteristic shape of U isindicated in the following figure.
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There are bound states with energies from large negative values (formally -o0) up to
the height of the (positive) maximum of Ug. These bound states have tragjectories

described by E-U, (p)=0, 0< p < p, with only an outer classical turning point,
Uy (p,)=E. Whilethe derivative of theradius, p, vanishes at this turning point,

it diverges (to negative infinity) asthe origin is approached. Itisaso
straightforward to verify that the second derivative

5o L nl
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isnegativeat p, (i.e., itisaturning point) and diverges to -co as we approach the

origin. Remarkably, even with this singular behavior, both the time to reach the
origin from the (outer) turning point and the corresponding change in azimuthal
angle arefinite. We can see this result by considering the following familiar
equations

2mp p" 2mp
_ mljf dp!p/n/2
2 5 L2 -2
A+Ep" - 22
m
L, ¢r.dp’ 1
Ap=—=
/ \/Zm'[o P \/E A L2
pm 2mpr2

Since the range of the integral isfinite, p, <, theintegral can diverge only if the
integrand itself diverges. The expressions above demonstrate that for n > 2, both of
these integrands are well behaved as p'— 0 (the quantity in the denominator
divergesin thislimit). So the remaining question iswhat happensas p'— p.. In
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this limit we know that the denominator (whichis p) vanishes and the integrand
diverges, but the integral may still be finite (in fact, we know it is because very
similar behavior occurs near both turning points of the 1/r potential, eliptica orbits
with finite periods discussed in the Lecture). To test the behavior explicitly we
expand the integrand near the turning point,

p—>p.~8(6<p,)
2
E-U, =E+—2 L
(p.=6) 2m(p, -5)

2 2
=E+ A n(1+nij— L, 2[1+2£J+(9(5—2]
(p.) p.) 2m(p,) p. P
2 2
:i[ n/ln_ L, 2]+(9(5—2j>0,
p+ (p+) m(p+) p+

Where the last step uses the fact that this expression vanishes at p,. So the most
singular contribution to the integral from this region near the turning point behaves
like

< 00,

[
2o
While the integrand is divergent, the integral is perfectly well behaved.

But the question remains, can we say anything about what happens after the particle
reaches the origin (in thisfinite time)? The above results (the divergent negative
first and second time derivatives) confirm that the origin is not a second turning
point and thus we do not expect the particle to come back out from the origin. On
the other hand, our methods really assume velocities that are small compared to ¢
(and bounded accelerations), which is not the case here. To accurately study the
behavior near the origin of such asingular potentia, we really need a formalism that
accounts for relativistic velocities. We might also expect the situation near the
origin to look quite different in the highly accel erated frame of the particle itself.
We really need to be using General Relativity (think black holes) to treat such
singular situations.
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3) (2 pts) Fetter & Walecka - 1.14 The strong (nuclear) interactions are short range
and serve to define the size of the nucleus. The question here is—how much isthe
size of the cross section for the interaction between 2 nuclei reduced by their
repulsive E&M interaction? HINT: Recall problem 1.13, Ex. 4) in HW I.

Solution: We can use our analysis of the rocket in Exercise 4 of HW | (F&W 1.13)
if we switch from the 1/r gravitational potentia to the 1/r E& M potential and note
that the potential isnow repulsive instead of attractive. Hence we replace

k=GMm=ym by k =-2zZe* = y = —z2Z&’/m. In Exercise 4 we noted that for a

given initial energy, E = mv? /2, all impact parameters out to b, =R+ 2Ry /V2
will suffer acollison. Making the substitutions relevant to the problem of colliding

nuclel we have
2
b = [RE+ 2N R 1228 gl Ve
A mv:R E
B

_ 2
=0=2r I bdb = 7b’_, :ﬂRZ(l—\ij {VC _Zzez/R.
0 E)|E=m?/2

Thus, as you might expect, the impact of the repulsive E&M interaction isto reduce
the cross section and, at low enough energies, the coulomb barrier can have a
substantial effect. Y ou are encouraged to estimate the typical magnitude of V,, i.e.,
the coulomb potentia energy at the surface of a nucleus.

4) (7 pts) Fetter & Walecka- 1.18 Here we want to think about the scattering
problem for ageneral central potential V(p) in the small angle (large impact
parameter), (so-called) impul se approximation (the interaction effectively occurs
for only ashort time). Thisis often auseful starting point.

Solution: a) (2 pts) The game hereisto calculate the transverse impul se transferred
to the particle assuming that the trgjectory is unperturbed in first approximation, i.e.,
the trgjectory is treated as being straight along impact parameter b. At any radia
distance p the forceisin theradial direction () with magnitude given by dV/dp .
The component of this force transverse to the trajectory isgiven by dV/dp (b/ p) :
We then proceed by integrating this component of the force over time, which we
rewrite as an integral over p (actually over %2 the range and then multiply by 2)
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Now we use the assumption that the scattering is weak by ignoring the 2V / mv>
term in the square root and by writing the change in the momentum that arises from
thisimpulseas Ap=6p=60mv,. Putting these pieces together we have the required
approximate result for the scattering angle

o D [i dp  av|
mvi b\/pz—bz dp‘.

b) (2 pts) Now we want to consider the above small angle (weak scattering)
approximation applied to potentials of theform V (p)=y/r",(y,n)>0. With this

specific form we have the following relationship between the scattering angle and
the impact parameter
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The essentia point for the current analysisisthat, for small 6, large b, we have

0 ochb™, or boc 8Y". Thusthe small angle behavior of the differential cross section
iIsgiven by (see Eqg. (5.23) in F&W)

‘ bl 1 1
pet 9 n 91+:I/n 92+2/n

dQ

In particular, for n=1, do/dQ oc 8, as expected for the Rutherford result, and for

the case n = 2 (F& W Exercise 1.16) we have do/dQ oc 62, again as expected.
Since for small angles dQ o« 6d0 , neither of these cross section yield finite total
(elastic) cross sections, joede/ 93(or 94) — 0. For general ntheintegral for the

total cross section behaves like

J Qoc J—Od@ L > 00

2+2/n 02(n Opin—0
min
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The classical total (elastic) cross section is divergent for any value of (0 <) n <.

c) (2pts) For V(p)=ye™,y >0 wehave
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where we have recognized the integral representation of the modified Bessel
function. Thusthe corresponding small angle differential cross section isgiven by

do
dQ

_bldb)_b11 In(10)
o|do| 020 07
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Lo jede (9]/9) + const o< IN°0 ———> .

This potential is more damped at large radius than those discussed earlier leading to
less singular behavior at small scattering angle. However, the total (elastic) cross
section is till (logarithmically) divergent.

d) (1 pt) Asnoted, classical physics differs from quantum physics at small angles.
We have seen that, aslong as the potential is nhonzero at asymptotic values of the
radius (even if it israpidly decreasing), the classical total (elastic) cross section
diverges due to the small angle behavior. The classical cross sectionisonly finiteif
the classical potential actually vanishes for radius values larger than some minimum
value. Inthe QM caseit isonly necessary that the potential vanishes at large radius
faster than r 2. What isdistinctly classical in the current analysisis the explicit
one-to-one relationship between the value of b and the value of 6, especially for
large b/small angle. In QM one instead works with amplitudes (or probabilities)
that the scattering angle takes the value 6, and these amplitudes generally do not
correspond to alocal behavior in the impact parameter, rather the effective location
of the particleis smeared out. The small angle QM scattering amplitude depends

on avolume integral over the potentia ( f (6 ~0) o Irzdrv(r)) rather than just the
behavior of the potential (or its derivative) localy at large impact parameter. (The
wavelength of the effective interaction is large and the scattering occurs coherently

from the entire volume.) If thisintegral isfinite, the scattering cross section
remains finite at small anglesin QM. Itis, infact, remarkable that our classica
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anaysis of the 1/r potentia yields the correct QM result, the Rutherford cross
section.

5) (5 pts) Fetter & Walecka— 2.4 Thisisa problem in analyzing motion in arotating
frame.

Solution: We can use the discussion in Lecture 4 notes to help us analyze this
problem. We start with Eq. (4.24)

mr = —mg,, 2/ — 2mé x 7",

We will work in the same approximations asin class (the gravitational forceis
taken to be uniform and we ignore the change in the Coriolis force induced by the
velocity change that is caused by the Coriolisforce). The vertical motion (in the
rotating frame) is then as in freshman physics. We can use the Ansatz

?’(t)s(vo— geﬁt)2’+§(t),
Vo = deffh’

where the second line ensures that the particle reaches aheight h. Thus the times
for reaching the peak atitude and for reaching the ground again are

NI F1Y
P Ot Qerr

2h
1:ground = theek =2 |—.
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Now we want to solve the (approximate) equation

§ =20 -G 2 +v,2 +6 | =20 2 (gt -y

= 20 (2% 2)( Gt — Vo)
=20 (Ut =V, )SINOY' = 20 Gy (t—t,g )SNOY.
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Note that, as expected, the sign of the Coriolis force (and thus the acceleration)
changes sign as the primary velocity switches from being upward to being
downward (just what our spinning skater image tellsus). On the other hand, the
resulting contribution to the velocity is always westward, but vanishes at both the
beginning and the end of the motion,

SOT8

(1) =~ Uyt (2 peg —t)SINOY',

5(0) =6 (2t = tyouma) =O.
Finally the displacement is given by
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As aready noted, due to the minus sign, this displacement isto the west! At the
peak the displacement is haf the final displacement,

2
g(tpeak) - a)Egeff:gtpeak) (_theak)SinHy’

3
2

3

3
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For our approximations to be relevant we require that
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which will generally be true because the period of the earth’ srotation, 277/ g |, is
large compared to the time to fall, except for times just at the peak of the vertical

motion When(tpeak —t) can be small.
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