Physics 505 - Autumn 2010

HW VIl Solutions

11/17/10

Overview: Recall that solving physics problemsis not (just) about solving
differential equations. Use physical reasoning to help solve the following
exercises and be certain to show your work. Itisalso important that you practice
completely solving these exercises, checking for errors as you go along.

1) Fetter & Walecka—5.3 (7 pts) We want to practice analyzing rigid body
motion.

Solution: This system can be easily reproduced with a coin on a smooth table
(except for the complete absence of rolling friction). We set up the rectilinear

inertial frame, &, and other variables as suggested in figure P5.3 in F& W. There

are severa waysto proceed, depending on how much of the Euler angle analysis
we want to assume. We note that the body-associated frame in this problem isjust
theg frame from the Euler analysisin Lecture 10. Thusthe formulaein that

analysis are applicable here if we sety =0(with 8 — 6,a — ¢). Probably the
simplest way to proceed isto directly use Newton's equations in rectangular
coordinates. We label the reaction force of thetablein the inertial frame, f°. We
have (from Newton) the rectilinear motion of the CM of the coin given by

mx = f°, mxd = £, mx = f.) — Mg,

and, from the definitions and trigonometry, we have (note that ¢ =0 iswhen the
coin touchesthe 2°axis, i.e., z/2 from the usua definition of the azimuthal angle)

x, =(b—asing)sing,

X, =(b—asing)cos¢,

X; = acosé,

6 = constant, ¢ = constant.
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We aso know that for aflat disk the components of the moment of inertiaare
l,=1,=Ma?/4 and |, =Ma?/2. Thenon-dipping constraint means 7 =(b/a)¢.
By simply taking derivatives we find

% =(b—asing)cosgd, X’ =—(b—asing)sings
% =—(b—asing)singg, X, = —(b—asing)cosgp?
X =% =0,

and

f”=-M (b—asing)sing¢’,
f, =-M (b—asind)cosgg’,
) =Mg.

The last component is the expected normal force. Thefirst two components are
just the horizontal force in the (inward) radial direction,

f?=1f°sing+ f, cosp =—M (b—asind)¢?, i.e., the centripetal force required to

make the coin roll dong acircle. The orthogonal component, f¢o , which would
accel erate the rotation, vanishes.

An aternative, and more powerful, technique isto write the general Lagrangian for
this system, with 6 coordinates (3 for the location of the CM and 3 angles for the
orientation of the coin) and 5 constraints arising from rolling on acircle (2),
touching the horizontal surface, rolling without dipping, and being oriented at an
angle 0. Using cylindrical coordinates ( p,¢,z) for the CM and orientation angles

a, B,y theLagrangianis
M . ' . a'2 BZ }}2
L=—|Z+p°+p%p°+a°—+a’—+a*‘—|-Mgz,
> p +pe 2 2 > g

with constraint functions
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¢, =p—-b+asnb =0,

¢, =z—acosf =0,

@y =ya—bp=0,

@y =0-p=0

%3 =¢-a.
The equations of motion from Euler-Lagrange with Lagrange multipliers are (after
substituting in the constraints)
z:Mz+Mg+1,=0= f, =-1,=Mg[2=0,z=acos6],
p:Mp-Mpp*+2,=0= f>=-2, =-M (b-asing)¢*[=0,p=b-asing],
$:Mgp*—bi,=0=f*=1,=0[¢=0|,

a:%azo'i—lszO:ﬂS:O[d:O,a:¢],
M . ..

pia p-4,=0=12,=0[=08=0|,

y:%azjinta/lg:O:MS:O[;'/':O,ay:bqﬁ].

Hence the equations and forces are just as obtained above.

(@) (2 pts) Using these forces our goal isto express them in the CM system so we
can use di,, /dt =7 x f . Asusua we want to work out the relation between

the unit vectorsin the inertial frame and those defined in the body-associated, but
not body-fixed (principle axis) framein figure P5.3. We have

COSP& +Sinfsingé, + cosf singé,,
—Singé +sind cos¢@e, + coso cospe,,

&

>
o

A

o

—C0SOé, +Sinbé,.

Thisleadsto
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é.l. 02e2+ f03%
-M (b- asn@)sngb(/) )(cos¢él+sin93in¢éz+cosesin¢g)
-M

(b—asin®)cosgé’ )(—singi)él +sin6 cosgé, + cosH cosgé, )

+ Mg)(—cosngrsmees)

=M( (b—asin@)sinqbqﬁ%osqﬁ+M(b—asin@)sinqbqﬁzcosqb)él

+M (—(b—asind)¢*sind — gcosd )&,

+M (—(b-asin®)¢*cosd + gsing)e,
:M[(—(b—asin@)qﬁzsine—gcose) +(—(b-asing)4? cos@+gsm0)g].

Noting that I = aé,, the torque is quite simple (thisis the reason for this choice
of axes) and we have

o

ot _afo3(ez Xes)

= Ma[gsin@—qﬂzcose(b—asine)]él,

Which isthe desired result

(b) (2 pts) Now consider the general motion of the coin. In the body-associated
frame it rotates with angular velocity y about the axis &,. Asviewed inthe

inertial frame the body associated frame rotates about the & = —cos6é, +sinoé,

axis with angular velocity —¢ and about the & axiswith angular velocity 6,

which vanishes here. Thus the instantaneous angular velocity of the body-
associated frame as seen in the inertiaframe, but expressed in terms of the body-
associated unit vectors, is

Q=08 + ¢ coshe, —psinbe.,.

The total angular momentum in the inertial (CM) frame includes that due to both
the motion of the body-associated frame and the motion in that frame. We have
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(c) (3 pts) Finally we consder the relation between the motion in the inertial
frame and the body-associated frame. We know from our studies of rotating
frames that

dr
dt

d
dt

CM

+Qx
body

—

L=QxL,

where we have used the fact that the angular momentum as viewed in the body-
associated frame is constant (for 7 =¢ =6 =0). Working out the right-hand-side

(using the fact that L has a component parallel to Q) and taking the 1-
component yields (using the non-dip constraint)

[ =1,08 +1,§cos08, + 1,(7 —$sin6)é,
=1,(08 +$cos0, — gsin6g, ) +| Iy — (1, - 1,)dsing |&,
= Qx L =(08 +¢coste, - gsin0g, ) x| Iy —(1,-1,)gsin0 |&,
=[ 157 = (15— 1,)¢sin0 |(-68, + fcos0é)

R | L Ma? %
:>(Q><L)-el:gbCOSH[Isy—(IS—Il)ngIHH}:TaqSZCOSO[Z—SmQ}.

The corresponding component of the left-hand-sideis

. [dL . - .
el.[ diM]:Ma[gsn@—qﬁzcosé?(b—asne)]

= I\/Ia{gsiné?—ézcos@(g—sineﬂ.
a a

Substituting in the earlier equation we have
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2
Ma{gsine—qﬁzcose(g—sineﬂz Ma glizcose[z—b—sine}
a a 4 a
(2
— 94ing = ¢2cosh (E—Sin9j+1(2—b—sin9j :¢—cose{6—b—55in9}
a a 4\ a 4 a
. 1 cosf(6b—5asing)
e 4gsing '

If we identify thislast quantity with the period of rolling around the circle
divided by 27 (squared), we obtain the desired relation

(L)z_i_cose(6b—5asin9)
o) §* 4gsiné '

2) (5 pts) As another rigid body analysis (with clear application to your spare time
pursuits and sometimes on Qual Exams) we want to work through the problem
illustrated in Fig. 28.3 in Fetter & Walecka. A homogeneous billiard ball of mass
M and radius a is struck impulsively with a horizontal force (i.e., a cue stick), with
the force applied a distance h above the center of the ball. The subsequent motion
Is determined by the force of friction that retards motion, with the frictional
acceleration given in units of g (the gravitational acceleration),

X=-ug.

Here u isassumed to be constant (independent of the ball’ s velocity). Let v, be

the ball’sinitial velocity (after been struck). For h positive (asin Fig. 28.3), but
otherwise arbitrary, determine the time and velocity at which the ball beginsto roll
without diding. Asnoted in F&W, there are 3 distinct regimesin h to consider.

Solution: Intheinertial frame described by Fig. 28.3 we have

X=-ug, F, =—ugMé&’, N, = ugaMeés

2Ma? - .+ Dug
=>0=—".
V=9=—

= L, =ugaM =16 =
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Theinitial conditions are determined by the impulse provided by theinitia stroke.
The corresponding impulse and initial angular momentum are

Impulse= _[ F.dt =My,

5v,h
2a°

L, =My,h= |3q5(0) = q5(o) =
The solutions of the equations of motion are

SVO? +_5M 9.
2a 2a

)'(=V0—,ugt,(;5:

The issue we are concerned about is whether the billiard ball isdipping or not. To
that end we want to compare xwith ag,

Sy,h N 5ﬂ9t_

V, — t(—,,—)
0~ MOl<— a 5

Motion without slipping setsin when the two sides of this expression become
equal, i.e., when

(2a—5h)
7Taug

NS _VO

So we see immediately that there are 3 distinct possibilities depending on the value
of h.

a) For h<2a/5, theball isinitially moving faster that it is rotating and it takes the
time t,¢ until the two motions become commensurate, after which it rolls
without slipping. The velocity at thistimeis
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(2a-5h)
7apg

2a—5h 5 (a+h
e Ly

t=ts=V

= gvo <V(tys) < Vo-

b) For h=2a/5 therolling and linear motion are commensurate from the

beginning and the ball just rolls without dipping (t,s =0). The corresponding
velocity isjust v,.

c) For h>2a/5 theball isinitialy rolling faster than it is sliding and the frictional
force actsin the opposite direction,

%= pg, F, = ugM&, N, = —ugaMé;

2Ma® .. .. 519
>0 =—-".
5 $=9 2a

:>L3:_/JgaM :|3¢.:

In this case the linear motion speeds up, while the rotational motion slows down
until the two are commensurate at

The corresponding velocity at the non-dlipping timeis

, (5h-2a)
t=ty=Vo-—-——
faug
. . 5h-2a 5 (a+h
V(ths) = Vo + 10t = Vg (1+ (7—a)j =7V (Tj

=V, <V(tys) < 1—7Ov0.
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3) (5 pts) As practice with Euler consider the following system. A uniform right
circular cone of height h, half angle «, and density p rolls on its side without
dlipping on a uniform horizontal planein such away that it returnsto its origina
position inatime z. Find expressions for the kinetic energy and the components
of the angular momentum of the cone. (Thisis another exercise to be found on
past Qual exams.)

Solution: Asthe cone rolls without slipping the tip of the cone does not move
while the circular end does move. Trigonometry tells us that the radius of the
circular endis r = htana while the length of the side of the coneiisl = h/cosa . If

we define ¥ to be the angle of rotation about the cone’ s axis of symmetry (asin
our definition of the Euler angles), then in arotation of Ay the moving end of the
cone (traveling on acircle) advancesby Ay r = Ay htana . This correspondsto a
rotation (precession) of the cone about itstip of [A¢|=|Ay|r /I =|Ay|sina (where
we use ¢ initsusua meaning since we have already defined arole for o inthis
problem). Notethat, if we define ¢ in the RH sense about the vertical (up) axis
and y inthe RH sense about the symmetry axis of the cone pointing out through
the wide end of the cone, the constraint of rolling without dlipping meansthat A¢
and Ay will havethe opposite sign. Thusin the period  we have A¢ =2r (by
choice) and Ay =—2r/sina , or ¢ =2zr/7 and y =—2rz/rsina . Tofind the
energy and angular momentum we need to know the components of the moment of
inertiafor the cone. The volume of such aconeis given by

V =7r?h/3=zh’tan’ a/3. Thus, if the mass of the coneisM, we have a

(uniform) density of p =3M/zh*tan®c . Takethe axis of symmetry to be the Z
axis. The easy component of the inertiatensor is

h Z'tana h
' [ "o i ﬂp 4 14 ’
|, =p|dz p'dp’ p?ddg’="tan* o | Z*dz
for T oo ']
P 1 tant o = - M tan e = - Mr 2.
10 10 10
This allows us to account for the kinetic energy and angular momentum dueto y ,

the rotation about the symmetry axis. To account for that dueto ¢ we need the

| =1,, componentswith respect to the tip of the cone. Wefind, for example,
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Ztana h Z'tana

h
:pJ‘dzr J‘ prdprcﬁd¢r(zr2+yr2):pj‘dzr J‘ prdprqsd¢r(212+p125in2¢r)
0

0 0 0

h Ztana )2 h ; .
sl Tl o222
0 0

0

2 4 2 2 2
= ph® tana  tena| gy fh, ") _3Mh (4+tan2a).
5 20 5 20 20

We can think of the cone as atop at fixed polar angle f(=6)=7/2—«a and use
our expressions for kinetic energy and angular momentum in terms of the Euler
angles. We havefor T

T :l?quﬂzsinzﬁ +I?Z(¢3cosﬂ + 7)2

2 2 2 2 2 2
ZSZ? Vhdaﬁaym§a(gzj-%QMEEQLE(EEJ(Qna—fE—)

T 20 T Sno
2 2 o)
_3Mh (2—”) 1+ 3cos’ o + 2#
40 T CoS“ o
2
_3Mh (Zﬂj (1+SCos oc)
40 T

The angular momentum about the vertical axisis
P =1,4sin*B+ Izzcosﬂ(qﬂcosﬁ + ;?)

2 2
3';': (4+tan a)cosza(hj JEMhtan"a a(%j(sna——l jsinoc

T 10 T Sna
2 sn‘a(—cos’ o
_3Mh ( J{4cos o +sin’a +2 ( > )J
20 T Cos
2
_3Mh (Zﬂj(Scos a - 1)
20 T

The other component of angular momentum that we can easily evaluate isthe
component along the symmetry axis of the cone, the Z component in the body-
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fixed frame,

P= Izz(cﬁcos,B +7)=—3Mh2tan2a (z—ﬂj(sina —ij

10 T sina
3Mh2(27rj5in06(—f305206) 3Mh2(27r} .
= - - =— = |sina
10 T CoS 10 T

4) Fetter & Waecka—6.2 (5 pts) Thisexercise allows usto practice with
Hamiltonian techniques.

Solution: Give the geometry described in the problem the Lagrangian looks like
(thisisa spherical pendulum)

L =%(I292 +I2¢528in20)+ mgl coso.

We can find the canonica momenta and the Hamiltonian from

_oL _
00

=H :[ép9+q5p¢}—L

: oL . .
D, ml %6, p¢:a—¢:msn26?|2¢
:mI292+msin29I2q52—g(I292+I2q52$in20)—mgl cosO
M 242 127202
:E(I 6% +1%¢?sin? 6 ) - mgl coso

_m ., B
2ml?  2msin®0l?

— mgl cosé.

Thus Hamilton’s equations are
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oH  cosOp;
80 mli*sin®g

: oH . oH P
p¢:__:O |:¢:a 0 :|

: . oH p
—mglsing |6=2C= P |
M { op, mlz}

pa:

ll) P, " mZsin?6
We can easily “solve’ theseto find

p, =m*sin*0¢ =L, = constant,

. - cosOL? .

p, =ml*g =gy ~molsing,
m,,. L2

H=—1%9> + ———2———mgl cosé.
2 omZsn’e O

Now consider perturbations about uniform circular motion at 6 =6,, i.e.,
0 =60,+06. Thuswe have

0% — 52,
) \2
SN S N
sin’0  sin’(6,+5) sin°6,|  sing, 2
_ 1 2 2
=7 (1—2500t90+5 [ 1+ 3cot 90]),

2
cosf — cos(6, + &) = cosb, (1— Stano, —%j

Moo Li 2 2
=H —El m(l— 2500t90+5 |:1+3C0t 00])

2
—mgl cosb, (1— otan6, - %j

Hamilton’ s equationsto order 6 yield
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oH 12

M2 =———=—— cot, — 5| 1+ 3cot? 6, |) — mgl cosb, (tand, +5)
Bh) mlzsmzeo( gl 0]) ° °
cos0,L2 _ L2 [1+ 3cot? 90]
=——7>22——mglsing, - o +mgl cosb, |.
mi’sin®g, oSN [ mi*sin’6, Mo

Thus, in order that 6, corresponds to uniform circular motion with 6 =6 =0, we
must have

2
coso,L;
mi?sin®g,

— L, =m2sin?g, |—3
| coso,

and small perturbations, 6, lead to oscillations described by

=mglsing,

5.0 { L[ 1+ 3cot? ), |

g msna, + mgl cos@oJ

- _% mgl (tan 0,sin6, [1+ 3cot? 90] + cos@o)

g . 2
=-5 sin®6, + 4cos’ 0
Icos@o( ° o)

=59 (1+3c08°6,) = ~?s.
| cosé,

Thus we have, in this approximation of small oscillations, a ssmple harmonic
oscillator with a frequency of oscillation given by »® =(g/! cos@o)(1+ 3cos” 90) :
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