Physics 505 - Autumn 2010

HW VI Solutions

11/10/10

Overview: Recall that solving physics problemsis not (just) about solving
differential equations. Use physical reasoning to help solve the following
exercises and be certain to show your work. Itisalso important that you practice
completely solving these exercises, checking for errors as you go along.

1) Fetter & Walecka—4.13 (5 pts) Thisisan exercisein thetransition to systems
with large numbers of normal modes.

Solution: Now we want to consider a system of an arbitrarily large number of
identical pendulums (mand |) spaced by a and coupled by springs k. We address
this system by considering N such pendulums apply periodic boundary conditions.
The corresponding Lagrangian looks like

—%Zm Zm ——Z( “152)

j=1

n, isthe displacement of the j"™ mass from equilibrium (the pendulum hanging
straight down). Thisyields the expected equation of motion

. mg
n;, =—|—77j _2k77j +k(77j+1+77j—1)'

We proceed by employing our favorite exponential Ansatz in the form n, = A¢®

with wave number g and frequency . Substitution in the equation of motion
yields

_olmAgEiet — _ nl'g Aot _ ol pd®i-iat | | p ptei-iof (eiqa 4 e—lqa)

= »’(q) =|g+2%(1—cos(qa)) _IngAfmS|n (qzaJ
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Thislast result is the desired dispersion relation relating the frequency to the wave
number. The eigenvalue constraint comes from the imposition of periodic
boundary conditions

77 77N — Ae iot A igaN —iwt
n=0,+1+2,...,+(N-1)/2: N odd
= gaN = 27n,
n=0,£1+2,...,+(N/2-1),N/2: N even
:>con2—g+4ksm (ﬂnj,qn =@,/1n _Na
| m N Na In|

Hence the frequency of the lowest, i.e., 25,
longest wavelength, mode is o, =+/g/l with of

corresponding wavelength A, — . Inthis

case al the pendulums swing together and the
springs play no role. A plot of thisdispersion

relation for the case g/l =k/m=1/s*,N =100 05|
Is shown in the figure to the right.

1.5¢
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2) Fetter & Walecka—4.16 (6 pts) Here we get the opportunity to consider what
happens to normal modesin 2 spatial dimensions and in the continuum limit.

Solution: (a) (1 pt) We imagine describing agrid of identical masses m, spaced by
adistance ain each of 2 directions, that are arrayed on alattice of identical strings
with tensionz. If the coordinate u,, (1 index for each of the 2 spatial dimensions)
describes the (transverse) displacement from equilibrium of the mass at the lattice
point ki, then we can write the kinetic energy, potential energy and Lagrangian as
(recall the 1-D example discussed in class)

S W AR

2k|:1'u’ 2a4=, M — Hyg Hyon = Hiy )]s
N

_gkzlzlllu K 2Tak| 0[(.Uk+1| — Hy )2 +(,Uk|+1 — My, )ZJ
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Thus the (2-D) equation of motion becomes

M, _g[(fukm =24 + My, )"'(,Ukm =24, + rukl—l):| =0.

In the now familiar fashion we try the Ansatz 1, , = Aei(cwqyl)a_iwt for traveling

waves, now with a2-D wave number, §=qg,X+q,y. Substitution in the equation
of motion leads to the dispersion relation,

—a)ZmAe'(qumyl Ja-iot _ E Aei(qu+qyl Ja-iot |:(eiqxa _24 e_ina) + (eiqya 2. e—iqya):| —0
a

- ?(q) :ﬁ[(l— cos(q,a)) + (1- cos(q,a) | ::—;{sinz (i;)mnz[i;ﬂ.

am

(b) (2 pts) Now consider the continuum limit defined by

N —>o,a—0,(N+1)a=I= constant,
2

mN m
m— 0,—— — o = constant =—,
|2 a’

T
— =K.

Note that in the limit of 2 continuous spatial dimensions the mass density is now
mass per unit area and the linear tension becomes the surface tension of a
membrane with units of force per unit boundary or force per length. Inthislimit
the dispersion relation becomes

a2l on(3 ) ()
-£le)-(3])-5

As expected the coefficient k/o has units of (force/length)/(mass/area) =
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(length)%(time)? or (velocity)?. So we define the wave velocity as c=/x/o . Ina
similar way we take the continuum limit of the equation of motion,

2
g U

o’u o4
%[(.Ukm = 20y + ty 4 )+(Hk|+1_2.uk| "‘.ukl—l)] —a K{@ 7T ayz}
2
%"‘WX’ yit)=
2u(x,y,t)
ot?

=0

—c*Vau(xy,t)=0,

which isthe 2-D wave equation. Likewise the Lagrangian becomes an integral
over the 2-D Lagrangian density

gi = J'J'dxdyu (x,y,t) [aAk — dx,aAl — dy],

k=1

£ Sl a5l (2 (2]
=L :%ﬂdxdy[o-u2 + K(ﬁu)z} = ”dxdy[,
£= ot +x(Vu) |

(c) (1 pt) Animportant feature of physicson alattice (a2-D latticein thiscase) is
that the discreteness of the spatial structure breaks rotation symmetry. Inthe
continuum case rotational symmetry is restored and the dispersion relation is

expressed in terms of the usual scalar product G* = g +qf;, which isrotationally
invariant by definition. Thisisto be compared to the right-hand-side of the
discrete dispersion relation, (4r/am) [si n’*(g.a/2)+sin’ (qya/Z)], which is not
invariant under continuous rotations, ¢, = cosfq, +sinfq,, d;, =—-sindq, +cosdq,
(becauseit is not in the form of powersof o +q;), i.e,
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% =0’ +q; =q;+0d;=0",

sin (g,a/2) +sin*(q;a/2)
— sinz({coseqX +sin9qy}a/2)+sin2 ({—sin 6q, +c050qy}a/2)
=sin’ (0,a/2) +sin*(q,a/2).

(d) (1 pt) Returning to the finite, discrete system, we consider the case of fixed
boundaries, iy, = o = Hy.y = Hen = 0. Asusua we want the Ansatz (using a

product of the difference of the two oppositely moving waves)

i, = Ae (ei(qu)a - e‘i("xk)"")(ei(q“)a - ei(qy')a) , which is guaranteed to vanish at
one boundary in each dimension, k=0, =0. Requiring that it vanish at the other
boundaries yields the eigenval ue conditions,

( JoNga _ efiqx(N+1)a) =0=q, =

(eiqy(N+l)a _ e—iqy(N+1)a) —0=q = n n=1, N
, : .. N.
Thus the corresponding dispersion relation is

“’5"::T;{Si”{z(ztl)]””{z(ﬂl)ﬂ'

In the continuum limit this becomes
T 2
2 2
(I_j (K2 +17)

o~ ;42';[(2(551)}2{2(61”}21%
2

2
nC s T N B
:(I_J (k2+n2),qkn_|—(I0(+ny),/lkn—\/m.

(e) (1 pt) Finally consider the continuum limit starting with T and U. Thekinetic
energy is easy in the continuum limit,

Q|
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T:% [ dma? % [[odxdyu’.

The potentia energy takes a bit more thought. The energy stored pure unit area of
adistorted membrane under tension is given by tension/length times the change in

the area due to the distortion. The distorted areais given by ds= dxdy,/1+ (?u)2 ,

which isthe 2-D analogue of the 1-D result ds= dx,/1+(dy/dx)” . Thusfor small
displacements from equilibrium we have

U= Kﬂdxdy{1 /1+(§u)2 —1} :%ﬂdxdy(ﬁu)z.

Thus, as above, we have

Lzﬂdxdy[,

£ (u,u,0u/0x,0u/dy) :%u2 —%(?u)z.

The 2 space +1 time dimensional Lagrange equation (the generalized version of
Eq. 25.59) yields

of_or ), o _oc \ o oz | oc_,
ot\ o(au/at) ) ox| a(au/ox) | oyl o(eufdy)) eu

o°u ou o4 o°u  ,| ou 4
=0 Z_K 2+ > :O:>—2—C —2+—2 :O,
ot ox~ oy ot ox~ oy

which is the expected 2-D continuum wave equation.

3) (8 pts) Aspractice thinking in phase space let us take one more look at our
favorite problem of the rotating hoop, Fetter & Walecka— 3.1 and 4.4. Writethe
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L agrangian and the Hamiltonian in terms of the canonical variables9, p,. Also
construct the effective potential asin

H=—P U, (0)
2ma? N

taking gravity to be the only external force (other than constraint forces). Interms
of Hamilton’s equations, i.e., think of the flow in phase space, recalling the
velocity field discussed in Lecture 7, again locate all equilibria and determine their
stability, permitting Q2 to vary. Observe that the Hamiltonian has a certain
reflection symmetry (i.e., think about the symmetry with respect to the point 6 =
0). Show that for Q< w, = \/%, where o, isthe critical rotation speed, thereis
only one stable equilibrium point and it exhibits the reflection symmetry of the
Hamiltonian. However, when Q > w, , there are two stable equilibrium points and
they ‘break’ the symmetry. To illustrate the symmetry make a sketch of the
effective potential (U, (0)vs0) in each case, where we allow plus and minus

valuesof 0. Sketch the phase portraits, i.e., the flow patternsin (8, p,) phase
space, for both Q < @, and Q > w,. Plot the equilibrium solutions, i.e., the value
of 6,, asafunction of Q0. Sketch stable solutions as solid curves, unstable ones as

dashed curves, and observe that the diagram has the form of a pitchfork. (Thisis
an example of a symmetry-breaking pitchfork bifurcation and is analogousto the
“gpontaneous symmetry breaking” that occurs in the Higgs Phenomenon of particle
physics fame.)

Solution: In our previous analyses of this system we found
\2 N2
Lz—[(ae) +(aQsing) }+mgacos€.

Hence we have
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=—=ma’,
P =26
2 2 2
—H= 2p9 - _a r;\Q sin®6@ — mgacosé
ma
p2
= 2[“982 +U (0).

We note, in particular, that H and U, areinvariant under the reflection

transformation 0 < -0 (i.e, ¢ > ¢+ ). If wethink of this system as aflow
problemin (6, p, ) phase space, we have

6= _ By
op, ma
; oH OU 2 N2 :
=— =— =a'mQ sinfdcosé — mgasing
P o0 00 ™
2
:—mgasin@[l—a‘;2 cos@]:Vpe.

Since an equilibrium point correspondsto V =0, we have (as before) 4 points (at
most) where V,,  vanishes

V,=0=p,=0=6,=0,
0,=0,7

V. =0= g

i 0,=+cos™ J

Q*>Z =}
a

2 7

where the + signs correspond to the 2 branches of the hoop, i.e., the 2 branchesin
¢ . Inthelanguage of flowsin phase space (recall the Appendix to Lecture 7) we

want to test the stability of these equilibria by testing the behavior of the velocity
field component V, near each of the equilibrium points, 6 — 6, + 66 . Recal that

V= (VQ V., ) oc (clpg,—c269) (with ¢, c, positive constants) correspondsto elliptic
or stable flow about 6,, while V = (Vg V., ) o (¢, p,,C,00) correspondsto
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hyperbolic or unstable flow. In the present problem we have

P
Vg_mgz,
O? stable Q < w,
0,=0:V, =—mga| 1-— |60
’ o, unstable Q > w,
QZ
0, =m:V, =mgal 1+ —; |60 : unstable
Wy
V, = :
P A o v z—mga—z ) ), . hoequilibrium Q <,
° Q) ol Q7 stable Q > o,
2 2 2 no equilibrium Q<
0, =—cos| 2 |:v. _—mgaQ—2 ~ 2 156 = ’
’ w, stable Q> w,

Thus, aswe learned in our previous studies of this system,

the point 6, =

exhibits only unstable, hyperbolic behavior. As previoudy advertised, for the
other 3 equilibrium points the behavior depends on the ratio of the angular

frequency Q to the critical value of the angular
frequency is w, =+/g/a.

For Q < w, thereisonly the single stable equilibrium
point a 6 = O(Cos‘l(a)gz/Qz) has no real solutions).
The symmetry of U, about this point is apparent in the

plot of the effective potential to the right. Note, as
expected, that the point at 6, =z isamaximum

not a minimum.
The corresponding phase portrait, shown in the
figure to theright, is characteristic of elliptic -
behavior near the origin. But note the hyperbolic =~
flow about thepointsat (= x)=+x, p,(=y)=0. -1
_2f
Phase Portrait (prepared in 3

Mmawith StreamPlot)
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Precisely at the point Q =, thethree equilibriaat N\ 1.0¢ Ve
0, =0,cos™(w; /Q*) coincideat 6, =0 and the osl
linear term in the restoring force (the velocity field) /
vanishes. To understand the behavior of thesystem -3~ -2 -1 | 1 2 3

at this point we must expand the potential to higher N _osl
powers. Asindicated in the figure to the right the \ '
potential is now dominated by the quartic terms, i.e., Sl

the potential is much flatter near the origin. While the behavior about thus
equilibrium is no longer harmonic, it is still stable as suggested by the elliptic flow

in the next figure.

Phase Portrait
0
For Q> w, the system has 4 equilibria, of which Ut
theones at 6 =0, are now both hyperbolic \ 10y ‘e
(unstable) and the 2 a 6, = +cos™*(w; /Q°) are 05 /
elliptic (stable). Thefigure at theright indicatesthe 1 ‘2“/‘/ ~3
corresponding effective potential with the new _ost /
minima displaced from the origin (but note that the \\ ' /
symmetry about 0 =0 isstill present). \ —1J9'\~\ /
I BN

The corresponding phase portrait is shown in the next figure. Note the areas of

elliptic flow and the areas of hyperbolic flow.
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Phase Portrait

Once the system is at one of these stable equilibria the effective potential expanded
around this point is no longer (fully) symmetric, and there is spontaneous
symmetric breaking.

2
The equilibriaas afunction of Q/w, ¥

4
look like (solid = stable, dashed = ; CIC N I
unstable) s

“pitchfork” diagram
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