Double Integrals Over Rectangular Reglons
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@ INTRODUCTION

We have generalized the concept of differentiation to functions with two or N
more independent variables. How can we do the same with integration, and
how can we interpret the results? Let us first look at the operation of antidif-
ferentiation. We can antidifferentiate a function of two or more variables with E

respect to one of the variables by treating all the other variables as though
they were constants. Thus, this operation is the reverse operation of partial
differentiation, just as ordinary antidifferentiation is the reverse operation of
ordinary differentiation. We write [ f(x, y) dx to indicate that we are to anti-
differentiate f(x, y) with respect to x, holding y fixed; we write [f(x.y)dy
to indicate that we are to antidifferentiate f(x, y) with respect to y, holding
x fixed. '

Partial Antidifferentiation Evaluate:
(A)- [ (6% + 32 dy

Treating x as a constant and using the properties of antidifferentiation
from Section 11-1, we have

f(6xy2 + 3% dy = fﬁxyz dy + foz dy The dy tells us

we are looking for

=8 [pdy+32 [dy  SoeEEe

Sowrion  (A) ¥ with respect to
= Gx(—) + 3x*(y) + C(x) yonly holding x
3 constant.

= 2xy* + 3=ty + C(x)

Notice that the constant of integration actually can be any function of x
alone, since, for any such function .

d
3y C(x) =0

Check: 'We can verify that our answer is correct by using partial differ-
entiation:
d
E;[ny]+3x2y+C(x)]=6xy2+3xz+0 :
=éxy’ +32 1 |



Now that we have extended the concept of antidifferentiation to func-
tions with two variables, we also can evaluate definite integrals of the form

b d
[fandr o [fxy)ay

Evaluating a Partial Antiderivative Evaluate, substituting the limits of -
integration in y if dy is used and in x if dx is used:

[ 6 + 3y ay [ @+ Example

J(6xy* + 3% dy = 2xy* + 3x% + C(x)

According to properties of the definite integral for a function of one
variable, we can use any antiderivative to evaluate the definite integral.
Thus, choosing C(x) = 0, we have

=2

f (627 + 35 dy = (23 + 3x2y)|
y=0

= [2x(2)3 + 3x2(2)] [2.:(0)3 + 311(0)]
= 16x + 6x°

| J(6xy? + 3x%) dx = 323y + X + E(y) |
Thus, choosing E(y) = 0, we have

x=1

fo "6y + 3x2) dx = (3 + )|

=0

[3 y’(l)2 + (1) = [35%(0)* + (0)’]
3y +

Thus,

f:[/ﬂl(&y’ + 322) dx] dy = f(ayz +1)dy

=yt .
iterate d =[(2) + 2] — [(0)* + 0] = 10
intea\‘a—l




H DeriNmion OF THE DouBLE INTEGRAL

Double Integrat

The double integral of a function f(x, y) over a rectangle
R={(x,y)las<sx=<b c=<y=d} y

4

d+-~-

[Jrwnaa= [ [1n P P

[5] T

R = [ rxds]a

In the double integral ff f(x,y) dA, f(x, y) is called the integrand and
R is called the region of integration. The expression dA indicates that this is
an integral over a two-dimensional region. The integrals

fab[_/:df(xd’) d)‘} dx and fcd[[’bf(x,y) dx]dy

are referred to as iterated integrals (the brackets are often omitted), and the
order in which dx and dy are written indicates the order of integration. This is
not the most general definition of the double integral over a rectangular
region; however, it is equivalent to the general definition for all the functions
we will consider.

. Evaluating a Double Integral Evaluate:

P
T >

f(x+y)dA

R

over R={(xr,y)l<=x=<3 -1=<y=2} 0 2




As a check, we will evaluate the integral both ways:

ff(x+y)dA= j:sf_zl(x-i-y)dydx

- [+ 27 ]

=f13[(2x+2)—(*-*:c+%)]ﬁ’Jr

_—./]'3(3x+§)dx

=@+

~@+)-G+)=18-3=15
ff(x+y)dA = f_zlf:(x+y)dxdy

- [1(5+») Zf] ¥

_f G +3y) — A+ y)ldy

= f_1(4+2y>dy

y=2

= {4y + )

y=-1

=B+4)—(4+1)=12-(-3) =

The Double Integral of an £xponentiatl Function Evaluate:

f[er’z”dA over R={{xr,y)0=x=<1 -1=xys=<l}
R

[[2xe?raa = [ : f 20e™7 dx dy
R

= f_l1 [(e" *) :] dy
= f-l, (e - yeiz dy

= ('™’ — &)

= (e —¢) —




Double Integrals Over More General Regions

B ReEGULAR REGIONS

Let R be the region graphed in Figure 1. We can describe R with the follow-
ing inequalities:
R={(xylx<y=6:r—2 0<x=5)

The region R can be viewed as a union of vertical line segments. For each
x in the interval {0, 5], the line segment from the point (x, g(x)}) to the point
(x, f(x)) lies in the region R. Any region that can be covered by vertical line
segments in this manner is called a regular x region.

Now consider the region S in Figure 2. It can be described with the fol-
lowing inequalities:

S={xly=x<sy+2 —-1=<ys<2}

The region S can be viewed as a union of horizontal line segments going
from the graph of A(y} = y* to the graph of k(y) = y + 2 on the interval
[— 1,2]. Regions that can be described in this manner are called regular y
regions.
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from: BZEB

In general, regular regions are defined as follows:

Regular Regions

A region R in the xy plane is a regular x region if there exist functions
f(x) and g(x) and numbers ¢ and b so that

R={(x,y)|g(x) = y =< f(x), a=<x=<b}

A region R is a regular y region if there exist functions A(y) and k(y)
and numbers ¢ and d so that

R={(xy)h(y) < x < k(y), c=<y=d}

L . .. =~




Double Integration Over Regular Reglons

Regular x Reglon
HR={(x,y)g(x) =y = f(x), a < x < b},then

[[F(x,y)dA = [b[/;:x)ﬁ'(x,y)dy] dx
R ‘

Regular y Region
IER = {(x, y)ih(y) < x < k(y), ¢ <y =<d} then

]f F(x,y)dA = f ’ [ /MI:” F(x,y) dx}'dy
A ) . |

Evalvating a Doubte Int
egral Evaluate .g' (2x + y) dA, where R is the

region bounded by the graphs of y = \/;,x +y=2andy =10
y ) ) .




[ (2x + y)da = [‘[/:-’ (2x + y) de dy
WA P

_|,-I=y3

=fol {[(2-y)2+y(2—y)]'-[(y’)2+y(y2)]}dy
=f0(4——2y—y’* ‘) dy
=(4y—y2--%y‘—%y’)‘y=l

y=0

S@-1-i-h-o=}

Evaluating a Double Integral Evaluate [f 2xy dA, where R is the
R

region bounded by the graphs of y = —x and y = x%,x > 0, and the graph
ofx = 1.

From the graph we can see that R is a regular x region described by
R={(xyl-x<y<2 0sxs=1}
Thus, »

[/nydA = ./01[ _jhydy] dx |
- [ e

1
= / () — x(—x)?] dx
0

I

=G-H-0-0=-4%

It is also important to note that the variable limits of integration (vyhen
present) are always on the inner integral, and the constant limits of inte-

gration are always on the outer integral.
————————
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Circle

R = Radius

D = Diameter

D = 2R

A =R =}trD* Area

C=2nrR=aD  Circumference '

For all circles

Perimeter

Parsllelogram
h = Height Eh
A = gh = absin® Area PR

P =2a+2b Perimeter

Triangle
. h = Height
A= %hc Area

P a+b+c Ferimeter

, 3
Area—Heron's formula

Trapezoid
Base a is paraliel to base b.

A = Height |
A= %(ﬂ + b)h  Area :h
!

Pythagorean Theorem
d=d+

b
a
a
s=LNa+ b+ c) Semiperimeter
b
A= Vs(s—a)s = b)(s — ¢) Ah
a
b
) a
b




Rectangular Solid

V = abc Yolume
T = 2ab + 2ac + 2bc  Total surface area

Right Circular Cylinder
R = Radius of base
h = Height
V = wR%h volume

S = 2wRh Lateral surface area
T =2mR(R + h) Total surface area

Right Circular Cone

R = Radius of base v

h = Height olume

s = Slant height / Lateral surface area
V= %‘JTth Total surface area

S =xRs = w7RVR*+ i

T = wR(R + 5) = 7R(R + VR + )
Sphere

R = Radius

D = Diameter

D =2R

V =4aR = ;oD volume

S = 4wR* = wD*  Surface area
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