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MES500/AA535 Advanced Composite
Structural Analysis

A brief review of Chapters 1-7

(particularly Chapter 4-7)



| UNERSTY arWASHINGTOR

Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

i =Sow, LLKlI=xYy,z

(or)

aij :Cijk|£k|’ i, j,k,l =X, Y, Z
where:

Tij &jj = 2ndorderstresandstrain tesorsyespectivly
Sjk =4thordercompliancenatrix

Cija = 4thorderstiffnessmatrix



Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

*\Would like to write Hooke’s law using 2-D arraysijt
cannot because of'érder compliance and stiffness tensors

In the absence of body forces, stress and seasots are
symmetric...allows use of “contracted notati

Exx — €1 Oy — 01
Eyy = €2 Ty — 02
€z — €3 0, — 03
Vyz=Vzy = €4 Oy =0z — 04
Vxz =Vzx — €5 Oy; =05 — Og
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Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

(or)
o; =Gj&y, 1,]=1..6
where:
g; ,& = (disguisegi2zndorderstressind
strain tesorsyespectiviy
§; = (disguisegldthordercompliancenatrix

Cij = (disguisegldthorderstiffnessmatrix
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Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

&1 1 12 S13 S14 S5 S16 (| 01
£ S1 S 3 S Sp5 S |02
£3 Rl B2 B3 /a4 B 6 (|03

£5| |51 B2 B3 B4 >B5 56 ({05
€6) |61 b2 S63 B4 65 66 (06,
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Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

4 3 — (

Ex| [S11 Si2 Sz S Sis Sie |[Ox
Eyw | [|So1 Sp2 3 Spa Sos Sp6 ||y
€z | _|B1 B2 B3 34 35 S36 || 9z
Vyz| |Sa1 Sa2 43 Ssa Sus Sue || Tyz
Vxz| |51 Ss2 53 Ss4 Ss5 S || Ixz
Ixy| |S61 62 S63 64 Ses Se6 || Txy |
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Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

oF :Cijgj’ I,J =1...6
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Mechanical Engineering

Hooke’s Law for an Anisotropic Material
(neglecting thermal or moisture effects)

oF :Cijgj’ I,J =1...6




Mechanical Engineering

Principal Material Coordinate System
4] » Defined by the symmetry

1) associated with fiber orientation
\ . Usual_ly labeled the 1-2-3
! P>~ coordinate system
+3 * No “unusual” coupling in PMCS

 Elastic & failure properties
measured Iin the 1-2-3
&’ coordinate system:

E11,E22,E33,V12,V13,V23,512,6G13,G03

T _fC _fT _fC _fT _fC _f _f _f
0111911 1922:095,033,033 019,013,093
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Mechanical Engineering

Hooke’s Law In Principal Material Coordinate
System

 Since no “unusual’ couplings, all of the
following compliances equal zero in the
principal material coordinate system:

S14 = S41, 315 = S51, 916 = Sp1

S04 = S42, 595 = S52, 506 = Se2
S34 = 543, 35 = S53, 36 = 63
Sy5 = Ss4+ 46 = Se4, Ss6 = S65
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Mechanical Engineering

Hooke’s Law In Principal Material Coordinate
System

e Since no “unusual”’ couplings, in the principal
material coordinate system:

(e11] |S11 S12 Si3 0 0 0 |fogg
E22| |S12 S22 3 0 0 0 ||op
J€s3| _|=13 23 w3 0 0 0 )jog3]
V23 0 0 O S;u O 0 || 73
V13 O 0 0 0 S5 0 |03
Vi) L0 0 0 0 0 SN2,
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Mechanical Engineering

Hooke’s Law In Principal Material Coordinate

System
o Similarly:
(011] [Ci1 Cio Gz 0 0 0 |[&g
02| |Ci2 Cop Co3 0 0 0 |l&x
33| _|C13 Ca3 Gz O 0 0 jegg|
T23 0 0 0 C44 0 0 y23
T13 0 0 0 0 C55 0 y13
712) 10O 0 0 0 0 CeggflNi2
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Called “Orthotropic” if E;; # E,,:

V23

Vi3

V12

—V12
E11

—V13
E11

0

—V21
Eoo

1 }
E))

—Vp3
Eoo

0

J
J

—V31 0
Es3

— V32 0
E33

LJ 0
Es3
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Mechanical Engineering

Orthotropic Materials

1] [S11 Si2 Si3 0 0 0 |[oyg)
E22| |S12 Sp2 S3 0 0 0 |lop
J€s3| _|=13 S23 w3 0 0 0 jogg|
%% 0 0 0 Sy4 O 0 || 793
113 O 0 0 0 S5 0|13
yi2) [0 0 0 0 0 Sg)lT12,

(011] [Ci1 Ci2 Ciz 0 0 0 |feg
0221 |Ci2 Cop Cp3 0 0 0 &
Jo33 _|C13 Cz3 Czz O 0 0 jés3
793 0 0 0 Cyu O 0 ||V23
713 0 0 0 0 Cs5 O ||)3
712)] | O 0 0 0 0 Ces|lV12]
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Mechanical Engineering

Called “Transversely Isotropic” if E;; = E,,

(£11] [o11)
Ei1) B2 Eoo

£ _ _ 022
V12 ( 1 j ( V23 0 0 0
SYANY, =Y.

£33 —V12 (‘stj( 1 j 0 0 0 033

) lo|UBR JUE2 ) B I

2(1+Vv53)

V23 0 0 0 ( Eoo 0 0 23
0 0 0 0 (L) 0

s G2 113
0 0 0 0 0 [Gij

B 12 /|
V12 | 712
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Transversely Isotropic Materials

- N

e1] [Si1 Sz Si2 0 0 0 ||ou1

E22| |S12 S22 3 0 0 0 |jox

J€33| _| <12 S23 S22 0 0 0 |oss

V23 0 0 0 2(Sp-53 0 0723

V13 0 0 0 0 Seg O || 113

Vi) LO 0 O 0 0  Sge(712]
(011] [Ci1 Ci2 Cpo 0 0 0 |[eag
02| |Ci2 Cpo Cp3 0 O 0 ||&

Jo33( _|C12 C23 C22 0 0 0 |)és3|
723 0 0 0 (Cxpp-Cy3)/2 0 0 ||)23
713 0 0 0 0 Cee O || )13
2} LO 0 O 0 0 Ces V12,
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Plane Stress Conditions

4+]
s Ol e For thin, plgte-llke
] structures it is usually
" appropriate to assume all
out-of-plane stresses are
| negligibly small (i.e.,
022 — — —
o T assume O, = T, = T,, =0
+3 W] ~—a 33 13 23 )

Y Oj;
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Mechanical Engineering

Plane Stress Conditions "
ool
» For plane stress conditions: S
_ — b ™ )
o] [Su S Sz 0 0 0 foy .
£ |S12 So2 Sz O 0 0 1oy
J€s3|_| 33 =23 53 0 0 0] O
ol |0 O 0 S 0 010
vial |0 0 0 0 S 010
Vi) |0 0 0 0 0 Sxllmz




Mechanical Engineering

Plane Stress Conditions

» Hooke’s law can be “reduced” to: e
: _ . 4 0N
£11 S1 S22 0 ||ong e
€207 =|S2 S 0 ooy H‘\‘JH\/”
J2) L0 0 SgeflT12, .1 <
_ T
£33 = 93011+ S302
Y Oiy
'S1 S, 0

[S]=| S, Sy, 0 |=the"reduceccompliancematrix”
0 0 Sg6
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Mechanical Engineering

Plane Stress Conditions

* Inverting: e

- 3 — e 2 4o

o1 |[Qu1n Q2 0 |lé& e

022 =|Qr2 Qo 0 [<&22¢ *2'\‘6”\/u

Ti2) |0 0 Qe V12 K S

\\*

Y Oiy

Q1 G2 O

[Q]=1Q1» Qpr 0 |=the"reducedstiffnessmatrix”
0 0 Qegsl




Mechanical Engineering

Strains Caused by Stress and/or Changes in
Temperature and/or Moisture Content

* Three-dimensional stress-states (orthotropic mat’ls).

(&1] [S11 Si2 Si3 0 0 0 o] N N
E22| |S12 Sp2 Sz 0 0 0 |joyp Q) 1575,
J€s3| _| =3 >3 >3 O 0 0 ljosg| o) 0s3| A )Ps3)
Vol |0 0 0 Su 0 0 |79 0 0
val |0 0 0 0 S5 0 ||74a 0 0
yiz) LO 0 0 0 0 Seeflf12) | 0 L 0

AT,AM =changen temperaureandmoisturecontentrespectivéy
aii , Bii = thermalandmoistureexpansiorcoefficiens, respectivéy
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...Inverting

(011] [Ci1 C2 Czg 0 0 0 |[&1-ATay;—~AMBy |
02| |C2 Cpp Cpz3 0 0 0 |[€0-ATay-AMpS,,

JOs3| _|C1s C23 Cez O 0 0 |33~ ATas3~AMfg3 |
Toq 0 0 0 Cyy O 0 Vo3
713 0 0 0 0 GCs55 O 113

12 | O 0 0 0 0  Cesl| V12

AT ,AM =changan temperaureandmoisturecontentrespectivéy
aii , Bi = thermalandmoistureexpansiorcoefficiers, respectivéy
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Mechanical Engineering

Strains Caused by Stress and/or Changes in
Temperature and/or Moisture Content

* Reducing to plane stress conditions:

£11 S1 S22 0 ||ong aq i1
<£22>: 512 522 O <0'22>+AT< 0’22>+AM<1822>
Viz2) |0 0 Seel 712 0] 0]

£33 = 513011 + Sp3022 + ATa3z3 + AM 33

AT ,AM =changan temperéureandmoisturecontentrespectivéy
aii , Gii = thermalandmoistureexpansiorcoefficierts, respectivéy
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Mechanical Engineering

Strains Caused by Stress and/or Changes in
Temperature and/or Moisture Content

* |Inverting:

( A B ]

011 Q1 Qon O |[&1-ATap -AMBy;
1022 =1Qr2 Qo 0 [J&20—ATapy —~AMB
712 0 0 Qgs V12

L 4\

N
'

AT ,AM =changan temper&ureandmoisturecontentyrespectivey
aii , Gii = thermalandmoistureexpansiorcoefficierts, respectivéey



Mechanical Engineering

Hooke’s Law for Orthotropic Composites Referenced
to an Arbitrary x-y-z Coordinate System (Plane Stress)

x
A
4 O,
(AT, AM)
Txy <
'y
<+ 4 - >
Ty Oyy Oyy
+0 v
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Mechanical Engineering

Hooke’s Law for Orthotropic Composites Referenced to
an Arbitrary x-y-z Coordinate System (Plane Stress)

Ewx S11 S12 Si6 |[0y A yx Bxx
1€y =|S12 S22 S26 §Oyy ¢ tAT Ay ¢ +AM< By ¢
Vx| |S16 S26 Se66 || T12 ) Oyy | By |

£33 = Ez = S3011 + Sp309, + ATazz + AM B33

[§i j ] = Transformel, reduceccompliancematrix
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Hooke’s Law for Orthotropic Composites Referenced to
an Arbitrary x-y-z Coordinate System (Plane Stress)

Spp= Sllcos4ﬁ+(2812 + 866)0032 fsin’ 6+ 8223in49

S12 = S21= Sy,(cos? @+5n? 8) + (S, + Syp — Sge) c0s2 sin? @

S16 = Se1 = (2511 — 251, — Sgg) €0s° Bsin O — (2S5, — 25,5 — Seg) cosFsin® @
Spp = Sllsin4 0+ (25, + 866)0032 fsin? 6+ Syo cos* 8

So6 = Se2 = (25,1 — 2S;5 — Sgg) cOSOSiN® 8- (2S,, — 2S5 — Sg) COS” BSin &
Se6 = 2(2S;1 + 2555 — 4S;5 — Sgg) €OS? sin® @+ Sgg(cos” @ +sin? )
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Mechanical Engineering

Hooke’s Law for Orthotropic Composites Referenced to
an Arbitrary x-y-z Coordinate System (Plane Stress)

Oy = allcosz(é’) + azzsinz(é’)
Qyy = allsinz(é’) + o5 cos?(6)

1y, = 2¢08(0) SN(B) (a1 ~ A0)

Lo = Bi1€0S(8) + B 5in?(6)
By = Bi18iN*(6) + Bop c0S°(6)
Byy = 208(8)Sn(O)(By1 — Bao)
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Mechanical Engineering

...Inverting N0
! Yo
(AT, AM)

O | |Qun Quz Qie || Exx ~ATAx ~AMBy
19y (=|Quz Qa2 Qop &y ~ATayy ~AMBy
Ty |[Que Q26 Qee || Yy ~ATAxy ~AMByy

Vo

[C_Qi j ] = Transformd, reducedtiffnessmatrix
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...\Where

611 = Qllcos4 6 + 2(Q» + 2Q66) cos” fsin’ @ + Q225in4 6

Qqp = Qyy = Qup(cos? 8 +sin? 6) + (Quy + Qup — 4Qge) cos? Fsin 4

Q6 = Qg1 = (Qu1 - Q1o — 2Qgg) c0s° 8N 8 — (Qyp — Qup — 2Qgg) cOSASIN® 4
522 =Qq18 n* 6+ 2(Q> + 2Q45) cos? fsin’ 6 + Q) cost @

Q6 = Qpp = (Qu1 — Quz — 2Qge) c0sOSIN3 8 — (Qy5 — Qp — 2Qgg) COS> Hsin G
Qe = (Qu1 + Qa2 ~ 2Q17 ~ 2Qg6) c0S” G5in? 6 + Qgg(cos” 6 +sin* )
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An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are
Independent of elastic material properties:
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are
Independent of elastic material properties:

» Can be seen from the theory of elasticity:

2 2 2
B
dy? x> Oxdy
where

@= @ X, y) = Airy stresgunction whichsatisfiegshebiharmoniequation

4 4 4
a_qo + 2 0 4 + 0 4 =0
ox* axzay2 0y4
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Mechanical Engineering

An Observation Regardlng Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are
Independent of elastic material properties:

» Can be seen from the theory of elasticity:

2 2 2
L o, =20 S s
dy? x> X0y
where

@= @ X, y) = Airy stresgunction whichsatisfiegshebiharmoniequation

4 4
—+26¢ 0@

=0
ox* axzay ay

(...unlike stresses, strains are a function of elastic material properties)



Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are
Independent of elastic properties:
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are

Independent of elastic properties: a+x
Crr
*The stress concentration factor for T T T T T T T T T T

a circular hole in any large (i.e., “infinite”)
Isotropic plate is always:
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are

Independent of elastic properties: a+x
Crr
*The stress concentration factor for T T T T T T T T T T

a circular hole in any large (i.e., “infinite”)
Isotropic plate is always: 3.0
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

®* [For isotropic materials/structures, stress distributions are

Independent of elastic properties: a+x
Crr
*The stress concentration factor for T T T T T T T T T T

a circular hole in any large (i.e., “infinite”)
Isotropic plate is always: 3.0

(...unlike stresses, strains are a function of elastic material properties)
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

® |[n contrast, for anisotropic materials/structures, stress
distributions are not independent of elastic material properties
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

® |[n contrast, for anisotropic materials/structures, stress
distributions are not independent of elastic material properties

» For example, the stress concentration factor for a circular hole in an

anisotropic plate varies widely...using typical properties for graphite-
epoxy:
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Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

® |[n contrast, for anisotropic materials/structures, stress
distributions are not independent of elastic material properties

» For example, the stress concentration factor for a circular hole in an
anisotropic plate varies widely...using typical properties for graphite-

epoxy: a+x
*SCF for circular hole RRRIIRRRN

in large [0°] panel: ~ 6-8




Mechanical Engineering

An Observation Regarding Stress Distributions
assuming linear-elastic conditions with no body forces

® |[n contrast, for anisotropic materials/structures, stress
distributions are not independent of elastic material properties

» For example, the stress concentration factor for a circular hole in an
anisotropic plate varies widely...using typical properties for graphite-

epoxy: a+x
*SCF for circular hole AARRIIRRRN N
in large [0°] panel: ~ 6-8 I C_Tfo
Y5 @ RERRIIRRRR
PLPLELEL - @
» SCF for circular hole
In large [90°] panel: ~1.5-2.5
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Macroscopic Failure Theories

® Dozens of failure theories have been proposed...none are
universally accepted

*Hinton, M.J., Kaddour, A.S., and Soden, P.D., Failure Criteria in Fibre
Reinforced Polymer Composites: The World-Wide failure Exercise,
Elsevier, ISBN 0-08-044475-X (2004)

Three common failure criterion described in textbook:
Maximum stress failure criterion
*Tsai-Hill failure criterion
*Tsai-Wu failure criterion



UNIEERGTY s AT HINGE O

Mechanical Engineering

Macroscopic Failure Theories
Maximum Stress Failure Criterion (plane stress form)
 Failure does not occur If:

fC fT +1% 0

(and)

<4
fC T t \
(and) 0 \ N

719 < T1f2 h Lxx |
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Mechanical Engineering

Macroscopic Failure Theories
Tsal-Hill Failure Criterion (plane stress form)

e Failure does not occur If:

A
r 0110
+ (12 _ Y1192 - 1
S A =
Z'12 0'11 0 Yy ' VY
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Mechanical Engineering

Macroscopic Failure Theories
Tsal-Wu Failure Criterion (plane stress form)

e Failure does not occur If:

A
2 +7 +6
X011+ X209 + X110711 s o
. .
+ X20020 + Xgglip +2X12011095 <1 Ty <
r'y
< 4 | ——
Ty Oyy Oyy
+6 \\\ v
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Mechanical Engineering

Macroscopic Failure Theories: Comparisons
Off-axis Gr/Ep specimen subject to uniaxial stress

2000

1500

1000

50C

-500

-1000

-1500

-2000

— Max Stress
----- Tsai-Hill
——— Tsai-Wu

-90

-60 -30 0 30 60
Fiber Angle,&(deg)

90

+x

'[an

+0

+1

<
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Mechanical Engineering

Macroscopic Failure Theories: Comparisons
Off-axis Gr/Ep specimen subjected to pure shear stress

150

100 A S
AR sl —— Max Stress " tx
- +
041 TV | Tsa-Hill !
= == -Tsai-Wu — Iy
(a
S 0
N
>
|N><
50 -
-100 -
-150

-90 -60 -30 0 30 60 90
Fiber Angle,8(deq)
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Defining Ply Interface Positions

Ply #1
: /Ply#z
T o o o oo
wl,| ToorTiTiTiziTonmine Y
2233 .
| — e Laminate > +x
i T T T T T T T Midplane
A T T T D T I~ plimna
T CoCiCiIr DI R
' ' \P]}r#(n-l)
Ply #n
+z
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Describing Stacking Sequences
0°

45°

— Laminate
=20 Midplane
/" p

90° [0/45/-20/90];

Laminate
450— Midplane

[0/+45/90];

45 o T Laminate
e Midplane

-60°
30 / [0/30/-60/10/45],
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Mechanical Engineering

Describing Stacking Sequences

20°
N

23;“““‘ Laminate
= Midplane

20°——

_3{}13 /

—33:/ [20/-30),0)

"'--.______H- .
o Laminate
V'— Midplane

[(20/-30),/0].
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Kirchhoff Hypothesis
“a straight line which is initially perpendicular to the midplane
of a thin plate remains straight and perpendicular to the
midplane after deformation”

e Ultimately allows us to calculate the strain at any
through-thickness position z

Exx Exx Kxx
<£yy>:<£‘3y>+z</(yy>
0

Dy Wy Kxy

where:
Exx1 Eyy» Vxy = Midplanestrains

Kyx: Kyy» Kxy =Midplanecurvatures
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Mechanical Engineering

Ply Strains

 Strains at ply interfaces are usually of greatest interest:

- \ (o) s 3
gXX gXX KXX
<gyy>:<g§y>+z</(yy>
0]
K
Iy ) Vxy XY Ply #1
: /Ply#Z
T o o o
] P
22
“ —r— e Laminate +x
i T T T o Midplane
znzn-l . .
| = —--—--—--—--—-““‘mP]y#(nZ)
! - I P]y#(n 1)
\P]y#n
+z
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Mechanical Engineering

Ply Stresses
 Ply stresses can be calculated using Hooke’s law:

Tuc| | Qi1 Quz Qup || Exx ~ATOw ~AMBy
Ty | |Qie Qo Qe || Vxy ~ATaxy ~AMp,
N J = % < Ply#l
Ply #2
F - /
wl,| T ocrToTnTiTiTiTiTinae P
2223“
—r— e Laminate +x
] i T T T T T T T Midplane
n-1 e .. L
A (R R L A L)
' T _“_“_“_“_%P]y#(n—l)
Ply #n
+z
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Mechanical Engineering

Ply Stresses
 Ply stresses can be calculated using Hooke’s law:

Tuc| | Qi1 Quz Qup || Exx ~ATOw ~AMBy
Ty) |Que Qa6 Qes || Vxy ~ATaxy ~AMBy, Plv #1
J | N J y
Ply #2
f - /
al,| T oziTiToTiTiTiTn e
Zgz‘
’ Laminate
SR e +x
] Tk Midplane
ni-1 e e e L
i i — e — e — e = S Ply # (n-2)
1 .. . |
' \\Ply#(n-l)
Ply #n
+z
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Mechanical Engineering

Laminate Loading

 Loads considered are restricted to those that lead to
plane stress conditions...two types:
* Stress resultants, N,,, N,, , and N,,....units = force/length
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Mechanical Engineering

Laminate Loading

e | oads considered are restricted to those that lead to
plane stress conditions...two types:
« Moment resultants, M,,, M, , and M,,....units = force-length/length

)

+y‘/// Mx:\:x

+z
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Mechanical Engineering

Laminate Loading

e |t can be shown:

t/2
Ny = [0y 0z
~t/2

e Hooke’s law:

O xx Q11 Qi Q| €xx

S
=

I
Ie
X
O
N
O
>

Ty | |Qis Qo6 Qes || Vxy

~ATa,, —AMB,y |

£y —ATay, ~AMB,,

Vo

~ATayy ~AMBy |

 Substituting for g,, and integrating in piece-wise fashion:

— T M
N yx —A115>%<+A1253y+A16V>c<)y+Bllkxx+812Kyy+816ny_Nxx_Nxx
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* Where:

A= {(611)1[ Z -~ Zp]+ (Q11)2[22 z]+ (611) [z3-2]+....+ (6 ) [z, - Zn—l]}
Ao ={(612)1[21‘20]+( 12) [Z5 - 21]+(Q12) [23-2,] +... +( ) [z — Zn—l]}
Ae :{(616)1[21_20]"'( 16) [Zo - 21]+(Q16) [z3-2,] +... "‘(Q ) [z = Zn—l]}

{(Q11)1[21 Zo]+(Q11) [25 - 21]+(Q11)3[23 25]+ .. +(Q11) [25 - Zn—l]}

{(Q12)1[21 ZO]+(Q12) [22 Zl]+(Q12)3[Z3 ZZ]"' +(Q12) [Zn Zn—l]}

B4
B>
Bis 1{(Q16)1[21 ZO]+(Q16) [25 - Zl]+(Q16) [25 - 25] + .. +(Q16) [25 - Zn—l]}

n f— —_ —
T _
Nyx =AT I(Z_:l{[Qlla xx + Qpolyy + Q160 xy]k [z - Zk—l]}

Ny =AM El{[allﬂxx +612:3yy +616:3xylk[zk - Zk—ll}
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Laminate Loading

e |t can be shown:

t/2
My = [0y 20z
~t/2

e Hooke’s law:

Tuc| | Qi1 Quz Qup || Exx ~ATAw ~AMByy
Ty | |Que Qo6 Qe || Vxy ~ATaxy ~AMByy

Vo

 Substituting for g,, and integrating in piece-wise fashion:

— 0 0 0 T M
Myx = Br1€xx T Bio€yy + Brglxy T D116 xx + D1oKyy + D1Kxy =My =M 3y
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Laminate Loading
* Where:

Bi1 = %{(611)1[212 - 28]+ (611)2[Z§ -zf]+ (611)3[Z§ —25]+ ...+ (611),1[2% - Zr21—1]}
B> :%{(612)1[212 -z5]+ (612)2[25 -zf]+ (612)3[Z§ —25]+ ...+ (élz)n[zr% - 25—1]}

Bie :%{(616)1[212 - 73] +(616)2[Z% - 7{] +(616)3[Z§ - 23] +----+(616)n[zr% - 25—1]}

Vi %{(611)1[23 - 23]+ (611)2[23 -]+ (611)3[23? ~ 3]+t (6ll)n[zﬁ - er;—l]}

D12 = Qe - 1+ Qo2 - 21+ @ikl - B+ Q) (23 - 25

3
n_
3
n_

D16 = {Qushi2 -2+ Que) 128 - B+ Queh -1+ + Qu 22 -2
My = % él{lana o+ Qo0 yy +Qye0r xy]k [ZI% - 213—1]}
M = % él{[auﬂm +612/8yy +616'8XY]k [ZI% - ZI%—l]}
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* Process repeated for all stress and moment resultants, finally

resulting in:
NY T 101 [NT] [NM]
XX A1 A2 A Bix Bz Big || &xx X x
Ny | [A2 Ass Agg Bz By Bogl|ley| | Ny Nyy
T M
JNy | _| A6 Aoe Aes Bie Bas Beos ||y | _ | Nuy [ _ )Ny |
Mux| |Bir B2 Big D11 D12 Dig|lhp| [Myx| Mo
My | |Biz Bz Bzg D1z Dz Dogl|ayy| [Myy| [My
Mx] [Bie B2s Bes Dis D26 Des]|xy M Y M M
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Laminate Loading

* Inverting:

%] T @2 as b bo b ]| No* Ny + Ny
Ew| |22 @ ax boy bpy bog || Ny ™ Nyy + Ny
JVxy | |26 326 36 De1 De2 Dee || Niy Nyy + N3y
K| | P11 bo1 b1 dip dip i [[My + M + MM
Ky| [Pz P22 bz dip dyp dag|[Myy +Myy, +M

b b d d d T M
Ky b bog bgs dig dog 66| Myy + My + My
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Simplifications Due to Stacking Sequence

* Various terms within the [ABD] and [abd] matrices are always
zero for certain stacking sequences (see Section 6.7)

* The most important simplification occurs for symmetric
laminates...in this case:

J
~
_/

(N | [A1 A2 Ag 0 0 0 7|ex| [NL| [Ny
Ny | [A2 A Ag 0 0 0 |legy| [NJ| [NM
INw [ _| A6 A6 Aee O 0 0 s INg LN |
M xx 0 0 0 Di; Do Dig ||k 0 0
My | 0 0 0 Dio Dy Dag|ky, 0 0
Myy] |0 0 0 Dy Dy Des Ky| O] L O
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Simplifications Due to Stacking Sequence

* Various terms within the [ABD] and [abd] matrices are always
zero for certain stacking sequences (see Section 6.7)

* The most important simplification occurs for symmetric
laminates...in this case:

EQX _all M2 Mg 0 0 0 | NXX+NTXX+NXI\§I<
Egy dip doo Aog 0 0 0 Nyy+N-)|/—y+N§\//|y

0] T M
[Vxy | — |26 326 366 c 0 O J Ny + Nyy + Ny |
K 0 0 0 diy dip dig M s
Kyl [ O 0 0 dip dypp dg M vy

\/(Xy) i 0 0 0 d16 d26 d66_\ |\/|Xy
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Effective Laminate Properties

 Effective elastic properties of a laminate can be
determined using elements of the [g;] an [d;] matrices

« Extensional (in-plane):

—ex 1 —eX _ —dy9p —e&X 4
Exx = — Vxy =—— MTxxxy =%
taq g ayq
—ex 1 —ex  —ad19 —ex Aog
Eyy =——  Vyx = Mo =28
Yy, Xy
tass aoo aoo
= _ 1 = _ A6 = _ Agp
Gy = 7 xy, xx Txy,yy
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Effective Laminate Properties

 Effective elastic properties of a laminate can be
determined using elements of the [g;] an [d;] matrices

 Flexural (bending):

—fl _ 12 —fl _ —=dj, —f dig
Exx = Vxy = —— n =—
t3d11 dll o dll
— fl 12 —fl _ —djy — i dog
Ey = Vyx = n = —=
t3d22 d22 7 d22
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Program CLT

« Most of the topics included in this review are implemented
In the program CLT (Classical Lamination Theory)
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Laminate Damage Progression and Failure

Last-ply failure
(0° plies fail)

Failure of of O .pﬁes
+45° plies \ inations gphitting
eld

form and grow
First-ply failure /

(90° plies fail)

EAES A
P EY UL
PE DU D
AL
SR
LA,
EZEARAR
RAEARARA

Ny, (or Gy,)

Axial Strain, &,
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Stress element at
interior regions

3-D Stress-State Exists
Near a Free-edge and
Complicate Fallure
Predictions

(see Section 6.13)

Stress element
near free edge
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3-D Stress-State Exists Near a Free-edge and
Complicate Failure Predictions (see Section 6.13)

(Typical results for a [45/-45], laminate subject to uniaxial loading)

3.5 0.35
Oyl Exx
3 — 0.3
~ \ 0,1 &
E ~ 0.25 \
Q - —
\5):2.5 \‘é_l \
g n 0.2
% 2 Tl 6o 0 s \
o ] 17 015 \‘
Nie o N o e
g TS 1 8 )
E L ___ N oo S 01 »
> 1 N = 4 T, &
= TN = 0.05 .
._-': 0 ’/’ ‘-\\\l‘
0.5 - . P
.......... 0.25 0.5 0.75 \
0 : S— , 0.05
0 0.25 0.5 0.75 1
-0.1

Normalized in-plane positiog/b

Normalized in-plane positiog/b
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First-ply Failure Loads and/or First-ply Failure
Envelopes can be Predicted Using Program LAMFAIL

600

----- Max Stress Failure Criterion
Tsai-Hill Failure Criterion
— — Tsai-Wu Failure Criteriopr'

400 -

200 -

-200 -

-400 -

-600 -

Stress Resultai,, (kN/m)
o

-800 -

-1,000 ! | | | | |
-1,000 -800 -600 -400 -200 O 200 400 600

Stress Resultai,, (kN/m)
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Environmental Effects Dramatically Effect Predicted
First-ply Failure Loads

600
AT=4AM=0
400 | AT=-155CAM = 1% L /
7 I | er

N

o

o
!

-200 -

AT =-155C;AM =0
-400 -

Stress Resultaht, (kN/m)
o

-600 -

-800 | | |
-800 -600 -400 -200 0 200 400 600

Stress Resultait, (kN/m)
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Last-Ply Failure Loads Can be Predicted Using the Ply-
Discount Scheme (Program LAMFAIL)

0° plies fail
400 - (last-ply failurey}—___

60° plies fall
30C - (first-ply failure)

30° plies fai

Effective Axial Stress (MP:

0 T T T T T 1
0 1000 2000 3000 4000 5000 60C

Axial Strain am/m)

)0

Predicted stress-strain
curve for a [0/30/60]
laminate



