


Physics 311
GENERAL RELATIVITY

Lecture 15:
Metrics and curved space



NO HOMEWORK this week



Today’s lecture plan

* Flat spacetime of Special Relativity.

» Solving Einstein Field Equation for empty space — the
“vacuum solution”
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A look back

* In Special Relativity the spacetime is said to be “flat”, it has no
“curvature”. What do we mean when we say “the spacetime is flat”, “the
spacetime has no curvature”?

« We mean that the path of a free particle is a straight line, and that the
square of the interval is a linear combination of the space and time
components squared:

ds? = dt? — (dx? + dy? + dz?)
(in the system of units where c = 1)

 This is a lot like the Euclidean geometry, which is also flat. We’ve
alluded to a non-Euclidean geometry in the last lecture; we’'ll soon see
how it comes to be.



The Minkowskil metric

« We can write the expression for the interval in the matrix form:

(1 0 0 0] [dt
0 | 0 0 dx
ds = 5 0 i 0| | dy
0 0 0 i dz

o J N\ /

( so that ds? = dt? - dx? - dy? - dz?)

 This matrix — a very simple matrix indeed — defines the metric of Special
Relativity, the Minkowski metric. It is simple yet powerful; it completely
describes the spacetime of Special Relativity.



Einstein Field Equation: another dissection

» Generally speaking, Einstein field equation
GILLV = 87cTILW

is a set of 10 (16 components in each tensor, minus 6 due to symmetry, and
if you’re smart enough, minus 4 more) coupled elliptic-hyperbolic nonlinear
partial differential equations for the metric components.

» Just so that we are clear on definitions:

“coupled” — each differential equation contains multiple terms;
equations cannot be solved individually.

“elliptic-hyperbolic” — determinants of sub-matrices of the system of
equations matrix are either positive or negative; never zero.

“‘nonlinear” — dependent on nonlinear function of metric components

“partial differential equation”™ — an equation containing partial
derivatives of functions, for example 64f(x,y,z)/oxoy

“‘metric components” — components of the metric tensor g,



Einstein Field Equation expanded

* From “simple” form: JGW =8nT,,

_ = L 9‘%)

Here, I' 7y = Y2 9% 04(0,s) + 0o (9ps) - O5(9,p)] @re Christoffel symbols of 2"d kind
— tensor-like objects derived from Riemann metric g;

0, = (0lox*) denotes partial derivative with respect to variable x

and g, is the metric tensor — roughly speaking, the function that tells us how
to compute distances between points in a given space:

ds? = ) g,p0X,dX;



Back to Minkowskil metric

« The matrix in the expression for the interval is nothing
more, nor less, than the Minkowski metric tensor Oop

7 N
1 0 0 0 dt
0) | 0 0 dx
ds
0 0 i 0 dy

w )
L)

* SO0 we actually know one metric tensor already — it's not too
scary at all!



... but that's a very special case...



... a slightly more general case...



... looks a lot different...



If you sit down and write down
the Ricci tensor for a general
case of a 2-dimensional space
with axial symmetry, you would
get something like this:



2, gﬂ?%gmtﬂ Eﬂcﬁmlﬂ‘ a s cold gﬁcmtﬂ
i * -

i?n

: a g cord 2a? 28
iv do T3 ' 4

24 24 b

R W TR T RO T

§o? ¥t ddy dd

et

T R T

3ﬂﬂ:3§

e 2afegil MOVRF ohem oBbest __ﬁ_-g

2 i gl Ty 62 4

& -ﬂ.:" ra,
R L Sl

-incf%ﬁ Eﬂb{f ﬁ-{?}z
o o e

! dg | 92 W
8
oM wEE kB Bk sfl pel
dad g G A dah ]

+2ﬂ%ﬁ _ Babefs fE ot §E s _afgbeg

52 ) =

v Fp g T @e &
Eﬁ LB RS
ir Y aE T 24
mﬂ“Jr%"%%Jr“zEﬁ _aE ef ocRE
R ey S T iV



_ﬁ%c% agobis onecp T i n-ﬁ—ﬁc afific

T Y - Y I ¥ 457 Vi

CHE TES aRIR (g
4 4% 442 442 442

Eﬂ'cw cot Eﬂb‘ﬂ.—f col 2%&' col @ Ecﬂlﬂ Ec m;ﬂi-ﬂ;%' ookl

=3¢ T+ &8¢ % 84 9 23
2ecl¥ Zac(fgr AebRE 2R aclify esB 3
G dg dg® g dod g ded
2d 2o 2 fa 2 2y e B
_ = % “gj'%ﬂ 33 ‘:% ﬂ's% _2“ bﬁ
A3 § e aw gy M é* i
ﬁrﬂ 2 a o?
+24:IH: T o8 ﬁ-tc:é ﬂ%&bt‘ﬁ a b5t _“Eﬁﬁ_zhﬁg
P 2 T T e Te

+4abﬁ;§; by thel(fE aﬁﬁﬁﬂ 4 pogd

f ¥ J-:ﬂ Fdg  dy | ddv

b8 AR BB R bl erp i

d & g4 A Y ae I

+



... and just a little bit more.
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This is a general expression for Ricci tensor R, in only two dimensions,
with axial symmetry. (From Larry Smarr, Univ. of lllinois)

Just try to imagine all of three dimensions of space plus one of time!



Special case: vacuum

* I haven’t said anything about the energy-stress tensor T  yet. Well, here’s
an example of this tensor:

T.,=0
* This special case is called “vacuum”, and corresponding solutions for the
metric g, are called "vacuum solutions”. In this case, we have R = 0.

* Wait — what solutions? If we set T , to zero, wouldn’t our metric be just
zero as well?

* Not really! The field equation now has form:

R,=0
But the left-hand side is a complicated mess of derivatives of the metric.
There can be many solutions for this “vacuum” equation, including several

exact analytic solution. These different solutions arise from different
symmetries we impose on the metric.



Minkowski metric (one last time)

» Minkowski metric is one of the vacuum solutions for a space that has
perfect symmetry — a space that is:

- uniform, so that g(t,x,y,z) = g(t,x+Ax,y,z) (also true for y and z)
- isotropic, so that g(t,x,y,z) = g(t,-x,y,z) (also true for y and z)
and a time that is:

- uniform, so that g(t,x,y,z) = g(t+At,x,y,z)

Zz




Schwarzschild Vacuum Solution

» Another important metric, first to be explicitly solved only weeks after
Einstein published his General Relativity paper is 1915, is called
Schwarzschild metric, named after the man who solved it.

* This solution assumes spherical symmetry of
space, as around an isolated star.

* How is this “vacuum?” if there is a star?! There’s
mass, thus there is energy, and there must be
stress somehow, so tensor THV must be nonzero!

» The keyword is “around” — the solution is for
the metric of empty space (also known as
“vacuum”) surrounding a spherically-symmetric
massive object.

Karl Schwarzschild



Derivation of Schwarzschild solution.
1. Assumptions and notation

« We start by defining our assumptions and notation.

1. The coordinates are (t, r, 0, ¢) — time + spherical coordinate
system. We call these coordinates x , with = 1...4.

2. Spherical symmetry: metric components are unchanged under
r——r,0——-0and ¢ — —¢.

3. Spacetime is static, i.e. all metric components are independent of
time: (6g,,/0t) = O; this also means that spacetime is invariant under

time reversal.

4. We are looking for vacuum solution T, = 0, with R = 0.

 What we need to solve then is:

R,=0

Y



Derivation of Schwarzschild solution.
2. Diagonalizing
* The requirements that metric be time-independent, and symmetric with
respect to rotations, allow us to diagonalize the matrix:

1. Time-reversal symmetry: (t,r, 0, ) — (-t, r, 0, ¢) must conserve
components of g. The components of the 15t column of the metric,

d,1 (1 # 1), transforms under time reversal as: g ; — -0,

Since we demand thatg , =g, theng , =0 for (u# 1).

2. Same reasoning for r, 6 and ¢ — symmetries leads to all other
non-diagonal (i.e. 1 # v) metric components to vanish.

» Thus, the sought metric has the form:

ds? = g14dt? + g,p0r* + 933062 + 04,09



Derivation of Schwarzschild solution.
3. Simplifying

» On a sphere of constant radius, and at constant time, the only spherically-
symmetric combination of d6 and d¢? is C(r)(d6? + sin*6d¢?), where C(r) is (a
yet unknown) function of radius coordinate only. This expression above is
simply the element of a spherical surface.

» For constant t, 6 and ¢ (i.e. on the radial line) metric should only depend on
the radius coordinate r — again, to conserve the spherical symmetry. That
means that the metric components for time and radius, g,, and g¢,,, must be
functions of r only.

 This simplifies the metric even further, to:

ds2 = A(r)dt2 + B(r)dr2 + C(r)(de2 + sin20d¢2)



Derivation of Schwarzschild solution.
4. Solving for components

* First, we find the function C(r) by noticing that at a surface of constant
radius r, and at constant time, the separation can be written as:

ds? = ry? (dO? + sin?6d¢?)

« Since this must hold true for all radial surfaces, i.e. for any r, the unknown
function C(r) is simply r?, and the 6 and ¢ — components of the metric are:

O3 = I

44 = SN0




Derivation of Schwarzschild solution.
4.1. Solving for components

» Functions A(r) and B(r) can be found by solving the Einstein field equation
(what a surprise!). Only 4 equations remain non-trivial:

40,AB — 2r62BAB + 19 A0 BB + 16,B?A = 0

ro,AB + 2A?B — 2AB — 1 BA = 0

-2r0,°BAB + r0,A0,BB + ro,B2A - 40,BA =0

(-2r6,’BAB + ro,A0,BB + ro,B2A — 40,.BAB)sin?0 = 0
» Subtracting equations 1 and 3 leads to:

0,AB +0BA =0 = A(r)B(r) = K (a non-zero, real constant)
» Substituting into equation 2 we get:

M A-A(1-A)=0 = A(r)=K[1+1/(Sr)] =09y,

B(r) =[1+1/(SN]* =9,



Derivation of Schwarzschild solution.
5. Arriving at solution

* Finally, we find the coefficients K and S in the weak-field approximation —
i.e. far away from the gravitational source. At r — « the spacetime must
approach Minkowski spacetime, thus:

0, =K[1+1/(Sr)] - K = K=c¢?=1

 Gravity must converge to Newtonian in the weak field. This lets us find the
numerical value of the constant S:

S =-¢?/(2Gm) = -1/(2m)
where m is the mass of the central body, and G is the gravitational constant.

» The full Schwarzschild metric is:




Schwarzschild spacetime

« Schwarzschild spacetime has curvature that decreases with distance
from the center. At infinity, Schwarzschild spacetime is identical to the flat

Minkowski spacetime.

* In the center of Schwarzschild metric, singularity is possible, leading to
formation of a Schwarzschild (non-rotating) black hole.
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Recap:

* Einstein field equations can be explicitly solved for certain
types of stress-energy tensor. These solutions are called
spacetime metrics.

» Special case of stress-energy tensor — the vacuum — leads
to Minkowski and Schwarzschild spacetime (among many
others).

« Schwarzschild metric is fairly simple. We will mostly see its
3-dimentional (one time plus two space) case:

ds? = [1 - (2m/n)]dt? — [1 - (2m/r)]-1dr? — red?
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