Physics 505 - Autumn 2010

HW V Solutions

11/3/10
NOTE: The MidTerm Examis Friday 11/5/10

Overview: Recall that solving physics problemsis not (just) about solving
differential equations. Use physical reasoning to help solve the following
exercises and be certain to show your work. It isalso important that you practice
completely solving these exercises, checking for errors as you go along.

1) Fetter & Walecka—4.1 (9 pts) Here we expand our study of small oscillations
to include the full normal mode formalism.

a) (3 pts) We use the two angles in the figure as the two
coordinates, where we assume that the angles remain
small, i.e., that we only need to express the kinetic and
potential energies to second order in the angles. (Note
that both angles are measured from the vertical.) The
kinetic energy of the hoop is easily expressed in terms of
the motion of the CM and the motion about the CM,

| = MR?,

M

S

2 1

T, (Rd,) +§(|\/|R2)9'12 = MR?62.

For the motion of the mass on the hoop (the bead) the small anglelimit is
important as the vertical motion is of order (small angle)* and higher and can be
ignored. So to quadratic order we have just the horizontal motion that can be
expressed as

2
T = M[( RS ) +(R@'2)]2 :%[912 +0; +200, |

=2

So in this system the coupling of the 2 harmonic oscillators comes from the form
of the kinetic energy. With the gravitational energy chosen to be zero at the
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lowest point we have (recall cosf =1-62/2 for 6 «1)

- MgReZ,

hoop — 2 1

. :@(ef +022).

U

U

In terms of the notation for small oscillations we define i, = R, and write

L=T-U =%(3ﬁf + 2y, +ﬁ§)—%(2’712 +1;)

nlil\/l(3nl+nz)+2?gm=0:>3m+nz+2%771=0
=

n,:M (771"'772)"'?9772:0:”71"'772"'%772 =0

These equations of motion verify that the point n, =7, =0 is an equilibrium point
and further that it is a stable equilibrium point, since the first order forces (in n, )
are restoring forces. However, since the n, modes are coupled (by the kinetic

energy), we want to use the general normal mode formalism. From the above
eguations of motion we can identify the two matrices describing this coupling of

modes,
31 gM(2 O
m, =M M .
11 q R{0 1 q

Thus the standard eigenval ue equation yields the desired frequencies
(i =—w’n=-in)
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29M

OV M 0-aM
det[v—Am] = det R " =0
o-am T4 M
R
20/ 2 2 [oE
—29M° 5 M +312M2—12M2=o:>1+:d:%{%t%}

R R
:>a)+=a)2:,/2—g, a)fza)l:‘/i.
R 2R

b) (3 pts) We can construct the normal eigenvectorsin the usual way. Wefind
4-3 -1 (2) (1) 1
(v—ﬂkm)nk:O:ﬂ hol_os| ™|
2R -1 2-1)| ,0 (2) 1
Up Up!
2-6 -2\(n? @) (1
:ﬂ( 2 1-2 [771(2)]:03[771(2) OC( 2}
R - 1- m, up! B
The standard normalization, n{my, =1, is

Y 1, (1)(3 1)(1) . (1\(4 ,
=oy|  |=a M =o; M =60, M =1
n 1 1) 1 1)1 1) |2

N n?) 1 (1
@] Vam -2/
2
Thusthe first eigenmode, with the smaller frequency, is characterized by n, and

n, (and thus 6, and 6,) being of the same magnitude and in phase. Asindicated
in the set of figures, this means that the point mass stays at the point on the hoop
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antipodal to the suspension point and the hoop/mass system oscillates asasingle
object.

For the higher frequency mode 7, (6,) has twice the magnitude of n, (6,) andis
exactly out of phase asindicated in the second set of figures.

¢) (1 pt) The corresponding modal matrix has the form
ao[mm) 1 (12
ny'ny’) NOM (1 -2y2
NT — 1 1 1
VoM (V2 -2y2)

v (il i ST )

d) (2 pts) The normal coordinates can be obtained from
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¢ =N = NTmn:f@j:Jg(zf @(2]

M[\/E(an +772)j.
3 =1,
Notein particular that ¢, vanishesif n, =-2n,, i.e., the second eigenmode

defined above, and ¢, vanishesif n, =n,, i.e., thefirst eigenmode. Expressed
the other way around we have

R A (- g

We can substitute this result in the Lagrangian and verify that it is diagonal,

@i+ 2y +1i2) -0 (207 +n) =

%ﬁ[?,(g'l + \/Eg'z)2 +2(g+ \/Eg'z)(g'l ~242¢, )+ (51 ‘2*/59'2)1
M0 b o(e 2z (- 245 |

:1—12[69‘12+6g'22}—%[3€12 +12¢?]

— [ - ofet ]+ 2] -alel]

Clearly the problem has split into 2 independent harmonic oscillators at the
expected frequencies. If we assume initial conditions of the form

6,(0)=0,(0)=0,(0)=0, 6,(0)=6,, we have
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g
20 cos, [—t
M V26, \ 2R

¢(t)=y %R

3 ]
-0 cos‘/zgt
cos,/ cos‘/
R0
t
cos‘/ t+2cos,/

2) Fetter & Walecka— 4.3 (9 pts) The double pendulum problemisaclassic
normal mode study and we should solve it.

Solution: We consider the situation in Fig 13.1 ¢ with different masses on the
pendulums, m, and m, in the small angle limit. The transverse displacement of

thefirst massis n, =16, and that of the second with respect to the firstis n, =16,,

for pendulums of equal length |. Thus the second mass s displaced by atotal
distance n, +7,.

a) (1 pt) Thus we can write down the kinetic and potential energies and the
Lagrangian, (U = mgl (1- cosf) = (mgl /2)6* =(mg/2l)n?)

T = hail 2oy +11,) U = 222+ T 2 )
=L=T :%7712"‘%(771 'H?z)z_%nl —%(Th +772)

b) (1 pt) Thuswe can the metric and the potential matrix as

+ + 0
mﬁ(ml m, mz) ’Vkl:g(ml m, j
m m), 1L 0 m

We obtain the desired eigenva ues from the standard eigenvalue equation
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+
M—A(mﬁmz) —~Am,
det[v—Am]=det =0

2
=9 mz(lr‘}*mz)—zz gmz(”l‘”mZ)Mzrm(m%)—ﬂz”#O

i —wt=d 2"‘2(”1+”“2)+\/4(”‘2(”1+”‘z))2—4”1n1§(n1+mz)
| 2mm, 2mm,

:%(mﬁmzi\/m)zm(ﬁ\/%}

Imy,
2
:w_zzﬂy—z(l_’_}/):gmzy—zl_?/ _9 1 m,

m " T3y 115y mem

c) (2 pts) We obtain the normal mode e genvectors from the usual equations

_m+m, . m
ol — 0 (mm) 1+y 1y |(n®
oAmn=0= m (e
1ty m 1ty

9 (iy(nﬁmz) —mz] m) g [m oc(iyj
(1) —m, tym, \ nt*) ) 1
To test thisresult consider the limit m «<m,,y — 1. Inthislimit we have

essentially just one pendulum of length 2| and, as expected w, —+/g/2 and
w_— oo. Theformer eigenfunction corresponds to the 2 pendulums having the

same phase and amplitude (as expected for essentially a single pendulum), while
in the second mode the two pendulums are out of phase. In the opposite limit
m > m,,y — 0 the two eigenfrequencies are nearly degenerate at the naive value

J g/l and the motion of mass 2 is much larger than mass 1, either in or out of
phase.
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d) (2 pts) We normalizein the usua way, 17].*m7j =1, tofind

nl(i) i [iyj z(in( : ][iyj
=a, =a;
ngi) 1 1 m, m, 1

T
1 tym, +m,

i) +y
:[n?)]_m( !

Hence the modal matrix takes the form (using \/m,/m = }//«/1— 7%)

1

y —y
N:[ (”n”]_ 1 | Jl+y 1-y g [ VT Ny

== =—| J1-y ¥y |
nnt ) 2m| 1 1 | Jem | ¥ETV NETY
iy ror
vi-y
11— N= 7
1 Ty

NT =

4/2n’!|_ _\/m \/1+7/
/4

Ao, N7
N N L y (mﬁmz mz]
\2m _\/m J1+y m, m,
y
\/].T}/ 1—}/ 1 }/2 1 /4
2

:\/ﬁ yo|| 17" 1= :\/E NN
2 1 2 2 2 -1 y |
i _\/;y 2,

—y? 1-y? Jl+y  Jl+y
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Thus the rotated versions of the initial matrices are

1
1- —/1
NmN\/i\/lﬁ’ \/1 1‘/7 VLt
2 1 y 2ml -y 1ty
\/1+}/ \/1+7/ Y Y
12 0) (10
~2l0 2) (0 1)
and
N Vizy \/1—;/ —\/1+7/
NTWN = NT =1 7 ojg(m+m 0} 1
B B 0 m, /2rnl \/1_7/ \/1+7/

/4 /4

N / |
2”1 — /1+7/ ﬂ
/4

1- 1
o B2 0 (e i

1-y

— [1+ y —Vlﬂ/ 0 4
/4

\/1_— J1-y 1—}/ —J1+7 i 0

_ Y 1-y*  1-y" |_g|l+y
1 11— 1 2l 2
iy 7 — 71_ ;27 S

(w? 0O
0 w’)
As desired, the matrices are diagonal .

e) (1 pt) Thenormal coordinates have the form
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1 y

-y |1-
g:N_ln:NTm?:g:(ﬂ:\/ﬁ V-7 \1-y (m)
S 2 -1 Y Up;

\/1+ y \/1+ y
.+,
m| iy

2| —m+m, |

J1+y

f) (2 pts) Finally for m > m,,y — 0 and initial conditions n,(0)=45,
11,(0) =1,(0) =1,(0) =0 we see that the motion of the normal coordinatesis
given by (keeping termsto order y )

5co—fa>+t 5(1+ Z)cos\/g(l—z)t
SRE c-ﬁ 3 5[129%@%}
t+y

and

Physics505 HW V Solutions 10 Autumn 2010



Y
(l—ZJ(l—I-ZJCOS\/E(I—th—I—(l—I—ZJ(l—ZJCOS g(1+th
S 2 2 I 2 2 2 I 2
2
1.1 (1+chos\/§(1—zjt— 1.1 (1—chos\/§(l+zjt
y 2 2 I 2 y 2 2 I 2
cos\/lgtcos\/lgy—zt
=0 :
Esin\/gtsin\/gy—t
y | | 2

The structure of this solution is very similar to the example discussed in Lecture 8.
Thereisafast oscillation (w. =+/g/l ) modulated (i.e., there are beats) by aslow

oscillation (wg = y+/9/I /2) with both oscillations being out of phase for the two

modes. The energy in the system is passed back and forth between the two
pendulums. Due to the large difference in the masses the amplitudes of the two
oscillations are quite different. For y =1/100 thislookslike
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3) Fetter & Walecka—4.4 (7 pts) Hereis a chance to return to a system we have
already analyzed and study it more thoroughly.

“hmﬂ‘,,..
i

-50

-100

Solution: (a) (2 pts) From our previous consideration of exercise 3.1 in F&W we
have

T :g[(aé)z + (asinOQ)z]V = —mgacosd,
m .\ 2 . 2
LZE[(aH) +(asingQ) }+mgacos€.

L agrange gives the equation of motion as

E(Q] _ob_ maZ0 — ma’Q?sin6 cosh + mgasing = 0.
dt\ 00 00

With the usual integrating factor 6 the equation of motion can be integrated once
to yield the following first integral

jdté[mazé —ma’Q?sinf cosh + mgasin@}
0

2 2 ain2
- m; gz Zm ok — mgacosd + constant =0
2 2 ain2
m; 02 —%MQZ — mgacosf = —constant.

(b) (3 pts) To find the positions of dynamic equilibrium we look for where 6 = 0.
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From the equation of motion we want

sing, =0
ma’Q?sing cosd = mgasing .
™ = cos@o=—?22

a

Thus we have eguilibrium at 6, =0,7,+cos™(g/aQ?). You may find the use of
the plus/minus signs here peculiar. In that case think of these two equilibrium
pointsin terms of true spherical coordinates, 6, = cos*(g/aQ’), ¢, =0,z There
are two equilibrium points on opposite sides of the hoop. Note that the quantity
\/ﬁ defines the natural frequency of this system and we might aswell giveit a

name w, =./g/a aswe did the first time we analyzed this system.

We can determine the stability of the equilibrium points by considering the second
derivative of the Lagrangian at these points, i.e., the coefficient of the linear term
in the expansion of the right hand side of the equation of motion with respect to
small oscillation around the equilibrium point. We have

2
% ocg—L— maZQz[cosze —sinze] —mgacosd,

02

The question of stability than corresponds to the question of the sign of the right-
hand-side of this equation. A negative sign implies stability while a positive sign
means instability. For the 3 equilibrium points we have, where the oscillation
frequency isindicated for the stable cases,

2
0, :O:mazQz—mga:mazQz( —&J

QZ
QZ
stable: Q< w,, 0, = 0,, |1-—
f— 600 ’
unstable: Q > o,
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2
00:7r:ma2£22+mga:ma2£2{1+%]>0

2

= unstable,

and

_ ~1 2 2
0 = 005 (] /© ):ngz[zw_%_lj— mg; :maZQ{w_%_lj
¢ =07 Q «

0)4
stable: Q> w,, 0, = Q4 [1-—=

unstable: Q < w,

We seethat inthelimit Q < w, only the case 6, =0 is stable, which isjust the
usual pendulum o, = w, and the spinning does not matter. In the other limit

Q> , only the nontrivial solution 6, = cos™*(w; /Q°) — cos*(0) = #/2 is stable
with o, =Q.

Aswe saw in our study of exercise 3.1 the occurrence of an equilibrium point, as
seen in the rotating frame, corresponds to the vanishing of the force tangential to
the loop (in which direction there can be no constraint force). The two

contributions to this force (in the 6 direction) arise from gravity
(mg (—si N0 + cosof )) downward and the upward tangential component of the
centrifugal force (mm x (oT) X F) = mQ’as ne(coseé +d n@f) ). Thusthe tangentia

force vanishes when mQ*asing cosd —mgsind =0 as noted above.
(c) (2 pts) From part (a) we find the Hamiltonian via

oL 94
=—=mao
Po 00

2

ma’ . ma’sin®é

—H=p0-L=
Py > >

—mgacose.

Thisisthefirst integral of part (a) and thusis a constant of the motion. However,
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it isnot the total energy,

2 2 A2
ma“ - ma“sin“o
02+—

2 2

E= QO° — mgacosé,

which is not a constant of the motion due to the work done by the constraint forces,
I.e., the constraint is time dependent.
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