6.5 TRIGONOMETRIC SUBSTITUTIONS

The trigonometric substitutions are particular examples of the general substi-
tution method. They are often of use when the integrand contains factors of the type
(@* — x?), (a* + x?), or (x* — a?), and particularly when such a factor appears under-
neath a radical sign. Their use is based on the trigonometric square identities (or
Pythagorean identities), which are as follows:

1 —sin? @ =cos2 6
1 +tan*6 =sec?@ or sec2f — 1 — tan?@.
The substitutions themselves consist of writing either x = asin § or x — g tan 8
or x = a sec @, where 8 is the new variable of integration and a is a certain constant

determined by the given integrand. The choice of substitution depends on which of the
three factors appears in the integrand, and is summarized in the following table.

Ir THE INTEGRAL INVOLVES ~ THE APPROPRIATE SusstrTUTION IS

) a? — x2 ‘x=asin@
(ii) az + x2 x=aqatan@
(iii) x2 — g2 x=asecl

* The purpose of these substitutions is to change the factor a — x2, a? + x2, or x* — q?
that appears in the integrand to a single squared trigonometric function. For example,
if we put x = asin 8 in a* — x2, we have:

a® — x* = a* — a*sin® @ = a*(1 — sin® §) = a? cos? 9.
Thus the factor (a*> — x?) becomes a simple function of the new variable 6. If this

facztor appears under a square root sign an even simpler function of 6 is obtained since
@ —x% = acos@.
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'EXAMPLE  Evaluate

7 x
Imdx.

SOLUTION  In this example we have a choice of methods. First of all we can write

I_x_dx=L _2xdx
X2 ~9 2 ). /x2=9

Since in this case the differential of x> — 9, which is 2x dx, appears, we put

x2—9 =y andthen 2xdx =dy.
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‘because y=x*—-09,

ALTERNATIVELY Because the integrand involves A/x* —a* = \/x* — 9 with a = 3, we can
make use of the trigonometric substitution

] x=uasec® or x 3sech.
Then
7 “dx = 3 sec @ tan 6 d9.
Therefore
- x 3sech
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- sec? § tan 0
=3 _[ tan @ a0

«3secftanf do

=3fse020d9
=3tanf + C.

The final step is to express this result in terms of the original variable x. We
have

tanf = /sec?f — 1 = ./x3)? — 1 = +/x* =9,

Therefore the given integral becomes .
X
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the same answer as found by the earlier method.



EXAMPLE  Evaluate

’ 1
f(a—+T>—F dx.

SOLUTION  Since the integrand involves (a* + x?) weputx  atan 6. Thendx = a sec? 6 df
and so
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' We must express sin 8 in terms of x when we have tan § — x/a. From the right-
angled triangle OMP (Fig. 6.2), in which @ is the angle at O, we have:

_MP _ x .
tan @ = oM == (given).

Therefore we can take MP = x and OM = a. Then
OP? = MP* + OM* =x*+a* or OP = . /a® + xZ.
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EXAMPLE

'Evaluate

‘Then

’ 1
Iﬁdx, a.> 0.

SOLUTION  Here the substitution a* — x2 = u cannot work because its differential —2x dx
does not appear in the integral nor can it be obtained by multiplying by any
constant. Instead we put

x =asin,

so that

dx =acos@df, @ =Sin"%
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e X
= Sin 7 + C.

NOTE. When we take o/T — sinZ 8 = cos 6, we are being consistent with the
principal value of § = Sin~! (x/a) for which —n/2 < § < m/2 since cos @ is positive
for —z/2 < 0 < =/2.

'"EXERCISES 6.5
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Make use of trigonometric substitutions to evaluate the following integrals:
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