Physics 505 - Autumn 2010

HW | Solutions

10/6/10

Overview: Recall that solving physics problemsis not (just) about solving differential
eguations. Use physical reasoning to solve the following exercises and be certain to
show your work.

1) (5pts) Problem 1.2 in Fetter & Walecka:

Solution: Thisisatypica (advanced) introductory mechanics problem describing a
mechanica system with several parts, each described by Newton's Laws (with no
complications like friction). Let x denote the horizontal position of the spool
measured with respect to the edge of thetable, T denote the tension in the massless
string, y denote the vertical position of the weight and 6 denote the rotation angle of
the spool. Thisisafreshman physics problem, just with more degrees of freedom
(and thus more agebra). Applying Newton 3 times we have the following
eguations and boundary conditions

@ my=T-mg:y(0)=0,y(0)=0,
(b) Ié:%T:H(O)zo,é(o):o,
(c) Mx=T:x(0)=-I,x(0)=0.

To proceed we need an expression for the moment of inertia of the spool, taken to
be a cylinder of uniform mass density p and height h. In terms of the density we
have

d/2 2 2
o _ _.d* aphd
M —pV—ph_c[rdrEﬁdO—pZEhE— 7
and

d/2 4 4 2
d® nphd d
| = ph | rdrr’¢do = 2zph— = =M —
P { §d0 = 2mphe == 8

Eliminating the tension by using (c) in (a) and (b) we have
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my = MX—mg . M

2 y=""%-g
Md*.. d. .. == m .
8 QZEMX do = 4%

To eliminate 6 we apply the constraint due to the fixed length of the string

d
— =| +—06.
(x+ y) + >

The LHS isthe length of the string in terms of x and y (note the sign) while the RHS
exhibits theinitial length plus the amount that has unwound from the spool. Taking
2 derivatives we have

my:_%é:é:_g(my),
= -2(X+y)=4x= y=-3%

Combining with the first equation above we have

g= (3+ %)x
= X(1)=—2 2+ X(0)t + x(0) =—— I —t* 1.

o

Hence the spool reaches the table’s edge at time ( x(t, ) = 0)

The velocity of the massis given by
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2) (5 pts) Problem 1.7 in Fetter & Walecka:

Solution: In this problem we can proceed most easily using the conservation of
energy.

a) Let usfirst consider the parameters describing the circular orbit. The magnitude
of the required centrifugal forcein theradial directionis mv’/R = m‘cT) x (&% F)‘ ,

which must supplied by the gravitational force GMm/R?. Hence the kinetic
energy associated with the circular orbit is

_my _GMem

T
° 2 2R

In order to get out to infinity just as the kinetic energy goesto zero we need enough
kinetic energy to overcome the potential barrier, U, =—GM m/R=-2T; i.e,

T 4+U,=0=T,=2T, = GMREm.

Thus the impulse must be such as to double the kinetic energy. With the impulse
tangentia and in the same direction as the instantaneous velocity we have
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V2= (Vp+AV)" =202 = Av = %(—ZVO + AV, +4v§)
=—-V,* \/Evo = (i\/z —l)vo.

We see that there are 2 solutions. The negative solution is clearly where we drive
the rocket off to infinity by providing an impulse in the direction opposite to the
initial motion (the dumb solution). We will focus on the other solution, which says
the necessary tangential impulseis given by

J Fett=mav = m, (V2 -1) = m(v2-1) [ Z2E.

b) We know from the general properties of trgjectoriesin the inverse square law
problem that atrajectory with zero total energy isaparabola. In this case we are
interested in just one half of the parabola from the point of closest approach out to
infinity. The associated angular momentum can be calculated at the initial point,

L=L, =l =mvyR=m/2v,R=m/2GM_R.
From Eq. (3.16b) in F&W we have

mMM .G mGM, 1

E=0=¢=1C= = - =
t 1> 2GM PR 2R

Thus the trgjectory is described by

1 1
= (1- .
5 ZR( cosg)

c) Now we consider arocket at rest at the same initial point and wish to provide an

impulse in the radial direction that will send it to infinity. To achieve escape
velocity we still need the same vel ocity as above after the force acts so that
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mAv:rrwlzm‘/ZGFt/lE.

Thusthe ratio of the impulsesin the two casesis

mAV| radid  _ V2

_\/511’

|tangenti a

where the—signisthe “smart” tangential case and the + sign isthe “dumb”
tangential case.

3) (5pts) Problem 1.12 in Fetter & Walecka: We want to characterize the precession
of the dliptic orbit of Mercury (¢ = 0.206, r = 0.241 yr) in terms of the perturbed
solar gravitational potential

_mMG

V()= [1+

r

a GI\ZI ): Gl\z/l ~1.475 km.
rc C

Solution: The corresponding effective potential isthen

mMG GM |2
V. (r)=- 1+ + .
e (1) r ( “ cmJ 2mr 2

The equation of the orbit (see Eq. (3.13) in F&W) is

| %dr 1
p== —
Vzmjr\/ mMG 1 [2 (lelmﬂ
E+ - 5 |© —2a
r 2mr c

As lésual we can smplify thisintegral with the change of variable u = 1/r, du = -
dr/r<,

+ -
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> +¢
2mE  2n*MG ) GMm
, T u-u’|1-2a
I | Ic
1 ¢ 1
- 1 2 J.du 2mE! 2m2 [ +¢0,
1-2a m \/ 2 2?/ —u?
lc | |
where we have defined
! E [
E = _,7=GM,y'= ’

-
1- Za(ymj 1—2a(7m)
Ic Ic

We recognize the integral as the arccosine so that

ul’®
1-—
1 ., m2yr
p—¢go=1%

=005~ | ———
2E/l
lc my
2E|2 ym\’ 1 |2
= [1+ cos| ,[1-2a| — — =1-—
m3}/12 [\/ ( |C j (¢ ¢0)] r m2}/r

1 mey 2E1? (ymjz
> —= 1- 1+——cos|,[1-2a| ~— - .
r |2 m3}/12 [\/ lc (¢ ¢0)

From this last result we see that the radius of the orbit reaches its maximum value
(the end of the dllipse furthest from the origin) when the RHS of this equation is
minimum, i.e., when the argument of the cosine is an even multiple of =. Thuswe

can determine the precession per orbit by calculating how much ¢ - ¢ advances per
orbit,
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0: \/1 Za( ] ($—¢,)=0
2r \/1 Za( )(qﬁ B) =2
:>(¢_¢o):\/1 Zjiymj ~2n{1+a(%]2]:a(%]z<<l

Ic

o (¢ - ¢0 )per orbit (¢ ¢0 )1 orbit 2rr = 2na ( ymj )

lc

We want to compare this result to the fact that the perihelion of Mercury is observed
to advance 43 seconds of arc per 100 years. We have for the advance in 100 years

2 .
Zn(radians)a(mJ 1 orbit (100 yr)(360-60-6q arcsec)
1C ) s it \ 0-241 yr 2r radians

2
:a(yl—mj .5.4x10% arc sec = 43 arc sec
C

2
—a (yl—mj _8.0x10°®
C

To obtain the value of the parameter o we need a value for the combination of
constants in the parentheses. Since the term we are trying to evaluate is already first
order in the small perturbation (labeled by a single power of o), we can evaluate
the rest of the factors to zero™ order in the perturbation. Hence we can use the
unperturbed expression for elliptic orbitsin a 1/r potentidl, i.e., ignoring the
perturbation. Thisisthe standard approach for ssimplifying an analysisin terms of a
small perturbation, i.e., we keep only the leading terms and ignore the rest. We
have for the eccentricity and period,
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e ) 0.241.95x10% km |~
:(1_82)[W/02)J :(1—(0.206) )[ .27-[(1,.475 km) ]

Thus we have

o = (3.7><107) x (8.0><10‘8) ~3.0.

4) (5 pts) Problem 1.13 in Fetter & Waecka: We want to consider a rocket
approaching a planet and consider the conditions under which it does or does not

collide with the planet (under the influence of gravity).

Solution: Given theinitial conditions we can calculate the kinetic energy and the
angular momentum (Mg is the rocket mass),

From the discussion in F&W and in class we know that the trgjectory of the rocket
will be a hyperbola described by

Physics505 HW | Solutions Autumn 2010



2 2 2 412 412
821/14- 2E|2 —\/1+ mva(mvabZ —\/1+—V°°b 5 —\/l+ V“’? ,
K m, (GMm, ) (GM) Y

mk  GMny GM 4

“T T T (mwby (ub) (vb)
% = % =C(1-&cos(g)).

Note that, asimplied by the problem description, the results do not depend on the
mass of the rocket (mg), as long as we ignore the perturbation in the planet’s
position due to the rocket, i.e., treat this asarocket in afixed gravitational well.

This approximation is OK aslong as m; < M | If thisisnot true, we should
replace ¥ by 7 intheseexpressions,i.e, M > M +m, in y.

Clearly the closest approach of the rocket to the planet occursfor ¢ =7 yielding

P S v2b? _pYetol el
Pl T 1 e)C ) e VNe+l
v.b
1+, 1+ 2 y

2
—b LAY <b.

(y+,/y2+(vib)2)

So the condition to strike the planet is

-1
=r_. =b,/—=<
p— min g+1 %

v2b?

N (y+,/yz+(vib)2j o

If we think of thisresult as a constraint on the initial conditions, b and v,,, thereis a
range of valuesthat can lead to acollision. For b < Ry, any (finite) initial velocity
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leads to acollison. For b > Ry we must require that V < ZRJQ// b2 ) in order
to hit the planet. Alternatively, for agiven v,,, rockets with impact parametersin the

range b” < R + 2Ry /V2 = Ry (1+(myy/R,)/E) will collide with the planet.

For I';, = Ry (i.e, just larger than Ry) the rocket just misses the planet and we can

determine the angle of deflection from the equation for the trgjectory. Actuadly as
suggested above thereis afamily of trgjectories (i.e., choices of b and v,,) that just
missthe planet. For agiven value of b larger than Ry, the velocity squared should

be just larger than ZROJ//(bZ - Ré) in order to just miss the planet.

The equation for the angle of deflectionas p —  is
1
(1-ccosg) =0=>cosg, =—.
p—® Fod

Hence the angle of deflection for atrgectory defined by the above initial conditions
isgiven by

0=rm—2c0s ( ] 7 —2c0s ™ \/j}b2

2 2
0 = ZCot‘l(bVOo j = Zcot‘l( v, j = 2cot1[ 22bR02]’
14 GM b*-R;

valid for any b > R,. For the case of b just larger than R, and very large energy the
rocket just misses the planet and experiences avery small angle of deflection,

Physics505 HW | Solutions 10 Autumn 2010



0, . ~(0°-R)/R ~2(b-R,)/R,. For very largeimpact parameter and low
energy, the rocket just misses the planet but experiences an angle of deflection of 7.

5) (5 pts) No summary/review of undergraduate classical mechanicsis complete
without an inclined plane problem. So consider an inclined plane of mass M that
rests on arough floor with coefficient of static friction u (the horizontal frictional
force between the block with the inclined plane and the floor isless than or equal to
u times the normal force between the inclined plane and the floor). A massmy is
suspended by a (massless) string, which passes over a smooth (frictionless) peg at
the upper end of the incline and attaches to a mass m,. The second mass dides on
the inclined plane without friction and the incline makes an angle 6 with the
horizontal. The local acceleration due to gravity isg.

a) Solvefor the accderations of my and m, and the tension in the string if uis
very large.

b) Find the smallest coefficient of friction u for which the inclined plane
remains at rest.

Solution: a) In the case that u islarge enough to ensure that the inclined plane
remains at rest (i.e., in the very large u limit), we consider free-body diagrams for
the two masses labeling thetension in the string as T.  For mass 1 there are only
vertical forceswhile for mass 2 the only interesting motion and forces are parallel to
the inclined plane defined by angle 9,

ma=mg-T,
ma=T-m,gsing,

where we are assuming (as usual) that the string doesnot break, &, =a, =a. In
these equations a> 0 corresponds to my; moving down vertically and m, moving up
theinclined plane (i.e.,, m >m,sin@). These equations can be solved to find

,_(m-msinf)g
m+m,

T_mlmz(1+sim9)g
m+m,
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b) If we now allow the possibility that the inclined plane can dide, we must include
afree body diagram for the inclined plane also, including the normal force
exchanged with mass 2 and the floor and the forces transferred from the string to the
peg. The normal force (normal to the inclined plane) due to mass 2 on the inclined
planeis

N, = m,g cos0,

which resolvesinto vertical (down) and horizontal (towardsthe tall end of the
inclined plane) forces

N,, =m,gcos’0,
N, , =m,gcosfsing.

The force of the string on the peg resolves as (the vertical component is down while
here the horizontal component is towards the low end of the inclined plane, i.e.,
oppositeto N )

) mlmz(1+sin9)zg

R =T(1+sin0)= ,
m +m,
P, —T cos0 = mlmz(1+sm9)coseg-
m +m,

Thus the normal force (up) from the floor to the inclined plane must be

mlmz(1+sin9)2g

N = Mg+ m,g cos’ 0 +
m +m,

On the other hand the frictional force f, must balance a horizontal force given by

‘_ mm, (1+sin®)cosfg
m+m,

—m,gcosdsiné.
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Here a positive value means the frictional force supplied by the floor on the block
points towards the tall end of the inclined plane. A negative value for this quantity
implies that the required frictional force pointsin the opposite direction. In either
case the magnitude of the frictional force is bounded by uN, |f | < uN, so that

|| m, cosé |m, —m, sing)|
'uziumin:W: ] 2 5 "
M (m +m,)+mm,(1+sin@)” +(m +m,)m,cos’ 0
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