Lecture 9: Oscillationsin Large N and Continuous Systems (The remainder of
Chapter 4 in F&W)

Now let’ s think about what happens when we have N coupled variables, say N
identical point masses and N+1 identical springs (longitudinal motion asin F&W Fig
24.1), or N identical point masses equally spaced along a massless string (transverse
motion asin F&W Fig. 24.2). Both systems can be treated as normal mode problems,
but now we expect to find N modes. Thefirst (longitudina motion) systemis
described by the Lagrangian (with n representing the longitudinal displacement from
equilibrium)
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with boundary conditions 1, =7n,,; =0. The second situation, transverse
displacements, is described by identical mathematicsin the limit that the transverse
displacements are small. If the spacing between massesis a, the tension in the string
Ist and the transverse displacement is represented by 1, the restoring force on agiven
mass (in the small angle limit, i.e., the transverse restoring force is given by
tsinf=ryu/a)isF, =r[—(u,- —u,—,l)/a+(/ij+1—u,- )/a]. The corresponding
Lagrangian is

M- ., T
L=T-U-= 22 J_z_a,z_;,(“‘” my (9.2)

with boundary conditions u, = ., =0. Thus, by the rule of Feynman that the same
eguations have the same solutions, we need only solve one of these two problems and
then substitute u, < n, and k< z/a. Solet’sfocuson the latter situation and its

eguation of motion
LT T N T
mii, +5(,uj _“J—l)_g(ﬂﬁl_“j): mi, +25/,tj _g(ﬂj+1+ﬂjfl) =0. (9.3)

Asin previous discussions we have coupled second order linear differential equations
with constant coefficients and we are encouraged to try an exponential form as an
Ansatz,
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K, (t)—),u(xj,t):u(aj,t):Aei(kaj_wt) (9.4)

where o is an angular frequency and k is the wave number (k = 2z /1 where A isthe
wavelength). Note that, looking ahead, we have written the solution as a function of
the continuous coordinate x, which we sample only at the discrete values x; = aj (j an

integer). Substituting this Ansatz into the equation of motion and canceling all
common factorsyields

_rm)z_i_&_z(eika_i_e—ika)zo
a @ (9.5)
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This sort of relationship between o and k is called adispersion relation. It
corresponds to the more familiar relationship between energy and momentum for a

free particle, E? = p® + m*. To the extent that  isnot linear in k, waves of different
wavelengths will travel with different velocities and “disperse”.

To turn thisinto an eigenvaue problem we need to consider the boundary conditions
for the problem. Before considering the “fixed end” case discussed above, we first
consider what are called periodic boundary conditions (corresponding physicaly to a
closed loop of string). Thus we set the transverse displacement at one of the string

equal to the displacement at the other end, 12(0) = ( Na), or more generally
p(ja)=p(ja+ Na) (transational invariance when translated by a distance Na, the

circumference of theloop). In terms of the form of the solution introduced above this
means

A Ka-at) _ agdi(arkNa-ot) _ 4 _ dkNa _y |Ng = 2771
N-1
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N odd
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For either even or odd N, there are (as expected) N possible eigenvalues of k and w.
(Other values of the parameter n, > N or < 1, smply reproduce the same N solutions.)
Note that the solutions tend to come in pairs with opposite signs for k corresponding
to motion in both directionsin x. We can think about this motion as the motion of

i(kyx—wnt) _ ei¢0
(Re=> cos¢, = cos(k,x— ,t)). SO we can define a“phase velocity” via

pointsin the wave form with constant phase, ¢,, asin €
6, =, 1k, = | = sinf I (ﬁlz\/g—gn(”‘n‘/'\'). 9.7)
ma N \ 2zn m (zn/N)

Thisexpression first tells us that the direction of motion changes with the sign of n
(we have eigenmodes moving in both directions). We also see that the characteristic

magnitude of the phase velocity is\/ra/—m . Thisisthe actua magnitudefor n— 0,
when the second factor approaches unity. However, for \n\ — N/2 wefind

Conjz — 2y7a/m/x < \Jra/m. (Thisn dependence of the phase velocity leadsto
dispersion.) The corresponding wavelength of the oscillations (/ln =2r/|k,| = Na/ \n\)
variesintherange 4, , > to 4, =2a, i.e, the spacing between the masses can

be at most %2 of acycle. Thisreminds us of the essential feature of achain of discrete
masses — it cannot support arbitrarily short wavelengths. Note as expected that the n
=1 Eigen mode has wavelength A4, = Na, the trandational invariance length.

Now we return to consider the case of fixed ends, 1(0)=u(Na+a)=0. To satisfy

this condition we make use of the opposite moving solutions noted in the previous
paragraph and write (recall that linear equations always allow linear superposition)

u(xt)= A (e —e™). (9.8)

This expression will still satisfy the equation of motion if k and o satisfy the
dispersion relation in Eg. (9.5) and by construction this form satisfies the boundary
condition at x = 0 due to the minus sign. Now the eigenvalue problem arises from the
other boundary condition,
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Note the differences from the periodic boundary condition case of Eqg. (9.6),
especially the factor of 2 in the numerator and the absence of solutions of both signs.
Thislatter point just reminds us that, with fixed ends, the eigenmodes are standing
waves rather than propagating waves, i.e., there are nodes or zeros in the wave shape
that occur at fixed positionsin x.  Thus the n™ normal mode looks like

{n=12,...,N (9.9)

p(x.t)= 2iA{sin ve% }e‘“’"t
| a(N+1)
(9.10)

N |
Real Part =2A | Sin Snw.t.
- A{ (N+1)} “n

Thisexpression illustrates that the x and t dependences have factored into separate
functions. Instead of moving waves as in the periodic boundary condition example
(where the x and t dependence stay coupled when we take the real part), we have
standing waves. Also in contrast to the periodic case the n = 1 eigenmode here has
wavelength A, = 2a(N +1) =2l or twicethelength of the string (i.e., Y2acycle

corresponds to the distance between nodes, which must be fixed at the endpoints).

Finally we want to consider what happens in the continuum limit, i.e,, a— 0,

N — oo with length, a(N +1) =1, fixed. Thisisthelimit that we use to study an
actual matter system, even though matter isreally composed of a discrete (but very
large) set or atoms. We can basically take the corresponding limit of the above
expressions where we replace m/a by a( linear) mass density o, which could be a

function of x (in which case the tension will also typically be a function of x).
Following F& W we aso change the label of the displacement from equilibrium to

remind us of the continuum limit, z(x,t) - u(x,t). For periodic boundary
conditions (now aloop of continuous string) the dispersion relation for any fixed
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modenas N — oo yields

Periodic Boundary Conditions
2rn

Kk, —>|—{n:0,J_rLJ_r2,...,
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Thus all (finite n) modes have the same phase velocity (i.e., no dispersion), and now
we see arbitrarily short wavelength modes present. The n = 1 case still corresponds
to afull cyclein the distance of periodicity, I.

For the fixed end case there remains a factor of 2 difference from Eq. (9.11) in
various places,

Fixed Ends Boundary Conditions

kn—>”|—”{n=1,2,...,

R K
" Nma2(N+1) No I’ (9.12)

T

@,
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The case n = 1 still corresponds to just ¥z cycle along the length of the string.
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Returning to the equation of motion, Eq. (9.3), and taking the continuum limit, we
can make the replacements (,uj - uj_l)/a—> ou/ox and (being careful about
possible x dependence in the tension)

|:‘L'j (/,tj - /,tj_l)/a—fj+1(/,tj+l — 1, )/a] —> a@(r(x)&u/@x)/@x to obtain the string
eguation

G(x)?u(x,t)—%{r(x)gu(x,t)}:O. (0.13)

In the smple, but typical, case that we can treat the mass density and tension as
constant along the string we have

1 0 1. y
= u(x,t)—yu(x,t)zgu(x,t)—u(X,t)=0,

(9.14)
T
c= ,/—,
(o)

the familiar wave equation in 1-D. To obtain the corresponding Lagrangian from Eq.
(9.2) we replace the mass by an element of mass, m— dm— odx (defining the
kinetic energy per unit length), the product ra — rdx (defining the potential energy
stored per unit length) and then sum (integrate) over x to obtain

| o(ouY t(ouY
L= { d{?(&] _5(&j } (9.15)

The integrand in this expression is called the Lagrangian density, £, and the action
ISnow an integral over space-time,

82
ot?

A=[dtdx £. (9.16)

The Lagrangian density plays a central role in the application of theseideasto field
theory.
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The general solution to the excitation of a system (string) described by such a
Lagrangian can, as expected, be written as alinear combination of the normal modes.
For the fixed end boundary conditions we can write the normal coordinates as
(following the notation of F&W)

o (t)=C,cos(at +¢,),
nt nr |t (9.17)

. 2
Sn = WGy, O, = C= B
| | Vo

where the constants C,, ¢, are fixed by theinitial conditions (the temporal boundary

conditions). The corresponding orthonormal eigenfunctions, matched to the spatia
boundary conditions, are

pu0)= [ Z sin(ix).
2

pr-Kipy =0k =2 =T 7, == (9.18)
|

JdXGpm(X)pn(X) =G,

0

Thelast line expresses the usua orthonormality of the eigenfunctions with respect to
the diagonalized metric m= o . Thusthe general solution has the form (note again
the separation of variables term-by-term)

u(x,t):épn(x) 6. (t). (9.19)

Expressed in terms of the normal modes we can perform the x integral in the
Lagrangian (see Eq. (9.15), either using the explicit form of p_ or by performing an
integrations by parts) and perform one of the sums using the orthogonality of the
modes to find the diagonal form

0

L:%Z(éf ~0l¢?). (9.20)

Physics 505 Lecture9 7 Autumn 2009



In terms of the normal modes the finite length, continuum problem corresponds to an
infinite, but still discrete, set of decoupled harmonic oscillators.

Asafina comment we note that Hamilton’s principle of |east action applied to the
continuum form of the action in Eg. (9.16) yields the continuum form of Lagrange’'s

Equation,
of_ oL ), o oL ) oL _,
ot\ a(au/et) | x|\ a(au/ox) ) ou (.20)

Here we have applied the calculus of variationsto variations with respect to 3
functions, u(x,t), du/ox=u’, 6u/ct =, all of which are functions of the 2
independent variables x and t. Applying this result to the string Lagrangian density in
Eq. (9.15), £ =(0/2)u* —(z/2)u'?, yields the wave equation, Eq. (9.14).
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