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CENTERS OF MASS (or center of Srawtj p;

Consider a finite number # of particles of masses m,, m,, . . . , m, placed along
the x-axis at distances x, x,, . . . , X, respectively from the origin (Fig. 7.32). Then'
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Figure 7.32

the moment of this system of n masses about the origin is defined to be

_ myx; + mzxz + ...+ mx, = Z:: m,x,.
The total mass of the system is , e
m_m1+mz+ +m'—;mk
The center of mass of the system of partlcles is defined to be the point X, which has
the property that if the total mass were concentrated at X then the moment about the
origin would be unchanged. Now if the total mass m = ﬁl m, were concentrated at
%, the moment would simply be m#. Therefore -
mx = 21 My Xs,

that is,
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which determines the center of mass of the system.
EXAMPLE

Four masses of 5, 7, 3, and 10 units:are placed-along the:x-axis at the points
(3, 0), (—2, 0), (—S5, 0), and (7, 0) respectively. Find-the center of' mass of the

system. SOLUTION

Here m, = 5 m, =7, m; =3, andm.. = 10. A]sox; =3,x, = —~2 Xy = -—5,
and x, = 7. Then the center of mass is given by

m.x
E‘_‘ .y = MiXy + myX; + maxy  mex,
;mk _ my +my +m; + m,

_3) + (= 2)+3(—-5)+10(7)
5+ 7+3+10
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Now consider a system of n particles of masses m,, m,, ..., m, located at the

points (x;, ¥,), (X2, ¥2), - - - s (X5 ¥,) respectively in the xy—plane Then the moment of
the system about the y-axis is defined to be

M’ = mXx, + myXx, + ves + m.x. = E‘mkxk,
and the moment about the x-axis is defined to be

My =myitmy . my, =3 me,
The total mass of the system-is

) m =iml +.mz+.-.+m'=§lmk.

If we imagine the masses to be supported by a weightless tray and assume that each

mass occupies exactly one point, then the center of mass is the point at which the tray

can be supported by a smgle pinpoint support in such a way as to balance perfectly in

a horizontal position (Fig. 7.34). Mathematically, the center of mass (or center -of
gravity) is the point (%, §) such that

mx =M, my=M,.

Thus the center of mass (X, ) of the system of n
masses is given by :

n
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i_m1x1+m2x2+'!'+muxn=z;l il
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Find the center of mass of the system of masses of 2, 3, and 4 located at the
points (1, 2), (3, —7), and (5, 1) respectively.

SOLUTION
Here m; =2, m, = 3, and m, = 4; (xh ) =(1,2), (x5, y,) = (3, —7) and
(%3, ¥3) = (5, 1). Then

- Xy + mzxz + myxy 2(1) + 33) + 4(5)

H:

m1+m2+'n3 2+3+4 9
};=’”IJ’1 + myy; + myy, 2(2)+3(—7)+4(l) _!_3_
mi+m,+my 24+3+4 9

The center of mass is therefore the point (3, — 13).




Let us now consider homogeneous laminas. (The word lamina is used to mean a
thin sheet or layer of material, for example, a piece of plywood or of sheet-steel.) We
say that a lamina is homogeneous if two pieces of it have equal weights whenever their

areas are equal. For a homogeneous lamina, we define the density to be the mass per
unit area. Therefore the mass of a homogeneous lamina of density D and area A is
given by '
m=DA. (or ‘m=(~>A)

We now wish to define the center of mass of a homogeneous lamina in a way that is
to be consistent with our experience with systems of particles. First of all we observe
from our common experience that a rectangular sheet of uniform thickness can be
balanced at its geometric center, so it is natural for us to define the center of mass of
a homogeneous rectangular lamina to be its geometric center (| Fi 9 ) . In the same

manner, we define the center of mass of a uniform circular region to be its geometric
center.

With these definitions of the centers of mass of uniform rectangular and circular
laminas, it is possible to find the center of mass of regions that are combinations of
any number of rectangles and circles. In doing so, we treat each rectangle or circle as
if all of its mass were concentrated at its center. This is illustrated by the following
exampie.

EXAMPLE

A region is made up of a combination of rectangles of uniform density D. The

shape and dimensions of the region are illustrated in Fig. . Find the center
of mass.
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SOLUTION

First of all we select the axes of coordinates as shown in the Fig., Then the
centers of mass of the three rectangles are the points P, (—4, 3); P,, (0, 1);
P;, (4, 2), and their total masses are 12D, 12D, and 8D respectively. (These are
obtained by multiplying the area of each rectangle by the density D.) We may
treat the region as a system of three point masses located at the centers of mass,
thatis, a mass 12D at P,, a mass 12D at P,, and a mass 8D at P,. Then, as before,
we have

;. 12D(—4) + 12D(0) +8D(4) _ 16D _ 1
12D+ 12D 4+ 8D 32 2
and
7= 12D(3) + 12D(1) + 8D(2) _ 64D _ 2

12D + 12D + 8D 32D
The center of mass is therefore the point (—#, 2), marked G in the figure.
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Procedure:
1. select a coordinate system (most convenient one possible)
2. set up a table for x;, yi, Ai.and M; & M.
3. sum up areas and moments to obtain I, Land L.
4. compute coordinates for the center of mass.
5. check answer (use intuition)
subregiom _ _ ) . . .o— )
‘ ToYe AL My =X-AL Mad=y AL
1 -4 3 12 -48 36
2 o 1 12 O 12
3 4 2z 8 32 16
32 -16 -4
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We shall now establish formulas for the coordinates of the center of mass of a
plane region that is bounded by the graph of a function y = f(x), the x-axis, and the
lines x = a, x = b. As indicated before, we assume that the density of the region is 1,

so that the total mass of the region is its area, given by (9_; nce
} du.ns;’cy

m = '[: 7(x) dox. tmes reels)

+hickness €A

As when finding the area under the curve, we use the approximation method for
defining the moments of such a region about the coordinate axes. Let us divide the
interval @ << x <\ b into n equal parts each of length h = (b — a)/n, and let x,
(k =0,1,2,...,n) be the endpoints of these subintervals. We construct a rectangle
on each subinterval and approximate the area under the curve by the area of the cor-
responding rectangle (Fig. ) In particular, the k-th rectangle erected on the inter-
val x,_, < x < x, has height f(x,) and width x, — x,., = A. Its center of mass is its
geometric center, which has the coordinates [x, — (4/2), +f(x)].

d y =flx)

The mass of this rectangle is equal to its area, whichis # X f(x,). We can imagine
the mass of each of the n rectangles to be concentrated at the center of the rectangle,
and then the moment about the y-axis of these n rectangles is given by

M, = g[f(xk) <h- (xk — %)]

Similarly the moment about the x-axis of the »n rectangles is given by

M= 3 [fG) - e 41 0ea))




As n —» oo, the sum of the areas of the rectangles approaches the true area under the
curve, and in the same way the moments about the y-axis and x-axis of the rectangles
approach the true moments of the area under the curve. We note that as #n — oo,
h — 0and x, — (h/2) — x,. Thus for a plane region bounded by y = f(x), the x-axis,
and the lines x = a, x = b, the moments about the y-axis and x-axis are given by

P ; [(x,, - —) - fCxg) h] = J.:‘ x f(x) dx. l

it W oo

M. = lim S0P - ) =4 s,

The center of mass (x, y) is then defined as before by the equations

M, = mx, M, =my,

so that
L N
e e E e
[ 7 ax [ re ax
because
EXAMPLE m = L fex) dx.

Find the center of mass of the plane region bounded by y = ./ x, the x-axis,
and thelinesx = 1, x =4. SOLUTION

Here f(x) = /%, 6 = 1,6 = 4

v

Ii: J.bf(x)dx,=j:,\/—;dx=rx”’dx

(av‘ em) _‘;/_z [43/2 1312)
= %[237——_17] := }_ )



[[xreac=['x. /a3 Urar=4 [ (/7par

That is, the center of mass is the point (%%, ﬁ}%)-

EXERCISES

Find the center of mass of the following plane regions of uniform density.
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In each of the following exercises find the center of mass of the plane region R.
The region R is bounded by:

11. y = x%, x =0, x = 3, and y = 0 {x-axis).
R.y=x*4+3x+lLx=1Lx=2andy =0,
3.y=x)x=0x=1andy=0
l4.j1=—}1c—,x=l,x=4,andy=0.

5., y = ./a* — x*, x =0, x = a, and y = 0 (quarter-circle).

16, y = A/a* — X%, x = —a, x = a, and y = 0 (semicircular region).
7. y =sinx,x =0, x =m=n,and y = 0.

.8.y=cosx,x==0,x=-g-,andy=0. .




