TCSS 343

Solving recurrence equations using the recurrence tree method. version 1.0.

Let’s take the Mergesort recurrence equation of worst case # comparisons as our example. 

T(0) = 0

T(1) = 1

T(n) = 2T(n/2) + n-1 for n> 1.

As usual, we assume n is a power of two so that the above equation is well defined. 

In the recurrence tree method, you draw a tree representing the “recursive calls” that are made in the algorithm. In our example case, our tree will be a complete binary tree; the top root node is the first call to mergesort on all n items, its left and right children represent the recursive calls to mergesort on the left and right halves of the input, and so on. In each node, you write down the non-recursive cost incurred by that call in the node, and you also label (outside the node) the size parameter. So the root node has non-recursive cost n-1, and is labeled T(n). The root node starts at depth 0. 

The overall idea is to add up all the nonrecursive costs for all calls in an organized fashion; first figure out the cost per node, (this will usually vary depending on the level of the node), then figure out the number of nodes per level. Multiply these two to get the cost per level, and perform a summation over all levels to get the final cost. Here is a table that organizes all the information:

	Level
	size parameter at this level 
	# nodes on this level
	non-recursive cost

per node
	total level cost (nonrecursive)

	0
	T(n)
	1
	n-1
	n-1

	1
	T(n/2)
	2
	n/2-1
	2*(n/2-1) = n-2

	2
	T(n/4)
	4
	n/4-1
	4*(n/4-1) = n-4

	3
	T(n/8)
	8
	n/8-1
	8*(n/8-1) = n –8

	.
	
	
	
	

	i
	T(n/2i)
	2i
	n/2i-1
	2i*(n/2i-1) = n-2i

	.
	
	
	
	

	D 

(Base case)
	T(1) 

Same as T(n/2D)
	2D
	0
	2D*(0)=0


Note: D = log2 n; this can be found by solving 1= n/2D (from the size parameter at the base case level). 

Thus, a summation over all non-base case levels is 
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. Note that we end the summation at D-1, one level before the base-cae level. If the base-case cost were non zero would need to add it in separately (the base case level cost does not follow the formula for the rest of the levels). With our base-case cost of zero, the total cost is the simplification of the above summation, which is
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