Physics 557 — Lecture 5

Group Theory: Since symmetries and the use of group theory is so much a part of
recent progress in particle physics, we will take a small detour to introduce the basic
structure (as seen by a physicist) of this most interesting field of study. See Chapter 5
in Rolnick and the group theory books on the list of texts. We will first define groups
In the abstract and then proceed to think about their representations, typically in the
form of matrices. In physics we aretypically interested in “real” operators that act on
“real” states but which form representations of the more abstract concept of groups.

Group (G): A set of (perhaps abstract) elements (things) — g, .., gn, plus adefinition
of the multiplication operation, i.e., adefinition of the product of two of the elements

such that

1. gie g, =0k € G- products of elements are aso elements of group,

2. multiplication is associative— (gi ® g;) ® 0x = i ® (g; ® Jk),

3. theidentity element exists as an element of the group, 1 € G,

1 e g, =g; » 1 = g; (sometimes the |eft and right identities are distinct, but
not generally in the context of physics),

4. the group includes auniqueinverse for esch dement, g e G=¢ - € G
suchthat g e g '=g ' g = 1 (again the inverse is sometimes defined
separately for left and right multiplication but this situation will not
arisein this class).

Note: it is not necessary that the multiplication be commutative
o if gie g =g ¢ g (commutative) — an Abelian group

o if gi e g;# g g (non-commutative) — anon-Abelian group

If the number of elementsisfinite (n < ), then the group is called afinite or discrete
group. Thereisatrivia group correspondington=1withg=1 only. Clearly the
group properties are all satisfied but in atrivial way. How about n = 2? Call the
elements of thegroup 1 and P. Evidently P* =P, P e P =1 in order to satisfy the
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condition of being agroup. There are, in fact, two related and physically interesting
realizations of this group. One case s the reflection group where Pisareflectionin a
plane (i.e., one of the 3 possible planesin 3-D space). For example, reflection in the
xy plane means P f(x,y,z) = f(x,y,-z) so that P ¢ P f(x,y,z) = P f(X,y,-2) = f(X,y,z) as
required. Finite groups are commonly used in the study of solid state physics where
discrete symmetries arise regularly. Another n = 2 group corresponds to reflection
through the origin (in 3-D space), P (X,y,2) — (-X,-y,-2). AgainPeP=1,PeP
(x,y,2) = P (-X,-y,-2) =(X,y,2). Thisisthe parity operation that we will discuss again
shortly in the context of particle physics.

Typicaly the groups of interest in particle physics have an infinite number of
elements but theindividual elements are specified by (are functions of) afinite
number (N) of parameters, g = G(Xy, ..., Xxy). Of particular interest are those groups
where the parameters vary continuously over some range. Thus the number of
parametersis finite but the number of group elementsisinfinite. If the range of all of
the parameters is bounded, the group is said to be compact, e.g., the parameter space
of the compact group SO(3) is a sphere of radius . Further, the groups we will
employ have the added feature that that derivatives (6g/ox;) with respect to all
parameters exist. Groups with this property are called Lie Groups.

First we focus on the behavior near the origin of the parameter space. By definition
g(O,...,O) =1,

the identity element. Near the origin of the parameter space the group elements
correspond to infinitesimal transformations and the derivatives are especially
important (as noted in the last lecture) and have a specia name — the generators X,.

9
OX, x; =0, all

X,.

The generators serve to define an N-dimensional algebra (vector space) where both
addition (of elements of the algebra) and multiplication by constants are defined. The
general element of this Lie algebra can be expressed as alinear combination of the

generators
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R N
X => ¢ X,.
k=1

Thisis analogous to the familiar 3-dimensional vector space except that here the
generators are the basis vectors (instead of X,¥,2). We can think of the generators as

allowing a “Taylor series” expansion of the group elements near the origin. The
group elements can be obtained from the elements of the algebra via exponentiation
(recall the last lecture).

The algebra a so supports the definition of an outer (or vector) product that produces

another element of the algebra, i.e., the algebrais closed under this operation. This
product isjust the familiar commutator

[X, X, 1= X, X, = X X, = Gy X

The tensor Cjj is called the structure constant(s) of the algebra. It fully specifies the
structure of the algebra and therefore of the group itself near the origin of the
parameter space.

Recall that in the last lecture we considered the Lorentz group SO(3,1) where we had

—

g(é,y)zA(é,y)zeL, L=-0-5-y-K.

Thus we recognize the matrices S and K as matrix representations of (minus) the
generators of the group SO(3,1). Aswe noted in the previous lecture, the different
matrices do not commute nor do the elements of the group,

e_elsle_HZSZ ¢ e_QZSZ e_elsl ¢ e_0181_9282 ]

Thisisanon-Abelian group. In generdl,
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A B B A
e"e’ =e’e" iff [A B]=0.
On the other hand, if
| A[AB]|=|B,[AB]|=0;[AB]=0,
then we have
A A e[A B]
e e = e e
which is called the Baker-Hausdorf Lemma.
To make afull connection to the notation typically used in physics we should really
add some “1”’s above. The matrices S and K of the last lecture were defined so as to
berea. Typically we want to relate the generators of the group to physically relevant

operators in the quantum mechanical theory, which are Hermitian operators that
preserve probability. Hence we expect them to be represented by Hermitian matrices

(e, M= (M T) M). (Thiswill be obvious for the unitary groups where the

group elements are represented by unitary matrices M =M ™) In this Hermitian
notation we define 6 new matrices

_ sK[i :J__l]; K, =iK, (k=12,3),

where the Jk (but not the K, ) are Hermitian matrices.
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O 00 O O 0 0O O 0 OO
O 00O O 0O O i O 0 -1 O
le . 1‘-]2: ,J3: . ;
O O 0 -l O 0 0O O1 0 O
00i 0] |0-i0o0 |00 0 O
(0 i 0 O (0 0 i O (0 0 O i
- I 0 0 O . O 0 0 O . O 00O
K, = K,=| K, = .
O 00O 1 0 0 O O 00O
0000 |0000 |io0oo0oO0

We recognize the Jk as the Hermitian representation of the angular momentum
operators. Now the SO(3,1) group is represented by

—

A(é, y) _ eié-j+iy. _

Further we refine the definition of the generator to be

1 og
'—6_ EYk'
I O% x;=0, al |
and
I:Yj’Yki|:iCjlel’

the more common form in the quantum mechanical context. Using the specific forms
for the matrices above we quickly establish the elements of the structure constant of
the group SO(3,1) (in the Hermitian form)
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JJ’JJ EINE
J K } Igjle,
_Kj,lzk}:—igjk,\],.

Here the symbol € isthe Levi-Civita symbol which isthe (unique) fully anti-
symmetric 3-tensor in 3 dimensions (j,k,I = 1,2,3),
1=g1,5 = &5, = €3 = —E513 = —E&13, = —E€3y, With Al other components vanishing.

(Note: €ijk€ij = 26, )

One fina piece of 4-D formalism — the matrices J and Kk can be thought of asthe
6 non-zero components of an anti-symmetric tensor in 4-D rather than as 2 distinct 3-

vectors (just like E and B in E&M arethe components of the field tensor F,,). To
make this explicit define the tensors

J. (v =02123):J, =g (k1,m=123),
Jio K =—J,.,

and
0" (p,v = O,ZL2,3):a)k' = g4nfm (k,1,Mm=1,2,3),
0 ok
= yk = — .
Now the argument in the exponent for A becomes

i0-J+iy-K = —a)”VJ
iy 2
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which can be easily verified. Note the useful fact that the transformations of the
group SO(3,1) preserve not only the “length” of 4-vectors, i.e., rr, , but aso leave
invariant the two tensors: g,,,, the metric itself, and €,,4p, the 4-D analog of &jjy.

Now we shall go around the circle one more time. Let uslook in quite general terms
at the two groups that seem to arise most often in particle physics — the Orthogonal
Group SO(n) and the Unitary Group SU(n). The former appear in the study of real n-
D vector spaces, e.g., space-time, and are defined by being transformations of the
vector space that preserve the length of vectors or, more generally any scalar product
(appropriately defined, if there is a nontrivial metric). (Thus, if two vectors have zero
scalar product in one reference frame, i.e., they are orthogonal, they will remain
orthogonal in the rotated frame — hence the name of the group.) The Unitary Group
appears in the study of complex n-D vector spaces, e.g., quantum mechanics, and are
defined by again preserving the length of (state) vectors, i.e., probability. [Note that
in both cases scalar products are those products that “use” all indices — nothing is | eft
to “operate on”. Hence scalar products are left unchanged by the transformations.]

To see what properties of the groups these statements imply consider first an-D real
vector and its square, where the shapes in the following expressions are intended to
imply how the indices are contracted.

T 1
M= ,r — y
1
T 1
-r,=rr =
| I—

Now consider the same vector in atransformed reference frame (or transform the
vector)
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We demand that r, e r, be preserved in the transformation for any ry, r

rr = (An) Ar, =] ATAL =11,
= A'A=1,A"=A".

S0 the characteristic feature of the Orthogona Group isthat it is represented by real
orthogonal matrices, i.e., matrices whose inverses are their transposes. |If the scalar
product is defined with a non-trivial metric, the corresponding form is what we
derived earlier for SO(3,1)

r g =(Ar,) gAr, =1 ATgAr =1 g,
=A'gA=9,A"=0gA'Q.
Note that it follows from these equations and the properties of determinants that
det| ATA | =det[ A" |det[A]=det[A]" =1
or
det[ gATgA | =det[g] det| AT |det[A] =det[A] =1.

Typically we want only the “Special” (hence the “S” in the label of the group) or
unimodular group (no reflections) and we require that the determinant of A be +1.

Using (real) exponentiation to go from the algebrato the group, we write
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A=e*

where o isareal parameter and Sisareal nxn matrix. The orthogonal form means
T T -1
—aS —S —S oS T
(%) = =(e*°) =e°*=8"=-8§

Thus Sisareal, anti-symmetric matrix. Inthe complex notation of quantum
mechanics we replace Sby —iJ to find that J = iSis Hermitian.

The constraint we imposed on the determinant of A translates into a constraint on the
traceof S

det| e*® |=+1= Tr[S]=0,

which istrividly satisfied by an anti-symmetric matrix. For the more general case of
ascalar product defined with ametric, Sis still traceless and satisfies

gS'g=-S,

I.e., Sdisplays mixed symmetry defined by g. Next we can determine the number of
Independent components of S i.e., the dimensionality of the corresponding algebra
(also caled the order of the group). A real, anti-symmetric matrix has zeroes on the
diagonal and all components below the diagonal are determined by those above. So
we want %2 the number of off-diagona elementsin an nxn matrix. Hence the algebra
of SO(n) has dimension

B n>-n B n(n—l)

N[SO(n)] =
n=2] 1
NIn=3|=3
n=4| 6

Lecture5 9 Physics 557 Autumn 2002



The same counting applies also to the Hermitian representations of the algebra of
SO(n).

The corresponding exercise for the Unitary group now involves complex numbers
and complex conjugation in the scalar product.

Thus, if the unitary transformation is described by a matrix U, we have
v/ =(Ur,) Ur, =rju'ur, =1/,
=U'U=1U"=U",

I.e., Uisaunitary matrix. In (complex) exponentia notation

U = eiﬁT’UT _ e—iﬁﬂ _yU =gt
=T =T.

The generator is represented by a Hermitian matrix, as we expect from our earlier
discussion. Again we have

det[ U'U |=det[U] det[U]=1
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and we focus on the Special version of the group, SU(n),
det[U]=1=Tr[T]=0.

Hence the algebrais defined by tracel ess, Hermitian matrices in the appropriate
number of dimensions. In n-D anxn complex matrix has 2 n? components. Being
Hermitian reduces this by afactor of 2 and the constraint of zero trace removes
another degree of freedom. Thus the order of the special unitarity groupinn-D is

2
N :SU(n)]:z%—lz -1
n=1(redly U(2))| 1
n=3 8

Note that the algebras of U(1) and SO(2) have the same (trivial) dimension. Y ou
might expect that they are related and they are! They are identical or isomorphic as

groups
U(D) = SO(2).

This becomes more obvious if we note that rotations in a plane, SO(2), can be
performed in any order, i.e., SO(2) is an Abelian group like U(1). You might have
thought that SO(2) had 2-D representations, unlike U(1), but, in fact, these
representations can, by an appropriate choice of basis vectors, be reduced to the
canonical 1-D representations €™, which are the irreducible representations of U(1)
(see, e.g., Chapter 5.2.1 in Rolnick). [Another way to seethisisto note that 2-D
problems, i.e., SO(2), can dways be mapped onto the complex plane, i.e., U(1).]

The groups SO(3) and SU(2) are also related. Again the algebras areidentical. The
algebras are determined by the structure constant in the form (using Hermitian
representations for both)
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YLY, |=iCY

In the specia casej,k,| =1,2,3,i.e, N=3 for both SO(3) and SU(2), thereisaunique
choice for the anti-symmetric tensor Cy. 1t must be equal to g sincethisis the only
3x3x3 fully antisymmetric tensor — another application of the “what else can it be?”
theorem! Thisimplies that the groups must be identical near the original of the 3-D
parameter space. On the other hand the groups are not isomorphic (identical) when
we consider the full parameter space. Instead SU(2) is, in some sense, larger. For
every element of SO(3) there are two elementsin SU(2) (see, e.g., Chapter 3in
Rolnick and HW I1). Thisrelationship is called ahomomorphismwitha2to 1,
SU(2) to SO(3), mapping.

Another way to think about thisis that the parameter space of SO(3) islike a sphere
of radius . Next consider how the parameter space maps onto the group space.

Each point in the sphere specifies a direction from the origin, which is the axis of the
rotation, and a distance from the origin, which is the magnitude of the rotation. When
we get to the surface at ©, we must identify antipodal points, arotation through = in
one direction is equivalent to arotation of 7 about the exactly opposite direction.

This means we can define a path in both the parameter space and the group space by
starting at the origin, going out to = in one direction, hopping to (exactly) the other
side of the sphere, and coming back to the origin. Thisisaclosed path in the group
space that cannot be shrunk to zero in the parameter space! Thus the spaceis not
simply connected. On the other hand for SU(2) we define asimilar picture but the
sphere extends to 2 and now, no matter what direction we left the origin aong, we
reach the transformation —1 at 2x (recall that, when we rotate a spin %2 state by 2r, we
don’t get back to the original state but to minus the original state). Thus the entire
surface at 2 isidentified as a single point (no issues about only antipodal pointsin
thiscase). All closed paths can be shrunk to zero and the space is ssimply connected.
SU(2) is called the covering group for SO(3).

Aside: The structure of the matrices and structure constants for SU(3) are
available on the class web page.

Let’s think just a bit more about the representations of groups. First we need the
concept of reducible and irreducible. If arepresentation (i.e., the matrices) of the
group elements can be reduced to block diagona form by some choice of basis
vectors
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then that representation isreducible. If it cannot, it isirreducible. We are familiar
with this concept from the addition of angular momentum. If we add angular
momentum 1 to angular momentum 1 (e.g., 2 vector particles collide with zero orbital
angular momentum), the possibilities are angular momentum O, 1 or 2 (1+3+5=9=3

X 3 possible states),
3x3=1+3+5.

As we noted earlier, the apparently 2-D representations of SO(2) are reducibleto 1-D
representations. In fact, the irreducible representations of Abelian groupsare all 1-D.
The smallest dimension representation that faithfully represents the group, i.e.,
displays all of its structure, is called the defining or fundamental representation. All
groups have 1-D (scalar) representations but they are not faithful for non-Abelian
groups. [Recall that 1-D representations are just numbers, which must commute
unlike matrices.] For SO(3) the fundamental representation is the vector
representation , 3. For SU(2) the fundamental representation is the spinor
representation, 2. The half-integer spin representations (J = %, 3/2,...), are often
referred to as the spinor representations of SO(3) but they are strictly the
representations of SU(2). The fundamental representation of the algebra of SU(2)
looks like that above for SO(3) but with the Hermitian 3x3 matrices, J, replaced by
the Pauli matrices, 6/2, where

01 0 —i 1 0

o, O _ O, .
1 0| "’ 1 O 0 -1
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[As discussed in the homework the basis states in this representation are the
eigenstates of the spin operator rather than the 3-vector representation used for SO(3)
above.]

We can also interpret the algebraitself as providing arepresentation of the group —
called the adjoint representation. The generators themselves are the basis vectors.
The transformation of a basis vector by a generator is defined as the commutator of
the generator with the “basis vector” (i.e., the other generator). Hence the structure
constants, the Cj, define a matrix representation of the algebra and the group (by
exponentiation). For SO(3) the adjoint representation and the fundamental
representation are identical. Recall that the fundamental 3-vector (Hermitian)
representation for SO(3) looks like (just read them off from the SO(3,1) forms
presented earlier)

000 0 0 i 0 -i O
J,=|0 0 -i|,3,=|0 0 0[,3,=[i 0 O
0oi 0] |- 00 |00O

These matrices can be written in the form

3], =i

where it is important to note the order of the last two indices. Thusfor SO(3) the
adjoint representation provided by the structure constants (properly defined) is
identical to the fundamental representation.

Similarly the generators of SU(2) correspond not only to the adjoint representation of
SU(2) but also form afundamental (and adjoint) representation of SO(3), i.e., the
Pauli matrices transform like a 3-vector under rotation.

We will close thisintroduction to group theory with afew brief observations and one
look way ahead. If we combine the group of space-time rotations, SO(3,1) with
generators J,,, with the space-time translations generated by the total 4-momentum

uv
P, we obtain the Poincaré group. This group describes a complete set of “external”

space-time or Lorentz symmetries (corresponding, via Noether, to the usual global
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conservation laws for energy, 3-momentum and angular momentum). As the full
importance of the “internal” symmetries (weak isospin, QCD, etc., which operatein a
space “internal” to space-time) became apparent in the last 40 years, an important
issue was whether we can “grand unify” the various internal symmetries with the
external space-time symmetries. Thiswas answered first in 1967 (Coleman and
Mandula) with a “No-Go” theorem stating that it is impossible to mix them in a
nontrivial way. If T, represents the generators of the internal symmetry, then we

must have that

PT]=[3.T]=0

The way out of this symmetry dead-end is via an enlargement of the class of alowed
symmetries, along a path long known to the mathematicians. We now want to allow
2 classes of generatorsto define the algebra. The first variety of generators, which
we will label “even”, corresponds to the generators discussed above and obeys
commutation relations. The second (and new) variety of generators, which we will
label “odd”, obeys anticommutation relations. The general structure of the enlarged
algebra (called a “graded Lie algebra”) is given by

[even, even] = even,
{odd, odd} = even,
[even, odd] = odd.

This structure is easily understood if we think of the odd generators as carrying
“fermion number”. Amongst themselves they obey anticommutation relations as
expected for fermions. Further, any operator with an odd number of odd generators
with be fermion-like, i.e., again be an odd generator, while even numbers of odd
generators result in boson-like even generators. The operation of the odd generators
on state vectors will result in a change in fermion number and the mixing of
fermionic and bosonic states. Thus larger symmetries, with external and interna
components (as in string theory), lead “naturally” to the appearance of
supersymmetry, corresponding to a degeneracy between bosons and fermions whose
guantum numbers, other than spin, areidentical! We will discussthis at greater
length in future lectures.
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