Lecture 1 - Introduction and Review: Newton's Laws, Conserved Quantities and N-
body Systems (Chapter 1 in F&W, Sections 1 and 2).

Thisclassisabout “Classica Mechanics’. For our purposes the word “classical”
impliestwo points. Thefirst point isthat classical means that this subject has along
history. In particular, classical mechanics was one of the first areas of research to
illustrate the real strength of physics, i.e., it's predictive power. The many successes
of mechanicsin describing the behavior of the physical world help to illustrate that
physicsis often simpler at more fundamental levels. The study of classical
mechanics aso helpsto illustrate the power of symmetries, some examples of which
we will discussin the coming weeks.

The second meaning to “classical” isthat we will almost always consider the limit in
which h goes to zero. At least initially, we will also focus on small velocities, i.e.,
non-relativistic physics (c goesto infinity, B = v/ic — 0).

Asour starting point let us return to freshman physics. What we first learn about in
mechanics are the laws of Sir Isaac Newton. Newton’sfirst law of motion states that,
If the vector sum of the forces acting on an object is zero, then the object will remain
at rest or remain moving with constant momentum (as observed in an inertial frame,
I.e., historically aframe moving with constant velocity with respect to the distant
stars). If the force exerted on an object is zero, the object does not necessarily have
zero velocity. Without any forces acting on it, including friction, an object in motion
will continue to travel with constant momentum. For example, consider thislaw as
applied to apoint particle (i.e., finite mass m and no spatial extent) in one spatial
dimension (1-D) with coordinate |abeled x,

d(mx)
= O, .
a (1.2)
where the velocity is
. dx
X=—.
a (1.2)

Note that for such a point particle the coordinate x(t) provides a complete description
of the motion of this particle as afunction of thetimet. Thisrelation impliesthat the
guantity M, which we call the momentum and which will be derived more carefully
shortly, is a constant as time evolves (when the force vanishes). Such aquantity is
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referred to (in an obvious notation) as a constant of the motion. Said another way, the
momentum is conserved. For the usual case of aconstant mass, this simply implies
zero acceleration,

=0, (1.3)

It isalso useful to point out, as we will make more use of later, the invariance
properties of Eq. (1.1). In particular, if we simply trandate our particle (i.e., change
our coordinate system) by a constant displacement X — X+ X;, the form of the
equation remains unchanged (since x,=0). The essential point isthat the invariance

properties of the dynamics lead in a predictable way (Noether’s Theorem) to the form
of the constants of motion (i.e., the conserved quantities). In this particular case,
trandational invariance leads to conserved, i.e., constant, (rectilinear) momentum. A
related point is that the (quantum mechanical) operator that generates an infinitesimal
trandation is precisely the momentum operator!

The second law of Newton is simply the case for nonzero force. Againin one
dimension we have

d(mx)
dt

=F(xt). (1.4)

Once more, assuming a constant mass, we have the usual relationship between
acceleration, mass and force,

mx=ma=F(xt). (1.5

Thisuniversally true law of motion (in 1-D for a constant mass point particle) serves
to define the concepts of both inertial mass, i.e., the coefficient of resistance to
changesin motion, and force, i.e., the actuator of changesin motion.

Asaparticularly smple and familiar example consider alinear restoring force (i.e., a
force with alinear dependence on x),

MK = —kx. (1.6)

Aswe all recognize, thisisjust Newton for a harmonic oscillator. It isaparticularly
Important special case, since we are very often interested in the properties of systems
near their (stable) equilibrium conditions. Almost always equilibrium is defined by
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the presence of (only) alinear restoring force, a least for small deviations from
equilibrium. If the force had a dramatically different form, it would not correspond to
an equilibrium point. This second order linear differential equation can be solved
precisely by the (hopefully) familiar methods. 1f we define a frequency,

®=,|—, (L7)

then the general solution to Eq. (1.6), in terms of two arbitrary constants, takes the
form

X(t) = acos(wt)+bsin(wt). (1.8)

The congtants are typically determined in terms of theinitial conditions,
X(0
a:x(O),bzﬁ. (1.9)

Thisillustrates an important property of classical mechanics. For many systems of
interest the dynamics (i.e., Newton's equations) can be solved exactly (smply by
integration) and the properties of the system as a function of time are completely
determined by the (two) initial conditions. Thiswas particularly important for the
early studies of the motion of the “heavenly bodies”.

Note that in the harmonic oscillator case the original equation of motion, Eg. (1.6), is

not trandationally invariant. since the origin isimplicitly defined. Asa (necessary)
result the momentum is no longer a constant of the motion,

MX(t) = —wmX(0)sin(wt) + mx(0) cos(wt). (1.10)

L et us generalize to the case of three spatial dimensions. Now the case of alinear
restoring force lookslike

=—kr, (1.11)
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where, as usual (in Cartesian coordinates with unit, orthogonal coordinate vectors,

AAAAA

X Y,2,X-X=Y-y=2-2=1,%X-y=Yy-2=2-X=0),
F=XxX+yy+ 22 (1.12)

Thisform for the force, where it depends only on the separation from the origin, the
center of force, and the only direction defined is ' = F/ \F\ , Is characteristic of aclass
of problems called central force problems,

—

Foora (X% Y, 2) = £ (1)F. (1.13)

In this example we can think of the origin as the point where the “spring” is mounted.
Although the dynamics of such a system is not invariant under translations and

therefore linear momentum is not conserved, this system does have an invariance that
iIsrelevant. In particular, consider rotations around the origin. These transformations

will not change the length of the radius vector ' = |F| Rotations will, however,
change the direction of the unit vector f , but it will be changed in the same way on
both sides of the equation of motion. Thus the form of the equation of motion for
central force problems, d (m?) / dt = f (r)f, isinvariant under rotations. Another

way to look at this situation is to note that the central force does not select any special
direction, except the direction defined by the point particle itself, i.e., the radial
direction. Hence the problem formally looks the same if we rotate the system (an
active transformation), or rotate the Cartesian coordinate system X, ¥, Z(a passive
transformation). Formally the rotations are described by aLie group, SO(3), a
connection that we will pursue later. The conserved quantity that is associated with
thisinvariance is the angular momentum defined by (here we introduce the symbol

P for the linear momentum )

—»
—

=P xP=rxn. (1.14)

ASIDE: Recall that such vector (cross) products can be easily represented in terms
of componentsif we use the fully antisymmetric tensor g, sijk = -&jk = -8y, €tC.,
(ax B)k =¢e,,ab,. Thistensor also provides the structure constants for the algebra

of the group SO(3).
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The time derivative of the angular momentum is then

d(mi) (1.15)

using an obvious vector identity. The corresponding quantity on the RHS of
Newton’s equation is the torque

N=rxF. (1.16)

With these definitions the three-dimensional version of Newton’s second law crossed
with ' becomes

— =Fx—=FxF =N, (1.17)

Now focus again on the central force problem. We find immediately that there can be
no torque,

N=FxF .="xf(r)f=0 (1.18)
and in this case the total angular momentum cannot change with time. Thus it must
be a constant of the motion. In particular the vector direction of L isfixed and all
motion must in the plane perpendicular to L,ie, by construction both I and I are
orthogonal to L and thus, by Newton, I will be also.

Just asin the case of trandational invariance and (linear) momentum conservation,
the (quantum mechanical) operator that generates an infinitesimal rotation isthe
angular momentum operator, the conserved quantity when there is rotational
invariance.

Note the following important distinction. Although the equation of motion, Eq.
(1.11), exhibits rotational invariance (its form is not changed by rotations), a specific
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solution to the equation (a specific tragectory) may (and usually does) exhibit lower
symmetry (just rotations in the plane perpendicular to L). (Thisistheideabehind the
Higgs mechanism at work.) In the current case the full 3-D rotational symmetry is

gone when the initial conditions, F(0) and T (0), define the specific (2D) plane of the
subsequent motion (via 7'(0)x7 (0)). In the degenerate limit that 7(0) isalong 7 (0)
the problem reduces to being 1-dimensional (L =0).

Along with linear and angular momentum, we want to consider athird possible
conserved guantity, the total energy, which istypically associated with the concept of
so-called conservative forces. The corresponding invariance iswith respect to
trandationsintime, i.e.,, we will (eventually) associate energy conservation with the
absence of explicit time dependence in the dynamics. In quantum mechanics the
generator of an infinitesimal time trandation isjust the Hamiltonian, whose
eigenvalues are the energy. For the present consider a nonrelativistic point particle
with constant mass (we will relax these redtrictions later). If we multiply Newton’'s
second law,

d(mr)
(;?r)=F (1.19)

by the velocity (using the usual scalar product) we find
d(mr) i d(4m?) gt

LI
dat at at (1.20)

where T isthe (nonrelativistic) kinetic energy. Next we integrate with respect to
time,

(1.21)

L}

We identify the quantity W with the work done by the force on the point particle asit
moves along the specified trgectory between theinitial and finals points. Now the
relevant question — is the work so defined described by an ordinary point function
that depends only on the endpoints (7, 75), or isit described by a functional that is
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dependent on the specific path between the points, i.e., is the quantity F-df an exact
differential? If it isan exact differential, we refer to the force as a conservative force

and associate with it a scalar function, U (F) , the potential energy. We can express

this path independence mathematically by the constraint that the integral around all
closed paths must vanish,

$F-dif =0 (1.22)

By Stoke' s theorem this means that the forceis curl free,

FF-di=[[VXxF-dS=0=VxF =0, (1.23)

where the last step, yielding alocal equation (no integral), follows from the fact that
the first equation holds for all possible closed paths. Thus we must be able to express
such conservative (curl-free) forces as the gradient of a scalar function, the potential
energy (the choice of sign is by convention),

—

F(r)=-vu(r). (1.24)
Returning to Eq. (1.21) we find
T(t)-T(t)=W=U(7)-U(7), (1.25)
or
T(t,)+U () =T(t)+U (7)=E. (1.26)

Thetotal energy E =T + U isaconstant along the trg ectory; (total) energy is
conserved in conservative systems. Particularly interesting examples of (central)
potentials are —K/r for the inverse square problem and +1kr? for the linear
restoring force (the harmonic oscillator).

Finally consider the 3 Law of Mr. Newton, which states that an object experiences a
force because it is interacting with some other object, and that the force exerted by
object 1 on object 2 must be equal to the force exerted by object 2 on object 1, but in
the opposite direction. Thisimplies that we were missing something earlier when we
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considered the central force problem. We explicitly ignored the second body that is
positioned at (or near) the origin, which is either providing the gravitationa field in
the inverse square problem or is where we mount the other end of the spring in the
linear restoring force problem. Thisisjustified only if the second body is much more
massive than the point particle we were focused on (as we will see shortly). Thus
mechanics problems are really 2, or more, body problems and we should work out the
formalism for the general N-body problem. The solution of such a problem

corresponds to finding the N functions of time, T, (t), describing the trajectories of N
particles, wherethe T, (t) are measured with respect to some arbitrary origin.

Consider aset of N point particles |abeled by an index k. For now we take the masses
of theindividual particles to be constant. These particlesinteract with each other
pair-wise. If the force experienced by particle | dueto particle k is represented by

—

F.. , then the 3" law says

Ifjk = —qu- . (127)

If we include the possibility of an external force, e.g., due to interactions with
particles not included in the N-bodies on our list, Newton's second law for particle |
looks like

. — N —
=P =F 4 ) R (1.28)

Thus, if we sum over all of the particles and invoke the 3" law, we find
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where we used the symmetry of the second sum to write it in aform that clearly
vanishes due to the asymmetry of Ifjk . Thissimplification suggests that it would be
helpful to use summed or center-of-mass (CM) coordinates as defined by

N
M=>m,
k=1
I
R=—Y"mf,
M;mk (1.30)
. N N 5
P=>mf=> B =MR
k=1 k=1

P=Fgr. (1.31)
The motion of the CM of the N-body system is determined by the net external force,

independent of the internal forces. If the net externa forceis zero, the total
momentum P is acongtant of the motion.

Likewise we can define the total angular momentum (with respect to some origin),

N
L=> fxP (1.32)
k=1

which satisfies (again we attempt to symmetrize the double sum)
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k=1 k=1 =1
J=k
N = o 1 N _ _
=Y i xF +§Z(rk><FkJ+ J><ij)
k=1 K,j=1
j=k
N 1 N
N L Ee L\ E (1.33)
—Z « < Fi +§Z( k™ j)Xij
k=1 K,j=1
j#k
N — —
:Z_’kXerXtENEXt,
k=1

where the final quantity isthe (net) external torque. Note that we have used the fact
that the vector direction of the pair-wise force IEJ-k pointsin the direction of (or
oppositeto) I, =T, — T, so that the cross product vanishes,

ASIDE: Thisisan example of the very powerful “what else can it be?’ theorem.
Thisdirection isthe only direction defined by the locations of the two particles,
and satisfies Newton #3. Unless the force knows about something besides the
locations of the 2 particles, and we are assuming that it does not, it must point
along thisdirection (up to asign). An interesting apparent violation of this simple
picture arises from magnetic forces, where the force knows about the direction of
the velocities of the particles. Think about it!

We conclude that, if the net external torque vanishes, the total angular momentum of
the system is a constant of the motion.

Next consider the issue of energy. The total (non-relativistic) kinetic energy of the
systemisgiven by

N
:
T=> m‘zk - (1.34)

The work performed on the system (by all forces) as the system moves along its
trgectory from point 1 to point 2 is given by
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18%d, - (1.35)
:EjZ;J'a(mjrjz)dt
=11
1 N _‘,22
= 1

So the net work performed by all forces on the system serves to increase the total
Kinetic energy.

At this point it is convenient to transform to the CM (primed) variables defined by

L=, 18 .
. =R+T, = j=lerJ + 1
N - N _' N 1 N _'
2 ME =2 mE — ) m - myF; =0
k=1 k=1 k=1 ji=1
5. 1.36
o=R+T,, (1.36)
N - N - N 1 N -
2 M =2 mE — ) m, > myF; =0
k=1 k=1 k=1 j=1
Thus we have that the total kinetic energy splits into two components (since Eq.
(1.36) says that the cross term vanishes)
18 s\
T=2> m(R+i) =—|\/|R2 Zm*’z
293 (1.37)
=Ty + T
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The first term describes the motion of the CM, while the second term accounts for the
Kinetic energy of the particles moving with respect to the CM (labeled as T, for
internal, but labeled T, in the text). A similar decomposition occurs when we
consider the total angular momentum in these coordinates. We write

j:1. : 2 T 2 : (1.38)

Again the cross terms vanish and the total angular momentum has two components,
the angular momentum of the entire system (the CM) with respect to the externally
defined origin and the “internal” angular momentum corresponding to the motion of
the particles with respect to the CM. Note that, since the coordinates in the CM
system (r/,77) are constrained to sum to zero, the internal kinetic energy and the

internal angular momentum are constructed from only 3N-3 internal (unconstrained)
coordinates (and not 3N). These “lost” coordinates are accounted for by the motion

of the overall CM (R,R). The equation of motion for the angular momentum also
separates. Clearly we have

S RxP=RxFX, (1.39)

as we would expect asthe CM (by itself) acts as a single point particle. On the other
hand we have
o, dl dig,

N N
= = r. —_) _).EXt:
dt  dt =2,(fi~R)<F, ,le

|

-

j' X FjeXt. (1.40)

The time rate of change of the internal angular momentum with respect to the CM
responds to the external torque with respect to the CM, independent of the motion of
the CM itsdlf (even if it isaccelerating!).
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Now let us return to the issue of the forces. We proceed initially by assuming that
they are conservative forces, both interna and external, so that

BP() = 007 () = B [ B ) - df =~ Ea U (14D

With 7, =F T, , wefind (as desired)

Fr=-V U, (rjk):ﬂujk (rjk): —Fy :|:Ujk :Ukj]’ (1.42)

and also that

Fi =—?jkujk(rjk)=§kjujk(rjk):{?jk Eﬁ} (1.43)

Thus the net work performed by (all of) the interna forcesis

jk=1 j k=1
k] K
18 -
ZE&;ZKJ_‘HJ;(FW erk)
N 2
:‘EZI(VikUiK(rik))'dﬁk
2
ANE (1.44)
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where the last sumisover al distinct pairs (as expected).

Putting these results together we have
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S (1.45)
T,+US +U =T, +U> +U," =E™",

N ext2 N 2
T,-T=—>U% -2 U, =
=1

Thetotal energy, i.e., the kinetic energy summed over particles plus the external
potential energy summed over particles plusthe internal potential energy summed
over pairs of particles, isa constant of the motion. These relations form the basis of
our understanding of thermodynamics and statistical mechanics.

We will close this lecture with a brief look at the simply but still interesting (i.e,
common) case N = 2. For thiscaseit is often useful to re-express the internal (or
relative) kinetic energy in terms of the reduced mass and the relative velocity of the
two point particles. We define the reduced mass as

H= SLUE (1.46)
m +m,
and note that (subtracting a useful expression for zero)
( =, _'.,)2
. : : : . r+mr
TmtZ%(qu-l-rnzrz’z)Z%(mrl’2+ﬁlzfg2)— rnll ITIZZ
m+m,
(1.47)
1 =2 [ A
= E,urlz [rlz =h-L=n- r2:|

Thus the internal kinetic energy depends on just the one (reduced) mass and the
single (relative) velocity. For pairs with very asymmetric masses the reduced massis
essentially the lighter mass and the relative velocity is essentialy the CM velocity of
the lighter particle (the heavier particle is essentidly at rest), i.e., the CM
(approximately) coincides with the rest frame of the heavier particle.

If we consider the collision of two particles (no external forces) and characterize any

inelagticity in the collision in terms of Newton'’s coefficient of restitution, 0 < a < 1,
we have (now prime means after the collision)
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int/ 21 int
T" =a° T,

o (1.48)
h, =arl;,
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