Integral and derivative Table

In this table, a is a constant, while u, v, w are functions. The derivatives are expressed as
derivatives with respect to an arbitrary variable x.
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Derivation Basic Rules

If fisa function of the independent variable x,
the derivative of the functionis defined by the

equation:

flx+h) = flx)
h

f'(x) = lim

flx +h) —fl(x) isthe height of the triangle.
h isthe baselengthof the triangle.

The slopeis: tang = f(fx—i__'_hi}__f;ﬂ

Sowhen h tendsto zero the expression become:

flx+h) = flx)
h

; o

f'(x) = lim
Thisisthe slop of the tangent line to the function
f(x) at point x.

chain rule: Suppose that: vy = ylu) and
av
u =ulx) then d—‘; is defined by:

dy dy du

= — du¥0anddx =0
dx du dx U anaax

multiplicationrule: If f(x) = glx) -ulx)
then [’ is:

fiix)=g'u+gu

i v _ . I

quotientrule: If f(x) = % then f' is: Fx) = w w =0
. 1 . u'
Reciprocalrule: If f(x) = e then f' is: Fx) = = u =0
Additionrule: If f= f(x) and g = g(x) and ( ) , i
af + bgl'=af' +bg

a and b are real numbers then (af + bg)' is:
Constantrule: If f(x) is a constant then f' is: =0
If f=f(x)thenall the following notations _ o af ., _ .
for derivatives are valid: First derivative: e =k

Second derivati dzf—d(df)— "=f=
econd derivative:  —5= | - =Ef"=f=fex
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d d
— = — = — {yEy = c—1
. {c) dx(cx} c dx(x} cx

i i
—(c*) =c*Inlc) c=0 —(x* ) =x*(1+Inx) —(g*) =e*
) dx dx
)= 2= ) =
dx T x? dx\x2/) %3 dx \xm/)  xntl
d . — 1 d — 1 d — 1
—_ / = —_— = — 5 = — — % - —
2z (V) Wz 2 (%) e 2x (V) T
d(i)_ -1 d(i)_ -1 d(i)_ -1
dx\Wx/ ~ 24/x? dx\{x/ 3. 3x* dx\Yx/  n. Yxm

1 d d 1

d—(lnx}=; x = 0 E(x-lnx}=1nx+1 E(lugcx}=m c=x0 cx1
i(i)_ -1 d(xi )_—(lnx+1} i( 1 )_ -1
dx\nx/  x(lnx)? dx'\x-Inx/ (x-Inx)? dx \log,x/ x-Inc- (log,x)?
d(xi )_ —1 d( 1 )_ -2 d( 1 )_ —n
dx'\x +1/  (x +1)2 dx\(x +1)3)  (x+1)3 dx \(x + 17/ (x +1)n%1
d(i )_ d(i )_ — d(i )_ 1
dex\Wx+ 1/ 2. [+ 1)° dx\{x+1/ 3.3x+D*| dx\¥x+1 n Y+
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d .
——SInx = COs5X

—sinh x = coshx

dx dx

d = i hx = sinh

dxc:u::sx = —sinx dxms x =sinhx

d . 1 d . .
—tanxy = sec<x = S —tanhx =1 —tanh® x = sech* x
dx Cos°x dx

d . 1 d .
—cotx = —csccx = ——— —cothxy = —cschex

dx sin- x dx

i

—cscx = —oscxcoty —cschxy = —cschxcothx

dx dx

d

—secy = secxtanx —sechx = —sechx tanh x

dx dx

d | ; 1 d | 1

—sin™lx = — = |x] =1 —sinh ™ x = — =

d V1—x? dx V1+x?

d -1 d

—cos X = = |x] =<1 —cosh™x = ——=

d V1 —x2 dx Vx2—1

i1:5111 1y = ! ti1: h™1lyx = lx] =1
d 1+ 42 dx ot F T 2 x
—cot™lx = -1 d th™lx = ! x| =1
d = 1+ 2 e g *
d -1 d -1

—cscT iy = ——— |x] =1 —csch™x = —F——

dx wrxi-1 dx xwWxi+1

d 1 d -1
—SEC_:L:X.':: x| =1 —SE.'Ch_l.'X.'::

dx Wxi-—1 dx Wxi-1
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Partial Derivatives definition:

If fisa funcionof two variables or more or = mf(x +hy)— fy)
f = f(x,v), then the partial derivatives can be dx h0 h
d ding to both variabl :
};icun according to bo 'r,aﬂgf es5 as o _ mf(x‘ y+ ) — f(xy)
i (v is kept constant) and P (x kept constant) Ay  n-Dd h
Chain rule: for computing partial derivatives: ar ary fox afy /oy
If f = fl(x,y) is continuous and both derivatives ar (E) (E) + (a) (E)
exists and x = x(r,s) and y = y(r,s) then:
= (3)3)+ (5) @)
ds  \dx/\ds dy./\ds
! = filx,v) and their derivatives [, [, are g g
f r=rlxy ferfy ﬂf_ﬂf {f—f}
continuous in the range of the derivation then: dxdy  Avdx wy oy
If f = flx,y,z) andisdifferentiable in arange oF oF oF
: o N df =—dx+—dy+—d
then the implicit dif ferential is: Ax Ay Az

If f=f(x,v,z) and the function is continuous in
the domain,then the V operator can be defined.
The meaning of this operator is the gradient
vector at the point (a).

?f(a}=( (}+ (}+—( })

Laplace operator in three dimentions:

[ should be twice dif ferentiable in the domain. Af =V3f = ‘f g}f + ng
Laplace operator in polar form of two variables 1 of 1 82f
f =fr,6): ﬂf:FE(TE)J’ﬁaef
Laplace operator in spherical form f = f(r, 8, @) 18 oF 1 8 of 1 of
. A =—ﬂ—(2—)+ ( —)+—ﬂ 5 5
¢ — azimuth, @ — polar angle: ! r2ar\' ar) " r’sin @ dg ne dp/  resin® pddc
Second and higher derivatives notation: 522 a2f 2 (of
If we write z = f(x,v),then the following i it ﬂ_(ﬂ_)' Foni  Zux
x© x- x \Ox

symbols have the same meanings:

Integrals Basic Data




-]

Definite integral
The definite integral of a function from point a
topoint b is equivalent to the area under the
graph and the x axis.
The integral can be calculated by findding the
sumof each rectangle area:
Firstrectangle areais:  f(g) - (x; — a)
Second rectangle area is:  f(g;) - (x;—xq)
If Ax, =x, —x3-1 thenthearea is: ,
n
area = ,:.,Jlfif_l} 5 fleg)- Axy = j flao)dx
k=1 a

If f=f(x) and g = g(x) then:

b

b b
J‘ (flx) £ g(x))dx = j flx)dx + j glx)dx

If f=f(x)isdefined intherangeatob and cis
a point inside this range then:

Jj flx)dx = —ch(x}dx + J;bf(x}dx

If Cisaconstant then:

jbﬂ'f(x}dx =C Lbf(x}dx

il

Integration ranges can be changed according to
the rule:

J;bf(x] dx = — J:f(x} dx

To the value received after integration always
add a term of a constant C (this term is omitted
in the following integral tables).

jadx=ax+£'

Integration between two equals points are zero.

jﬂf(x}dxzﬂ

il




Integration by parts:

because d(uv) = udv+ vdu we can integrate both ju dv = uwv — j v du
sides:
Example: find j xe¥dy Write this integral in the form judv
U=x and dv=e¥dx
then du=dx and v=eg"

The integrationis: j xe¥dxy = xe* — j e*dx
=ye¥ —pg*+(C=e*(x—-1)+C

Integration by substitution: b gl
'I —
If fisacontinuous function, then: jf{g(t}}g (t)dt = j Fx) dx
a gla)
: (2x + Ldx Substitute: u=x>+x+1
Example: find | ——— Then du = (2x + L)dx
o 1\|"'_'X,."'i‘_'X."i‘-]. 7 (2 1}d ?d
x+ U U — —
j NATZ sy j——= Zx-“u|? =2(v7-1)
J Vu(2x +1) / Ju 0

The new integration limits are:
ux=0=1 and ulx=2)=7

Note:we could substitute the value u = ulx) in
the integral result and then leave the old

integration limits.
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xn+1 1
xtdx = nx-—1 —dx = In|x|
n+1 X
a¥ 1 —
a*dx =— a>=0, a# —=dx=24x
Ina WX
1
e“dx =ge* p0% dy — _ pox
a

b3

eldy =e*(x2—2x +2)

=

b3

=

x? 2x 2
e dy = e“"‘(—— —,.+—3)
a a° a

x"e¥ dy = x"e* —n j " 1le¥ dy

xe¥dx={x —1)e*

1 n
yPElE dy = ZyMgl¥ — xn—leﬂx dx
a a
1
xe®™dy = —xe™ —— gt
a a<

1
e¥sinx dx = Eex(sinx —cosx)

L _1 L J
e* cosx dxy = 5¢€ (sinx + cosx)

e (asin bx — b coshx)

e gin{bx) dx = — —
(bx) a-+hb-

e (hsin by + a cosbx)

e coslbx) dx = — -
s(bx) a-+b-

1
xe¥ginxdy = 3 e*{cosx + x sinx — ¥ cosx)

_— | — [ — || | | | |

xe¥ cosxdx = 3 e*{xysiny + xcosx —sinx)

g% tanh x dx = e* — 2tan~" (%)

2% ginh(bx) dx =

e2*{asinh(bx) — b cosh{bx))

—_— | — | | — ||| | | [ |

ﬂz_bz

e2*{—hsinh{bx) + a cosh{bx))
ﬂz — b!

j 2% pash{bx) dx =

[INTEGRAL TABLES] --- Logarithms functions of the forms: Inx

jlnlxl dx=xlhx—x

jl[lnlxl]l2 dx = x{In|x|)? — 2x In|x| + 2x

ntl xn+1 11121.' lnﬂx
n —_— —_ — —
jx In|x| dx—n—+11n|x| —(n+1}2 n=-1 j S [ —
1
jx”ln(ax}dx:n+1x”+1ln(ax}—Wx”“ n+-—1
In{ax 1 .
j In{ax) dx = xIn{ax) —x j (x ) dx = 5 [In{ax)]?
ax + b b 1 . 1/ . b2
jln(ax+b}dx= In{ax +b) — x jxln(ax+b}dx=—x——x‘+— x2—— |In{ax + b)
2a 4 2 as
Inx xlnx —x 1
log,xdx=| —dx =——— dx = In{ln x)
Ina Ina xlnx

[INTEGRAL TABLES] --- Trigonometric functions of the forms:

sin x




j sinx dx = —cosx

J":d_i 1'(2}
sin® x x—zx 4‘sm X

" —_ a —_— e ]
jsm lxdx=xsin"tx+,1—x2

j cosx dx =siny

j 2pdx = + Lsin(2x)
CDS:X.':X.'—Z 45111 X

_ _ —
jcus lxdx=xcostx—,/1—x?

j tanx dx = —In|cosx]|

J‘tanzxdx=tanx—x

J‘tan'lxdx =xtan lx — ln(\.'i +x2)

j cscxdx=In |tan§|

J‘csczxdx = —cotx

jcsc'lx dx = xcsc™lx + ln(x +4/x% — 1)

sec xdx = In|secx + tan x|

sec?xydx =tanx

jsec'lxdx =xsec”lx — ln(x +4/x2— 1)

coshx dx = sinh x

hixdx ==+
CosnN~x ax ) 1

cotx dx = In|sinx| cot?xdy = —cotxy — x jcut'lx dx=xc0t'1x+1n(\.'1+x2)
. sinh{2x 1
sinh x dx = coshx sinh? x dx = # J‘ sin{ax) dx = —Ecus(ax}
x sinh{2x)

j coslax) dx = %sin(ax}

tanh x dx = In|cosh x|

J‘tanhzxdx=x—tanhx

J‘ sec?{ax) dx = %tan{ax}

rschx dxy = —coth W coshx)

J‘ csch? x dxy = — cothy

1
J‘ cos{axy + b) dx = Esin(ax +b)

sech xdx = tan™Ysinh x)

j sech? xdx = tanh x

j sin"ax) dx = x sin"ax) +a? — x2

cothx dx = In|sinh x|

— | — | — | — | —, | —, || — | —,

1
jtanh(ax} dx = Eln(cush ax)

1 -
jtan'l(ax} dx = xtan™ 1{ax) + ﬂln(i +a?x?)
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sinx cosx dx




1 bl
j sinx cosxdx = Esin‘ x j sec x cscx dx = Inftan x)
jsecxtanxdx= secx jcscxcctx:ix= —CSCX
j sech x tanhx dx = —sechx j cschx cothxdx = — cschx

J‘ . . P _sin(m—n}x sinfm +n) x L4
sinmx - sinny dx = pe— ) m= +n
J‘ gy = sinfm—n) x sinfm+n) x L4
COSMY - COShY dx = FTe— ) m = +n
J‘ . gy — cos(m—n) ¥ coslim+n) x L4
sinmx - cosnx dx = =) SmEn) m=+n
—2ax + sinh{2ax
j sinh{ax) cosh{ax) dx = (2ax)
4a
J‘ sin(@x) sinh(bx) dx = b cosh{bx) sin(ax]l —a fas(ax} sinh{bx)
a<+ b<
—a costax) coshibx) + b sinlax) sinh{ bx
jsin(ax} cosh{bx)dx = (ax) ( ,,} _ (ax) (bx)
a- + b=
b coshibx) sinh{ax) — a coshiax) sinh{ bx
j sinh{ax) cosh{bx) dx = (bx) ( bj; — (ax) (bx)
J‘ cos(ax) cosh(bx) dx — a sin{ax) cush(bx% +b ::us(ax} sinh{bx)
a<+ be
b cosiax) coshibx) + a sinlax) sinh{bx
jcus(ax} sinh(bx)dx = (ax) ( a3+b2 (ax) (bx)
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sin"txcosx n—1(  _ . sinxcos™lx n-—1 .
sin®™ x dx = — + sin™ *x dx cos™x dx = + cos™ e x dx
Tl ! T Tl
dx COSX n—2 dx dx sinx n+ 2 dx
s —1 + s ofi—2 n¥l n = n—1 + n—2
sin"x  (n—1)sin"1x n—1J sin® Zx cos®y (m—1Vecos™lx n—1J cos™2x
3 1 . . sin? x
sin® x dx = ——cosx + — cos(3x) cos®xdx = sinx —
4 12
1 . 3 1
tan® ¥ dx = In{cosx) + E secex cscx dx = _E cotx cscx + Elnlcscx — cotx|

xsinxdx=sinx —xcosx

xcosxdx=cosx+xsinx

1 x
ysin{ax) dx = . sinf{ax) — - ros{ax)

1 1
x cos{ax) dx = ox sin{ax) + Fcus(ax}

Zeinydy = 2xsiny + (2 —x%) cosx

xZcosxdy =2xcosxy +(x?—2)sinx

2 2 — a2yt . 2 alxt—2
?sin(ax) dx = —x sin(ax) + ————cos(ax) x? cosl(ax) dx = —x cos(ax) + ———sin(ax)
as a a< a
x"sinxdx = —x"cosx +n j ¥ leosxdx x"cosxdy =x"sinxy —n j ¥ lsinx dx

1
¥ ginlax) dx = —Ex coslax) +— j x" 1eos(ax) dx

1 gin{ax) dx

. . | RS | N S NS [ | L S— L —

1 n
x™ cos{ax) dx = Ex” sin{ax) — EJ‘ x

J
J
J
J
J
J
J <
J+
J
J
J

xsin”

lydy =— [(23:2 —Dsin"tx +x/1— xz]

1 , —
j xeos lydy= 2 [(23:‘ —1)cos™lx —x1— x‘]

[INTEGRAL TABLES] --- Algebric functions of the forms. 1+ x2

J

_dx =tan"lx
14+x-

1
j—dx =sinh 1x
Y1+ xZ

J

1—x

sdx =tanh™lx

-1

dx =sin"*x

J‘ 1
41— xZ

I3

-1

-1

dx =cos tx

v1—x?

dx =cosh™1x

J‘ 1
vxi-—-1
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j(x+ a}”dx—(x+a}”( a + * ) n=—1 J‘;dx—_—i
N 1+n 1+n'' - (x+a)?  x+a
(x +a)(nx+x —a) J‘ 1 1 x
= —_—dr =
jx(x+a}dx m+2)n+1) x(x+a) *=a n(x+a)
X 4 —E( +2aVx+a X =t +ta T ++4T+a
W x—3 x alvx+a ﬂx+ﬂdx—yxx-x+a—aln{wx+wx+a}
_ 2 3 1 -
J‘x.’x—adx=—(x—a}2 - dy=2+x—a
3 Vxr—a
_ 2 a 2 & X 2 _
J‘xw’x—adx=—a(x—a}2+—(x—a}2 j - dyx==-({x —2a)Wx—a
3 5 Vi—a 3
1 S x — [xfa—x
j ; dx=2va—x j | dx=—w.-’;ﬁ-’a—x—atan‘1(L)
Va—x Na—x x—a

j( + b)"d _lax+ o)™ # -1 j d —11| + b|
= = bin+1) n= axtb g
xdx_x bl( +5) J‘ dx _11| X |
ax+b a ai x(ax+b}_bnax+b
x dx _b( +11| +b|) J‘ dx _ 1 +11 | |
(ax+0)2 aflax+b b x(ax+b)? blax+b) b2 lax+b
J‘ 1 dx = 1 + al (ax+ b) J‘ dx _ —a 1 +2a1 (ax+ b)
¥ ax+ b) YRR Rl x2ax+ b)?2 biax+b) bix b "y
2b  2x d 2vax+ b
jw’ax+bdx=(—+—)w’ax+b j ¥ _ sV
— 2(3ax — 2b),/(ax + b)3 J‘ xdx  2(ax —2b)
f — A = S vax+ b
J‘xw"ﬁbdx 1542 Jax + b 3a2
fax +b S dx dx 1 fax+ b—+/b
jw—dx=2x-’ax+b+bj— J‘—z—_lnw—_ w_
X xvax+ b xvax+b b |Waxr+b+4b

[INTEGRAL TABLES] --- Algebric functions of the forms:  a*+x* a*—x%? x*—a?




2

1
—In{a?+x%)

a+x
a+x

1
2

. 1 ,, .
—x2 —Ea‘ln(a‘ +x7)

J‘ (R U
xla?+x%) =222 M\ aZ+ «2

N 2
Ja? [a? + %2 dx—i Ja? +x? +Eln|x+\.a + x?

—_— a+vad+ x?
dx=+a?’+x?—aln|——

J‘w’az + 52
x x

Ja? [aZ + x2 dx——(a +x}

1 — x
J‘?dx= In (x ++a -+ x‘) = sinh™? (—)
val+ x? a

a+vVx? +a?
Inf ———|, x#0
x

x 7, .2 1 ——— 1 =
j:dx—\.a +x° J‘ — x=—x\.'a‘+x‘——1n(x+\.'a‘+x‘)
VaZ + %7 Jai+ 2 2 2
R ¥ ——  al x dx 1 a+x 1 X . .
J‘\.'a‘—x‘dx=—\.'a‘—x‘+—sin'1— x| < a j ln( )=—tanh 1_ x? < a?
2 2 a a? 2a \a—x a a
dx 1 1 [fa++va?—x?
— =sin"1— a = |x| =——1n— 0=x<a
Ya?—x? xx.ﬂ_ @ X
= = ]
vas—x* — a+vas —x° 3
j dx=+a"—x"—aln j ———dx=—a —x
x x wﬂ&
J‘ .'X-' 1  — 1 - _1(1.-\.\."@&—_'}(.'2
dx=——-xy/a—x*——-a“tan —
N'ﬂ- 2 P
. -~ a’ 1 e
VExt—atdx = 'x‘—a‘——1n|x+ [x<—a“ x = ——tanh (—)
x? —a? a a
JVxZ —qaZ a — 1., g 2
j dx=+x?—a?—acos 1(—), 0<a<|x| J‘x\.'x —atdx=<(x?—a?)2
x x 3
x x 1 — 1 s
— dx =+x"—a x=—x\.'x‘—a‘+—1n(x+\.'x‘—a‘)
WXT—as \.x 2 2
dx 1 i X —
— = —sec (—), x| = a =In|x+x*—a? x| =a =0
xyxc—as 4 VxI—al







