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The WEK M odel

The Waddoups, Eisenmann, and Kaminski (WEK) fractnodel was developed in 1971
[2]. These authors attempted to predict composigetdre using Linear Elastic Fracture
Mechanics (LEFM) methods applied to model fraciaresotropic metals. They suggested that a
region of intense energy of characteristic lengtlriginating from the edge of a hole in a
composite specimen can be thought of as a pseudok’c(Figure 2.1). This suggests that an
analysis based on the stress-intensity factor nghappropriate. However, since self-similar
crack growth does not occur in composites, it waplied by Waddoups et al that an energy-
based analysis similar to that proposed by Irwjnj8uld hold a greater intellectual appeal.

From standard LEFM for isotropic materials in platgin conditions the mode | strain energy
release rate3, is related to the mode | stress intensity fad€gras follows:
2
K 2
G =—2-(-v?) (1)

Also in accordance with standard LEFM, the stragsnisity factor is:

K, =ofVm f(a/R) ()
Where oy is the remotely-applied stress. The functibta/R) is often called the “geometry

factor”, and accounts for the finite dimensionsaofest specimen or structure. Expressions for
f(a/R) for variousisotropic test specimen geometries are tabulated in manycasufor

example in Paris and Sih [5]. However, Waddoupsleassumed that the geometry factor

1 A few minor edits have been inserted by M. E. [eutt

2 The original paper by Waddoups et al containsrezneous expression f@; in which an extraneoust term
appeared in their Eq (1). A related error thereaped in subsequent expressions in the originampaphese errors
have been corrected in this summary.



f(a/R) for isotropic materials would not be applicablecmmposite laminates (a very good

assumption, especially since stacking sequences candequently stress fields vary from

laminate to laminate). One of the objectives ofirthgaper was to suggest a method of
determining f (a/R) for composite laminates.

Although Waddoups et al imply that an energy-baaedlysis is appropriate for use with
composites, the bulk of their analysis is basedsmof the stress intensity factor, Eq (2).

At the moment of fracture the stress intensity dadhas reached the critical level, i.e.,
Ki | fracture = Kic- Kicis called the “fracture toughness” or “criticalesis intensity factor”. At
fracture Eq (2) becomes:

Kic=o.Nm f(alR) 3)

whereg; represents the remotely-applied stress at fracture

For an unnotched specimen with no hoféa/R) =1. In this case the remote stress at fracture
is equals the unnotched fracture strength of thenate, o, and Eq (2) becomes:

K|C = 0'0\/5 (4)
Dividing Eq(3) by Eq (4):

%0 - f(a/R) (5)

Oc

Waddoups et al used Eq (5) to measure the geoifiaetgr, and hence the fracture toughriegs
using Eq (3), for laminates with open holes of vagydiameters Diameters less than 0.50 in
were termed “small” holes, whereas holes with di@msegreater than 0.50 in were termed
“large” holes. A reasonably consistdit was measured for specimens with small holes, and a
consistenbut different value forK;. was measured for specimens with large holes. e¥nas
thought to be a material property, at least fortrcgmc metals, these results illustrated a
shortcoming of standard LEFM, when applied to cositedaminates. For compositésg is not

a material property but rather varies with geometry

3 A crticial strain energy release rate can alsodleulated using Eq (1), although this calculati@s not performed
by Waddoups et al



The applications of standard LEFM models to predminposite fracture led to inconsistent
results, as evidenced by the MEK approach, leadimgfined models described in the following.

The WN Models

J. M. Whitney and R. J. Nuismer proposed two metelpredict the fracture strength of
notched composites [7,8]. The two models are teirit Stress Criteria” and the “Average
Stress Criteria” models. They are based upon ectaistic dimension that is assumed to be a
material property independent of laminate geometrtress distribution. The theory of the
models assumes that fracture occurs when the disisgution or average stress reaches the
unnotched strength at a distance equal to the diesistic dimension away from the edge of the
discontinuity. The models were proposed in a é&fforexplain the hole size effect without
resorting to the use of LEFM.

The theory explaining the hole size effect is daspon the difference in the stress

distribution ahead of the hole for different sizeales. The normal stressy, along thex -axis

for an isotropic plate of infinite size containiagircular hole is given by [8]:

D oqs 1(—Rj2 +§(5j4 (13)
o 2\ X 2\ X

where9" is the uniform tensile stress applied parallethey -axis at infinity. Plotting the
normalized stress as a function of the distancadloé the hole reveals that, while the stress
concentration at the hole edge is 3 for both hiaess it is much more localized for the smaller
hole, Figure 2.2. It can then be argued that thte gontaining the larger hole will have a lower
residual strength. This is because there is @&largilume of material subjected to a higher stress
and the probability of having a larger flaw in thighly stressed region is greater, thus resulting
in a lower strength. Also, the plate with the deralhole has a greater capability for

redistributing the stress, leading to a highemgtte.



The first model is the “Point Stress” model. Timedel assumes that failure occurs when

the stressgy, over some distancgp, away from the discontinuity is equal to or greditean the

strength of the unnotched laminate [7]:
O'y(X,O)lszerU =0, (14)

This criterion is represented schematically in Feg.3.

The normal stressiy, along thex-axis in front of the hole for an infinite orthopic plate

containing a circular hole of radius R subjectea taniform stressc,’m, can be approximated by

[10]:
a,(x.0 :%{2 ) @j E 3@}4 (K- 3){5@)6 i 7@)8};)( a (15)

whereKT is the orthotropic stress concentration factordaircular hole in an infinite plate as

expressed by [11]:

A2
o1 2 - B

11 2A66 (16)

where Aj are the orthotropic in-plane stiffnesses of theitate as determined from lamination
theory [12]. Applying the point stress criteriajuation 14, with Equation 15 yields the notched

to unnotched strength ratio:

0_0,\7: 2
0y [o+ed+ 3t - (K5 - 35S - 7)) @7)
where
£ =1
1 R+d, (18)

Examining the limits of Equation 17 reveals thatVvery large holesS1 — 1, the classical stress

concentration factop,oli/co = J/K?ro, is obtained. Also, for vanishing holesTR), &1~ 0, and,

onlo, = 1 as expected.



The second model is the “Average Stress” modeéis Thodel assumes that failure occurs
when the average stress;, over some distancBe, equals the unnotched laminate strength [7]:

0, = ij:+a° o, (x,0)dx
% (19)

This criterion is represented schematically in FégR.4. Applying this criterion, Equation 19,

with Equation 15 yields the notched to unnotcheensfth ratio:

ﬁz A1-8))
0, [2-8-&+(KT-3)(&-&3)] (20)
where
£, =—
° Rea (21)

TheMar-Lin Model

It has been widely accepted that the applicabiify LEFM to composites is not
appropriate. This is because the fracture toughoés composite generally increases with the
crack length and asymptotically approaches a constdue. In linear elastic fracture mechanics
for monolithic brittle materials, the failure stgas related to the crack length by

of =K, ()" (32)

the exponent -1/2 is the mathematical stress sanigylat the crack tip. A direct application of
equation (32) to composite materials has been fearx® inadequate. Thegdvalue, which is
supposed to be a material constant, generallyasesewith the crack length and asymptotically
approaches a constant value. To account for tlaisavid Lin [14] proposed an equation for the

fracture of composite materials, but with a stregsgularity corresponding to that for a

bimaterial interface:
0:\7 = HC(2 L™ (33)

where H is the composite fracture toughness having urfitstess x (length) and is the

property of the laminate material and lay-up. €Rponent, m, is related to the stress singularity

at the crack tip of the bimaterial interface. Thder of singularity is dependent upon the ratio of



the shear moduli of the matrix and the fibBt/M2, and the Poisson's ratid1 and V2
[15,16,17]. The order of singularity can be presticirom™ = 1-A , where! is calculated from

the characteristic equation:

N (—4a® + 4oB)+ 20% — 20 + 20 — B+1+(20% + 20 - 20 + 2B)cosAT

(ﬁ‘q iy

_ _[3-v;
. P= (1+n,) ' 1+,
Ho M) In the case of plane stress the factor 1=1,2,

(34)

with (1+ nl) and

whereV1 andV2 are the Poisson's ratio of the matrix and fibetemials, respectively.

It is important to note that the Mar-Lin model @s®s that it is the length not, the shape
of discontinuity that is the controlling parameter fracture. Thus, there is no distinction made
between laminates with circular holes and laminatiés cracks since both types of defects are

merely a geometric discontinuity at the microscdei@l.
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Figure 2.1 WEK Fracture Model [2]
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Figure 2.2 Normal Stress Distribution for a CiaruHole
in an Infinite Isotropic Plate.[7]
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Figure 2.3 WN Point Stress Criteria for a Lamin@tataining a Circular Hole.[7]
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Figure 2.4 WN Average Stress Criteria for a Larter@ontaining a Circular Hole.[7]
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Figure 2.5 Normal Stress Distribution for a Cer@eack
in an Infinite Anisotropic Plate.[7]
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