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KINEMATICS OF
CONTINUA

The man who cannot occasionally imagine events and conditions of existence that are contrary
to the causal principle as he knows it will never enrich his science by the addition of a new
idea. —— Max Planck (1858-1947)
It is through science that we prove, but through intuition that we discover.

—— Henri Poincaré (1854-1912)

3.1 Introduction

Material or matter is composed of discrete molecules, which in turn are made up
of atoms. An atom consists of negatively charged electrons, positively charged
protons, and neutrons. Electrons form chemical bonds. The study of matter at
molecular or atomistic levels is very useful for understanding a variety of phe-
nomena, but studies at these scales are not useful to solve common engineering
problems. Continuum mechanics is concerned with a study of various forms of
matter at the macroscopic level. Central to this study is the assumption that
the discrete nature of matter can be overlooked, provided the length scales of
interest are large compared to the length scales of discrete molecular structures.
Thus, matter at sufficiently large length scales can be treated as a continuum,’
in which all physical quantities of interest, including density, are continuously
differentiable almost everywhere.

Engineers and scientists undertake the study of continuous systems to un-
derstand their behavior under “working conditions,” so that the systems can be
designed to function properly and to be produced economically. For example,
if we were to repair or replace a damaged artery in the human body, we must
understand the function of the original artery and the conditions that led to its
damage. An artery carries blood from the heart to different parts of the body.
Conditions such as high blood pressure and increase in cholesterol levels in the
blood may lead to deposition of particles in the arterial wall, as shown in Fig.
3.1.1. With time, accumulation of these particles in the arterial wall hardens
and constricts the passage, leading to cardiovascular diseases. A possible rem-
edy for such diseases is to repair or replace the damaged portion of the artery.
This in turn requires an understanding of the deformations and stresses caused
in the arterial wall by the blood flow. The understanding is then used to design
a vascular prosthesis (that is, artificial artery).

)

We mean a differentiable manifold with a boundary. Inherent in this assumption is that
material particles that are neighbors will remain neighbors during the motion.
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Fig. 3.1.1: Progressive damage of an artery due to deposition of particles in the arterial wall.

The present chapter is devoted to the study of geometric changes in a contin-
uous medium (such as the artery) that is in equilibrium. The study of geometric
changes in a continuum without regard to the forces causing the changes is known
as kinematics. Sections or subsections that are considered to be too advanced

for a first course can be skipped without loss of continuity (or returned to when
needed).

3.2 Descriptions of Motion
3.2.1 Configurations of a Continuous Medium

Consider a body B of known geometry in a three-dimensional Euclidean space
R3; B may be viewed as a set of particles, each particle representing a large
collection of molecules with a continuous distribution of matter in space and
time. An example of a body B is a diving board. Under external stimuli, body
B will undergo macroscopic geometric changes, which are termed deformations.
The geometric changes are accompanied by stresses that are induced in the body.
If the applied loads are time dependent, the deformation of the body will be a
function of time; that is, the geometry of the body B will change with time. If the
loads are applied slowly so that the deformation is dependent only on the loads,
the body will occupy a sequence of geometrical regions. The region occupied
by the continuum at a given time ¢ is termed a configuration and denoted by k.
Thus, the positions occupied in space R? by all material points of the continuum
B at different instants of time are called configurations.

Suppose that the continuum initially occupies a configuration kg, in which
a particle X occupies position X, referred to a reference frame of right-handed,
rectangular Cartesian axes (X1, X9, X3) at a fixed origin O with orthonormal
basis vectors E;, as shown in Fig. 3.2.1. Note that X (lightface roman letter) is
the name of the particle that occupies location X (boldface letter) in configu-
ration kg, and therefore (X7, Xo, X3) are called the material coordinates. After
the application of some external stimuli (e.g., loads), the continuum changes
its geometric shape and thus assumes a new configuration k, called the current
or deformed configuration. Particle X now occupies position x in the deformed



3.2. DESCRIPTIONS OF MOTION 83

configuration «, as shown in Fig. 3.2.1. The mapping x : B., — B is called
the deformation mapping of the body B from kg to k. The deformation map-
ping x(X,t) takes the position vector X from the reference configuration and
places the same point in the deformed configuration as x = x(X,¢). The inverse
mapping X! : B, — By, takes the position vector x from the deformed config-
uration s back to the reference configuration xg, X = x~!(x,t). It is not always
possible to construct the inverse mapping x~!(x,t) from a known deformation
mapping x(X,t). In the following discussion, we shall use x (X, t) to denote the
deformation mapping and x to denote the value of x(X,t).

X, X3
Reference
configuration, K = K, Xy, X,

Particle X occupying |
position X

Current
.conﬁguration, K

Particle X occupying
position x

x, X

Fig. 3.2.1: Reference and deformed configurations of a body.

A nonrotating frame of reference is chosen, explicitly or implicitly, to describe
the deformation. A frame of reference is a coordinate system with respect to
which a configuration is described (or measured). We shall use the same coordi-
nate system to describe reference and current configurations. The components
X; and x; of vectors X = X El and x = x; €; are along the coordinates used,
with the origins of the basis vectors Ei and €; being the same.

The mathematical description of the deformation of a continuous body fol-
lows one of two approaches: (1) the material description or (2) the spatial de-
scription. The material description is also known as the Lagrangian description,
and the spatial description is known as the Fulerian description. These descrip-
tions are discussed next.

3.2.2 Material Description

In the material description, the motion of the body is referred to a reference
configuration g, which is often chosen to be the initial configuration?, kr = ko,
although any other known configuration can serve as a reference configuration.
Thus, in the Lagrangian description, the current coordinates x € k are expressed
in terms of the reference coordinates X € kg:

2Typically, the initial configuration is one without any stimuli and hence undeformed.
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x =x(X,t), X=x(X,0), (3.2.1)

and the variation of a typical variable ¢ over the body is described with respect
to the material coordinates X and time t:

¢ = p(x(X),t) = ¢(X, t). (3.2.2)

For a fixed value of X € kg, ¢(X, t) gives the value of ¢ at time ¢ associated with
the fixed material particle X whose position in the reference configuration is X,
as shown in Fig. 3.2.2. Thus, a change in time ¢ implies that the same material
particle X, occupying position X in kg, has a different value ¢. Figure 3.2.3
shows the deformation of a fized material volume with time. Thus the attention
is focused on the fixed material of the continuum.

Deformed
configuration

Reference
x5, X3 configuration Particle X,
occupying
position x at

time t,: x=x(X)

Deformed
configuration

Particle X,
LN occupying
E3 , €3 position x at
(0] time fy: X = X(thz)

x, X

Fig. 3.2.2: Reference and deformed configurations in the material description.

x Deformed Xq
Deformed 3 configuration
configuration at time, ¢,
Material path line at time, ¢,

Undeformed
configuration [
(t=0)

X

1

X, x;

Fig. 3.2.3: Deformation of fired material volume with time.
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3.2.3 Spatial Description

In the spatial description, the motion is referred to the current configuration k
occupied by the body B, and ¢ is described with respect to the current position
X € k in space, currently occupied by material particle X:

b= o(x,t), X=X(x1)=x x1). (3.2.3)

The coordinates x are termed the spatial coordinates. For a fixed value of x € &,
o(x,t) gives the value of ¢ associated with a fixed point x in space, which will
be the value of ¢ associated with different material points at different times,
because different material points occupy position x € x at different times, as
shown in Fig. 3.2.4. Thus, a change in time ¢ implies that a different value
¢ is observed at the same spatial location x € k, now probably occupied by a
different material particle X. Hence, attention is focused on a spatial position
x € k. The notation X = X(x,t) is only symbolic because in all practical
cases one is not interested (or does not know) where the material particle X
comes from before it occupies the current position x and where it goes when it
leaves the position. That is, material particles are of no interest in the spatial
description.

When ¢ is known in the material description, ¢ = ¢(X,t), its total time
derivative, D/Dt, is simply the partial derivative with respect to time because
the material coordinates X do not change with time:

D

0
EW(XJ)] = a[qﬁ(X,t)]

_ 09
x fixed !

(3.2.4)

Particle X before
x,,X, enteringthe . .
B domain of interest Par'tl.cle X occupying
A position x at time ¢

in the spatial domain
of interest

Particle X after leaving
the domain of interest

S

o

x, X,

Fig. 3.2.4: Material points within and outside the spatial domain of interest in the spatial
description.
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However, when ¢ is known in the spatial description, ¢ = ¢(x,t), its time
derivative for a given particle, known as the material derivative,? is

b0 1] = 80, + T 29 1)
_9 L 5,209 v (3.2.5)

= — 4w =
at ! 8931 Bt
where v is the velocity v = Dx/Dt = x. Thus, if the velocity of a particle in
the spatial description is v(z,t), then the acceleration of a particle is

azﬁza—vﬂ—v-VV <a-:avi+v~avi>
Dt ot ot Toxy )
Example 3.2.1 illustrates the determination of the inverse of a given mapping
and computation of the material time derivative of a given function.

(3.2.6)

Example 3.2.1

Suppose that the motion of a continuous medium B is described by the mapping x : ko — k,
x(X,t) =x = (X1 + AtX2)é1 + (X2 — AtX1)és + X3 é3,
and that the temperature 7" in the continuum in the spatial description is given by
T(x,t) = c1(z1 + catxa) = 21 + txa,

where, in the interest of brevity, constants ¢; and ¢z are omitted; in SI units, ¢; = 1 K/m and
c2 = 1 /s. Determine (a) the inverse of the mapping x, (b) the velocity components, and (c)
the total time derivatives of 7" in the two descriptions.

Solution: A known deformation mapping x (X, t) relates the material coordinates (X1, X2, X3)
to the spatial coordinates (z1,z2,x3) of a particle X. In the present case, we have

2 1 At 0 Xl
131:X1—|—AtX2, T2 :XQ—AtXl, xr3 = X3 or T2 = | —At 1 0 Xo 3. (1)
xr3 0 0 1 X3

Clearly, the relationships between z; and X; are linear (that is, the mapping is linear). There-
fore, polygons are mapped into polygons. In particular, a unit square is mapped into a square
that is rotated in a clockwise direction, as shown in Fig. 3.2.5. This can be verified by checking
where the four corner points have moved in the “deformed” body:

(X17X27X3) (Il,xz,mg,)
(0,0,0) = (0,0,0)
(1,0,0) - (1, —At,0)
(0,1,0) — (At,1,0)
(1,1,0) - (1+ At,1— At,0)

Note that, in general, the deformed square is not a unit square as the side now has a length
of 1/ cos a, where o = tan™'(At). The reference configuration and deformed configurations at
four different times, t = 1,2, 3, and 4, for a value of A = 0.25, are shown in Fig. 3.2.6.

(a) The inverse mapping can be determined, when possible, by expressing (z1, z2,x3) in terms
of (X1, X2, X3). In the present case, it is possible to invert the relations in Eq. (1) and obtain

X1 1 1 —At 0 1
X2 = - At 1 0 X2 o (2)
Xy [ A+ 1 g o0 14422 | 2

3 As opposed to d/dt, here we use Stokes’s notation D/Dt for material derivative.
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"""" 1 TAt
undeformed %a ... A &+ AX))
1
1.0, x, = (X, — AtX))
x5 =X

Fig. 3.2.5: A sketch of the mapping x as applied to a unit square.

Xy, X,

1.0

x, X,

Fig. 3.2.6: Deformed configurations of the unit square at four different times (A = 0.25).

1

Therefore, we can write the inverse mapping as x ~ : kK — Ko as
1 x1 — Atzo \ - To + Atz \ -~ ~
t)=| — = |E ——— |E Es.

X (x1) <1+A2t2> 1+(1+A2t2) 2+ z3 B3 (3)

(b) The velocity vector is given by v = viB + 1)2]:32, with
Dxq Dxo
V1 Dt 2, U2 Dt 1 ( )

(c) The time rate of change of temperature of a material particle in B is simply

D 0

Di [T(X,t)] = E[T(X’ t)] = 2AtX: + (1 + A) Xo. (5)

x fixed

On the other hand, the time rate of change of temperature at point x, which is now occupied
by particle X, is

D oT oT
E[T(X, t)] = B TV oz

= —2AtX; + (14 A)X,. (6)

—xo+v1-1+ws-t
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In the study of solid bodies, the Eulerian description is less useful because the
configuration x is unknown. On the other hand, it is the preferred description
for the study of motion of fluids because the configuration is known and remains
unchanged, and we wish to determine the changes in the fluid velocities, pressure,
density, and so on. Thus, in the Eulerian description, attention is focused on a
given region of space instead of a given body of matter.

3.2.4 Displacement Field

The phrase “deformation of a continuum” refers to relative displacements and
changes in the geometry experienced by the continuum B under the influence of
a force system. The displacement of the particle X is defined, as shown in Fig.
3.2.7, by

u=x-X. (3.2.7)

In the Lagrangian description, the displacement vector u is expressed in terms
of the material coordinates X:

u(X,t) = x(X,t) - X. (3.2.8)
Y3 X3 Reference
A configuration, X} Xo» XZ

Displacement
vector,
u=x-X
Deformed
configuration, X

A T
e,, E,

X, X,

Fig. 3.2.7: Position vectors in the initial and current configurations and the displacement u
of a particle X.

If the displacement of every particle in the body B is known, we can construct
the current configuration x from the reference configuration kg, x(X,t) = x =
X 4+ u(X,t). On the other hand, in the Eulerian description the displacements
are expressed in terms of the spatial coordinates (or current position) x:

ux,t) =x — x '(x,t) = x — X(x,1). (3.2.9)

To see the difference between the two descriptions further, consider the one-
dimensional mapping x(X,t) = z = X (1 + 0.5¢) defining the motion of a rod
of initial length two units. The inverse mapping is x~!(z,t) = X = z/(1 +
0.5t). The rod experiences a temperature distribution 7' given by the material



3.3. ANALYSIS OF DEFORMATION 89

description T' = 2t2X or by the spatial description T = 2t%z/(1+0.5t), as shown
in Fig. 3.2.8 [see Bonet and Wood (2008)].

tA
X4
4 /X( ) X=1,T=32) X=2 T=64)
X(X.3) ' '
; / (X=1,T=18) (X=2 T=236)
(X2) ' ! (X t)=x=X(1+0.5¢)
2 / X= 1; T-9 (X= 2| T=16) Same material particle
(X=1,T=9) (X=2, T=4) at different x positions
1 T !
L x(X,0)
0 ] | T T T T X x
0 1 2 3 4 5 6

Fig. 3.2.8: Material and spatial descriptions of motion.

From Fig. 3.2.8, we see that the particle’s material coordinate X remains
associated with the particle while its spatial position x changes. The temper-
ature at a given time can be found in one of the two ways: for example, at
time t = 3 the temperature of the particle labeled 2 with material coordinate
X =2is T = 2 x 2(3)2 = 36; alternatively, the temperature of the same
particle, which at ¢ = 3 is at a spatial position x = 2(1 + 0.5 x 3) = 5, is
T = 2 x 5(3)2/(1 + 0.5 x 3) = 36. The displacement of a material point X
occupying position X in kg is

WX, t) =2 — X = X(1+0.5¢t) — X = 05Xt

A rigid body is one in which the distance between any two material particles
remains the same whereas a deformable body is one in which the material particles
can move relative to each other under the action of external stimuli. A rigid-
body motion is one in which all material particles of the body undergo the same
displacement. Then the deformation of a continuum can be determined only by
considering the change of distance between any two arbitrary but infinitesimally
close points of the continuum.

3.3 Analysis of Deformation
3.3.1 Deformation Gradient

One of the key quantities in deformation analysis is the deformation gradient
of k relative to the reference configuration kg, denoted F, which provides the
relationship between a material line dX before deformation and the line dx,
consisting of the same material as dX after deformation. It is defined as follows
(in the interest of brevity, the subscript x on F is dropped):

dx =F-dX =dX -FT, (3.3.1)

F = <§§>T - ((,?;)T = xVo = (Vox)T. (3.3.2)
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Here % denotes the backward gradient operator (see the note at the end of
Section 2.4.5) and V is the forward gradient operator with respect to x. The
subscript 0 on the del operator denotes that the differentiation is with respect
to X (the material coordinates). Many authors [see, e.g., Gurtin (1981); Bonet
and Wood (2008); and Gurtin, Fried, and Anand (2010)] use V in defining
the deformation gradient, but a close look reveals that they actually mean the
backward gradient operator discussed in Section 2.4.5.

By definition, F is a function of both position X and time ¢; F is some-
times referred to as a two-point tensor* (or a linear transformation of points
in the small neighborhood of X from kg into the neighborhood of x in k) be-
cause it describes the local deformation of a material line element at point X
in the reference configuration kg to the point x in the current configuration x;
F involves, in general, both stretch and rotation. For example, in the case of
pure stretch followed by rotation, the deformation of dX into dX’ involves only
pure stretch and the deformation from dX’ into dx involves only pure rotation
(although, in reality, stretch and rotation occur simultaneously). Thus, we can
write dX’ = U -dX and dx = R - dX/, where U is a stretch tensor and R is a
proper orthogonal tensor, R* - R = I and |R| = 1. The tensors U and R can
be interpreted as linear transformations, U : dX — dX’ and R: dX' — dx.
In other words, the linear transformation F : dX — dx is replaced by the
composite transformation F = R - U. The requirement that R be a proper
orthogonal transformation follows from the fact that a pure rotation should not
change the length of the line element dX’:

dx-dx = (R-dX')- (R-dX')=dX'-RT - R.dX' = dX'-dX'.

The multiplicative decomposition of F into pure stretch U and pure rotation R
is discussed further in Section 3.9 on polar decomposition.
In index notation, Eq. (3.3.2) can be written as
81%

F=Fi;&E;, FU:TXJ. (3.3.3)

More explicitly, we have

Ory Oxr1 Ox1
0X1 0Xo 0X3

0. 0 0.
[F] = 836(21 afé 8736(23 ) (3.3.4)

Oz3 Oxz Ozs
0X1 0X2o 0X3

where the lowercase indices refer to the current (spatial) Cartesian coordinates,
whereas uppercase indices refer to the reference (material) Cartesian coordi-
nates. The determinant of [F] is called the Jacobian of the motion, and it is
denoted by J = |F|. The equation F-dX = 0 for dX # 0 implies that a material
line in the reference configuration is reduced to zero by the deformation. Since
this is physically not realistic, we conclude that F - dX # 0 for dX # 0. That

4Strictly speaking, F is not a tensor because its components do not transform like those of a
tensor.



3.3. ANALYSIS OF DEFORMATION 91

is, F is a nonsingular tensor, J # 0. Hence, F has an inverse F~!, and we can
write

0X
dX =F!.dx =dx-F T, where F7T = 5 = VX (3.3.5)
X
and in index notation
_ 1A A _ 00Xy
F L= FJZ»l E] €e;, Jil = sz (336)
In explicit form the matrix associated with F~1 is
0X; 0X; 090Xy
811 612 813
-1 0Xg 0Xao 0X.

0X3 0X3 0X3
Or1 Oz Ox3

Note that [F] stretches or compresses a material vector {X} into the current
vector {z}, while x gives the current position x € k of the material point X
that occupied position X € xg. The deformation gradient and its inverse can be
expressed in terms of the displacement vector as

F=(Vx)' = (Vou+D)T or F'!=(VX)T =(1-vu)'. (3.3.8)
Example 3.3.1 illustrates computation of the components of the deformation
gradient and the displacement vector from known mapping of motion.

Example 3.3.1

Consider the uniform deformation of a square block of side 2 units and initially centered at
X = (0,0). If the deformation is defined by the mapping

x(X) = (3.5 + X1 + 0.5X2) e+ (4 + XQ) é2 + X3 es,

(a) sketch the deformation, (b) determine the deformation gradient F, and (c) compute the
displacements.

Solution: (a) From the given mapping, we have 1 = 3.5 + X1 + 0.5X2, 22 = 4 + X2, and
r3 = X3; in matrix form, we have

1 1.0 0.5 0.0 X, 3.5
z3 0.0 0.0 1.0 Xs 0.0

These are linear relations and therefore the square is mapped, in general, into a parallelogram.
To see where the corner points of the square are mapped to, apply the above equations to the
corner points (no change in X3):

(X1, Xa) (z1,72)
(—-1,-1) — (2,3)
(1,-1) — (4,3)
(1, 1 — (5,5)
(=1, 1) — (3,5)

Thus, under the mapping the square moved and became a parallelogram, centered at (3.5, 4),
as shown in Fig. 3.3.1. The base and height of the parallelogram remained 2 units each.
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X5, % o
* A=¢, F®E)
x, =35+ X, +0.5X,, 5.0 (3,5) (85}
Xy = 4 aF Xg; (35’4)
_x 4.0 .
=X, FE)=6
504 & o
X(X) (2,3) (4,3)
X, =—-15+x, —0.5x,, 9.0~
g, &
X, =—4+x,, 1,1 Z(121)
X _ . . " Eal A
3 = X3 F'(A) " E,, e - X
= 20 30 40 50 o
-1-1) (1D

Fig. 3.3.1: Uniform deformation of a square block of material.

The linear relations in Eq. (1) can be inverted to obtain Xi, X2, and X3 in terms of z1,
T2, and x3:

X 1.0 -0.5 0.0 1 3.5
X, $ =100 1.0 0.0 zo » —<{ 4.0 , (2)
X3 0.0 0.0 1.0 z3 0.0

or X1 =—1.5+z1 — 0.522, Xo = —4 + x2, and X3 = x3. Thus, the inverse mapping is
X_I(X) = (—1.5 + 1 — 0.5$2) E1 =+ (—4 + .1‘2) EQ + x3 Eg, (3)

which recovers the square shape from the parallelogram shape shown in Fig. 3.3.1. This type
of deformation is known as simple shear, in which there exists a set of line elements, in the
present case, lines parallel to the X;-axis, whose orientation is such that they are unchanged
in length and orientation by the deformation.

(b) The components of the deformation gradient and its inverse in matrix form are

dzy Ozy Oz 09X, 90X; 90Xi
80X, 00Xy 90Xz 1.0 0.5 0.0 dz; Oza O3 1.0 -0.5 0.0
Ox oz ox -1 0Xo 0Xgo 90X

[Fl=| 22 22 22 | = |00 1.0 00|, [F7'= |22 2220|100 10 00
dzz Odzz Oz 0.0 0.0 1.0 0X3 90X3 9X3 0.0 0.0 1.0
00X, 00Xy 90X3 Oxy Ozg Ozsz

The unit vectors E; and Es in the initial configuration deform to the lengths

1.0 0.5 0.0 1 1 1.0 0.5 0.0 0 0.5
0.0 1.0 0.0 0p=4q0,, [0.0 1.0 0.0 17=4¢1.0
0.0 0.0 1.0 0 0 0.0 0.0 1.0 0 0.0

The unit vector A = €2 in the current configuration is deformed from the vector

1.0 —0.5 0.0] (0 —0.5 X -
0.0 1.0 00[¢13%= 1.0y = F '(A)=—-05E; +E;.
00 00 10| |0 0.0

(c) The displacement vector is given by
u=x—X= (3.5 + 0.5X2)e1 + 4 eq,

which is independent of X;. The displacement components are u; = 3.5 + 0.5X2, uz = 4, and
u3z = 0. Thus, a X2 = constant line moved 4 units up and 3.5 + 0.5X> units to the right.
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3.3.2 Isochoric, Homogeneous, and Inhomogeneous
Deformations

3.3.2.1 Isochoric deformation

If the Jacobian is unity J = 1, then the deformation is volume-preserving or the
current and reference configurations coincide. If volume does not change locally
during the deformation, the deformation is said to be isochoric at X. If J =1
everywhere in the body B, then the deformation of the body is isochoric.

3.3.2.2 Homogeneous deformation

In general, the deformation gradient F is a function of X. If F = I everywhere
in the body, then the body is not rotated but might be rigidly translated. If F
has the same value at every material point in a body (that is, F is independent
of X), then the mapping x = x(X, t) is said to be a homogeneous motion of the
body and the deformation is said to be homogeneous. In general, at any given
time ¢ > 0, a mapping x = x(X,t) is said to be a homogeneous motion if and
only if it can be expressed as (so that F is a constant tensor)

x=A-X+c, (3.3.9)

where the second-order tensor A and vector c are functions of time ¢ only; ¢ rep-
resents a rigid-body translation. Note that for a homogeneous motion we have
F=A. Clearly, the motion described by the mapping of Example 3.3.1 is homo-
geneous and isochoric. Next, we consider several simple forms of homogeneous
deformations.

Pure dilatation. Consider a cube of material with edges of length L and ¢ in the
reference and current configurations, respectively. If the deformation mapping
has the form (see Fig. 3.3.2)

L
X(X) = AX1 61+ AXp82 +AX383, A=, (3.3.10)

then F has the matrix representation

A0 0
[Fl=]0 X 0]. (3.3.11)
0 0 X

& AN (N JE 1—/4—Z A
4 “L= X, Sooook Joce ‘e, xl,)(1
(2) (b)

Fig. 3.3.2: A deformation mapping of pure dilatation.
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This deformation is known as pure dilatation or pure stretch, and it is isochoric
if and only if A =1 (X is called the principal stretch), as shown in Fig. 3.3.2.

Simple extension. An example of homogeneous extension in the Xi-direction,
as shown in Fig. 3.3.3, is provided by the deformation mapping

X(X) = (1+a)X1é1 + X282 + X3 é3. (3.3.12)

The inverse mapping is [because 1 = (1 4+ ) X1, 2 = Xo, and z3 = X3]

Xﬁl(x) = T1 €1 + 19 €y + x3 e3.

1
(1+a)

The matrices of the deformation gradient and its inverse are

l+a 0 0 ) 1 0 0
[Fl=| 0 1 0|, [F]'= 0l+a 0 |. (3.3.13)
0 0 1 T+ 1y 0 14a

For example, a line X9 = a4 bX in the initial configuration xg transforms under
the mapping to the line

ro=Xo=a+bX1=a+ T

1+«

in the current configuration k.

The deformation mapping is linear in X; and X,

X, X x,, X,
\ y4 \
h 17T
7 I | ¥ (X)
/ X b~ =

x,=a+ L VA e
X, = a+bX, I+a R e X
n N W h(ta)

(a) (b)

Fig. 3.3.3: A deformation mapping of simple extension. Typical material lines inside the
body are also shown.

Simple shear. This deformation, also known as uniform shear deformation, as
discussed in Example 3.3.1, is defined by a linear deformation mapping of the
form (see Fig. 3.3.4)

x(X) = (X1 +7yX2)é1 + Xa & + X3 &3, (3.3.14)

where material planes X5 = constant slide in the Xj-direction in linear pro-
portion to Xo, the proportionality constant being -, which is a measure of the
amount of shear. The planes xo = constant are the shear planes and the direction
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along z1 is the shear direction. The matrix representation of the deformation
gradient in this case is

1
[F]=|o
0

O =2

0
0. (3.3.15)
1

The deformation mapping is linear in X; and X,

XZ xzsz

X(X)
5]
h hr=v— 7
X X—L A AL/ X
| [ A '
/I 1 1 I
7 > X, h xl’Xl

(@) ®)

Fig. 3.3.4: A deformation mapping of simple shear. Typical material lines inside the body
are also shown.

3.3.2.3 Nonhomogeneous deformation

A nonhomogeneous deformation is one in which the deformation gradient F
is a function of X. An example of nonhomogeneous deformation mapping is
provided, as shown in Fig. 3.3.5, by

X(X) = Xi(1 +mX2)er + Xao(1 +2X1)é2 + Xz é;. (3.3.16)
The matrix representation of the deformation gradient is

I+mXo mXi 0
[F] = ¥2Xo 14v%X10]. (3.3.17)
0 0 1

The deformation mapping is :
X)) =X (1+yX,)é +X,0+pX)e, + X, é,

h*y,
X, x(X) X, X, !
\ e \ iy
2
h h
|- X
=] X(X)
P > X, A X5 Xl

(a) (b)

Fig. 3.3.5: A deformation mapping of combined shearing and extension. Typical material
lines inside the body are also shown.
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It is rather difficult to invert the mapping even for this simple nonhomogeneous
deformation.

Figure 3.3.6 shows the deformed configuration for the values of A = 1 and
v2 = 371 = 3y = 3. Note that the straight line AC (that is, line Xo = X3) in
the undeformed configuration becomes a curve in the deformed configuration,
although the edges of the deformed configuration remain as straight lines.

xz’ XZ I Y =7= 1
4 — _—
f
. /
K
5
3 ’

K v, =3y=3

— Mapping of the
diagonal AC from &,
(a curve)

05 . T T
1 2

Fig. 3.3.6: The deformed configuration of a unit square under the deformation mapping in
Eq. (3.3.16) for 1 = 1 and 2 = 3.

3.3.3 Change of Volume and Surface

Here we study how deformation mapping affects surface areas and volumes of a
continuum. The motivation for this study comes from the need to write global
equilibrium statements that involve integrals over areas and volumes.

3.3.3.1 Volume change

We can define volume and surface elements in the reference and deformed con-
figurations. Consider three noncoplanar line elements dX®, dX@ and dX®)
forming the edges of a parallelepiped at point P with position vector X in the
reference body B, as shown in Fig. 3.3.7, so that

dx® =F.dx®, i=1,23. (3.3.18)

Note that the vectors dx(®) are not necessarily parallel to or have the same length
as the vectors dX() due to shearing and stretching of the parallelepiped. We
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assume that the triad (dX®, dX®) dX®)) is positively oriented in the sense
that the triple scalar product dX® - dX® x dX®) > 0. We denote the volume
of the parallelepiped as

dv = dXW . dX® x dX® = (N; - Ny x N3) dXVdx@qx®)
= dXWMax@ax®, (3.3.19)

where N; denotes the unit vector along dX#. The corresponding volume in the
deformed configuration is given by

dv = dx - dx? x dx®) = (F-Ny) - (F-N3) x (F-N3) dXVax@ax®),

or
dv = |F|dXWdx@dx®) = jqv. (3.3.20)

We assume that the volume elements are positive so that the relative orien-
tation of the line elements is preserved under the deformation, that is, J > 0.

Thus, J has the physical meaning of being the local ratio of current to reference
volume of a material volume element.

Fig. 3.3.7: Transformation of a volume element under a deformation mapping.

3.3.3.2 Area change

Next, consider an infinitesimal vector element of material surface dA in a neigh-
borhood of the point X in the reference configuration, as shown in Fig. 3.3.8.
The surface vector can be expressed as dA = dA N, where N is the positive unit
normal to the surface in the reference configuration.

Suppose that dA from the reference configuration becomes da in the current
configuration, where da = da n, ni being the outward unit normal to the surface
in the current configuration. The outward unit normals in the reference and
current configurations can be expressed as
leNz F-flle-flg

h = . 3.3.21
» BT IF A < F iy (3:3:21)
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Xl
(a)

Fig. 3.3.8: Transformation of a surface element under a deformation mapping.

The areas of the parallelograms in the reference and current configurations are
dA = |N| x Ny| dX;dXs, da=|F-f; xF-fy|dr; des. (3.3.22)

The area vectors are

dA = NdA = 122 Ny x Ny| dX; dX,
’Nl X Ng‘
= (Nl X Ng) dX1 dX2 = (fl1 X flg) dX1 ng, (3323)
F-n F-n
da=fda= — 21X R 5 S F - fio| ey dao
’F sNnq X F. 1’12|

Then it can be shown that (see the result of Problem 3.16)
da=JFT.dA or nda=JF T .NdA. (3.3.25)

3.4 Strain Measures
3.4.1 Cauchy—Green Deformation Tensors

The geometric changes that a continuous medium experiences can be measured
in a number of ways. Here, we discuss a general measure of deformation of a
continuous medium, independent of both translation and rotation.

Consider two material particles P and Q in the neighborhood of each other,
separated by dX in the reference configuration, as shown in Fig. 3.4.1. In the
current (deformed) configuration the material points P and Q occupy positions
P and Q, and they are separated by dx. We wish to determine the change in
the distance dX between the material points P and Q as the body deforms and
the material points move to the new locations P and Q.
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The distances between points P and Q and points P and Q are given, re-
spectively, by

(dS)? = dX - dX, (3.4.1)
(ds)? =dx-dx =dX - (F' . F).dX =dX - C-dX, (3.4.2)
where C is called the right Cauchy—Green deformation tensor

C=FT.F (3.4.3)

By definition, C is a symmetric second-order tensor. The left Cauchy—Green
deformation tensor or Finger tensor is defined by

B=F FT, (3.4.4)

which is also a symmetric tensor.
Recall from Eq. (2.4.25) that the directional (or tangential) derivative of a

field ¢(X) is given by
d¢

@ZN'VOQba N =

dX dX
—_— = 3.4.5
|dX] dS’ ( )
where N is the unit vector in the direction of dX at point X. Therefore, a param-
eterized curve in the deformed configuration is determined by the deformation
mapping x(5) = x(X(S5)), and we have (F = F;;é; E; and N = NxEg)

dx dX dX ¢ .

E—ﬁ~VOX(X)—F-ﬁ—F-N—FiJNJeZ. (3.4.6)
Note that dx/dS = F;;N;é; is a vector defined in the current (deformed) con-
figuration because €; is a unit vector in the current configuration.

Xy, X5
K, (time t = 0)

Xy, X,

K (time t)

%, X,

Fig. 3.4.1: Points P and Q separated by a distance dX in the reference configuration xo take
up positions P and Q, respectively, in the deformed configuration x, where they are separated
by distance dx.
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The stretch of a curve at a point in the deformed configuration is defined as
the ratio of the deformed length of the curve to its original length, A = ds/dS.
Let us consider an infinitesimal length dS of the curve in the neighborhood of
the material point X. Then the stretch A of the curve is simply the length of the
tangent vector F - N in the deformed configuration

A2(8) = (F-N)-(F-N) (3.4.7)
=N.-(FT.F).N=N.C-N. (3.4.8)

Equation (3.4.8) holds for any arbitrary curve with dX = dSN, and thus
allows us to compute the stretch in any direction at a given point. In particular,
the square of the stretch in the direction of the unit base vector Ej is given by

M(E;)=E;-C-E;=Cy; (nosum on ). (3.4.9)

That is, the diagonal terms of the right Cauchy—-Green deformation tensor C
represent the squares of the stretches in the direction of the coordinate axes
(X1, X9, X3). The off-diagonal elements of C give a measure of the angle of
shearing between two base vectors E; and E;, for I # J, under the deformation
mapping x. Further, the squares of the principal stretches at a point are equal
to the eigenvalues of C. We shall return to this aspect in Section 3.9 on the polar
decomposition theorem.

3.4.2 Green—Lagrange Strain Tensor

The change in the squared lengths that occurs as a body deforms from the
reference to the current configuration can be expressed relative to the original
length as

(ds)? — (dS)* = 2dX - E - dX, (3.4.10)

where E is called the Green—St. Venant (Lagrangian) strain tensor, the Green—
Lagrange strain tensor, or simply the Green strain tensor.® The Green-Lagrange
strain tensor can be expressed, in view of Eqs. (3.4.1)-(3.4.3), as

B—}(F"-F-)=}(C-1

=1 [T+ Vou)- I+ Vou)" —1I]
=1 [Vou+ (Vou)" + (Vou) - (Vou)'], (3.4.11)
where Eq. (3.3.8) is used in writing F in terms of Vou. By definition, the
Green—Lagrange strain tensor is a symmetric second-order tensor. Also, the
change in the squared lengths is zero if and only if E = 0.
The vector form of the Green—Lagrange strain tensor in Eq. (3.4.11) allows us
to express it in terms of its components in any coordinate system. In particular,

in the rectangular Cartesian coordinate system (X7, X9, X3), the components of
E are given by

SReaders should not confuse the symbol E used for the Green-Lagrange strain tensor and E;
used for the basis vectors in the reference configuration. One should always pay attention to
different typefaces and subscripts used.
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E[J _ 1 61” auJ 4 8uK 8uK
0Xy; 0X; 0X;0Xy

where summation on repeated index (K) is implied. Clearly, the last term
in Egs. (3.4.11) and (3.4.12) is nonlinear in the displacement gradients. In
expanded notation, the Green—Lagrange strain tensor components are given by

1 [ 8U1 2 8u2 2 8u3 4
== tsllav | Tlav ) T 5
oxX, 2|\ oxy X, 0X1) |
Foy — 8UQ + 1 [ 8u1 2 BUQ 2 8U3 4
270X, 2|\ 09X, 0X, 0X,

. 8U3 1 [ 6u1 2 BUQ 2 aU3 2
po - g (2 (an) o) 419
+ +

<8u1 OUQ 8’&1 8’&1 OUQ OUQ 8u3 8u3)

(3.4.12)

09X, X, T 9X10X, | 9X10X, | 09X, 0Xs

8U1 T 8u3 + 8’LL1 8U1 T aUQ aUQ + 8U3 8U3
0X3 90Xy, 0X10X3 0X10X3 0X10X3)’
1 8u2 8u;>, + 8u1 8u1 + 8uQ 8uQ + aU3 Bug

- 2\0X;  0Xy 0X50X3 0X20X3 0X20X;3

The components F1, Eso, and F33 are termed normal strains and E12, Fog, and
E43 are called shear strains, as shown in Fig. 3.4.2.

1284 | X,—face

32

Deformed body E,, J:
| _>E22
erace “ )‘ E
E21 >

11

E,, —Strain in the I™ direction onthe J™ face

Fig. 3.4.2: Green-Lagrange strain tensor components in rectangular Cartesian coordinates.

3.4.3 Physical Interpretation of Green—Lagrange Strain Tensor
Components

To see the physical meaning of the normal strain component F11, consider a line
element initially parallel to the Xi-axis, that is, dX = dX;E; in the reference
configuration of the body, as shown in Fig. 3.4.3. Then

(ds)? — (dS)? = 2E;;dX;dX; = 2Fy; dX, dX, = 2Ey; (dS)2.
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ou
X +—
L) ¢

dx,

‘Xl

Fig. 3.4.3: Physical interpretation of normal strain component Fi;.

Solving for E71, we obtain

B = SR sz

@s)2  ~ 2l\gs

where the initial and final lengths are given by (approximating the curve as a
straight line)

9 /0 2
(dS)? = (dX1)%,  (ds)? = (Xm + 8;?1Xm> + <€9u)<'21dX1> . (34.14)

Thus, we have

aul aUI 2 8'1,62 2
_1|o0Ur Ouy. Duy
E11_2[28X1+<8X1> +<(9X1> .
We can also write
RS edsyt gy
Pr=e gy T [(ds) 1} =3 (M -1), (3.4.15)

where ) is the stretch of the line element dX:

A= % =14+ 2F1;. (3416)

The shear strain components Ery, I # J, can be interpreted as a measure
of the change in the angle between line elements that were perpendicular to
each other in the reference configuration. To see this, consider line elements
dX1) = dX1E1 and dX 2 = ngEg in the reference configuration of the body,
which are perpendicular to each other, as shown in Fig. 3.4.4. The material line
elements dX™) and dX®? occupy positions dx!) and dx®, respectively, in the
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deformed body. Then the cosine of the angle between the line elements OQ and
OP in the deformed body is given by [see Eq. (3.3.1)]
dx . gx(2)

|dxW)| |dx )|

[dX(l) FT].[F- dX(2)]

~

cosfip = 1Nj -Ng =

= ) 3.4.17
VdXD) . C - dXWVdX? . C - dX® ( )
In view of the relations
C=FT.F, N, =E;, Ny,=E,, (3.4.18)
we have )
N1 -C- NQ 012
cos 19 = = — = ;
VN - C-N;VNy-C-Ny VCuvCx
or
2F
cos B = Cia = 12 (3.4.19)

A2 \/(1+2E11)\/(1+2E22) ’
Thus, 2F2 is equal to the cosine of the angle between the line elements, 619,
multiplied by the product of extension ratios A\; and Ag. Clearly, the finite strain
FE15 depends not only on the angle 612 but also on the stretches of elements
involved. When the unit extensions and the angle changes are small compared
to unity, we find that 2F; is the decrease from m/2:

T _

3 912 ~ sin(% — 012) = COS 912 ~ 2E12. (3420)

N,
X,

., dX® =dx k,
E, dX® = dx,E,

Fig. 3.4.4: Physical interpretation of shear strain component Ejs.

3.4.4 Cauchy and Euler Strain Tensors

Returning to the strain measures, the change in the squared lengths that occurs
as the body deforms from the initial to the current configuration can be expressed
relative to the current length. First, we express dS in terms of dx as

(dS)? =dX-dX =dx-(F"T-F1).dx =dx-B-dx, (3.4.21)
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where B is called the Cauchy strain tensor
B=FT.F! B'!=B=F FT, (3.4.22)
and B is the left Cauchy—Green tensor or Finger tensor. We can write
(ds)* — (dS)? = 2dx - e - dx, (3.4.23)

where e, called the Almansi-Hamel (Eulerian) strain tensor or simply the Euler
strain tensor, is defined as

e={(I-FT.F')=}(1-B) (3.4.24)
=i1I-I-Vu) -I-Vu']
=1[Vu+ (Vu)' - (Vu)- (Vu)']. (3.4.25)
The rectangular Cartesian components of C, B, and e are given by
Oxp 0O - 0Xk 0X
Cry= S5k 9% - JAK AR (3.4.26)

:8X18XJ’ CA 81’1 a$j7

e l i — = l 7‘7 —_ = = . .4.2
6] 2 < J 82?@ 8xj ) 2 <8:Bj + 6.%'1 6.%'1 8.%’j (3 7)

Examples 3.4.1 and 3.4.2 illustrate the calculation of various measures of strain.

Example 3.4.1

For the deformation given in Example 3.3.1, determine the Cartesian components of the right

Cauchy—Green deformation tensor C, the Cauchy strain tensor B, and the Green-Lagrange
and Almansi strain tensors, E and e.

Solution: The components of the right Cauchy—Green deformation tensor and the Cauchy
strain tensor are

1.0 0.0 0.0] [1.0 0.5 0.0 1.0 0.50 0.0
[C] = [F]*[F]= |05 1.0 0.0| |00 1.0 0.0| = |05 1.25 0.0 |,

0.0 0.0 1.0 |0.0 0.0 1.0 0.0 0.00 1.0

i 1.0 0.0 0.0] [1.0 0.5 0.0 1.0 —0.50 0.0

[B]=[F][F]"'=|—-05 1.0 00| [00 1.000|=|-05 125 0.0].
0.0 0.0 1.0| |00 0.0 10 0.0 0.00 1.0

The Green-Lagrange and Almansi strain tensor components in matrix form are given by

0.0 0.00 0.0

0.0 0.50 0.0
i el
0.0 0.00 0.0

0.0 050 0.0
[E]=1(C]-[1) =1 [0.5 0.25 0.0 =1 ([I] - [B]) =1 [0.5 ~0.25 0.0] .

Example 3.4.2

Consider the uniform deformation of a square block B of side length 2 units, initially centered
at X = (0,0), as shown in Fig. 3.4.5. The deformation is defined by the mapping
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X5, %5 &

6.0
5.0
4.0
3.0

2.0
E,
(-1,23)~ LD &
\(>
F'(A) — = T >X1, %
K| 20 30 4.0 50 6.0 7.0 8.0
-1-1) @1~

Fig. 3.4.5: Undeformed (xo) and deformed (k) configurations of a rectangular block.

(a) Sketch the deformed configuration s of the body B.
(b) Compute the components of the deformation gradient F and its inverse.

(¢) Compute the components of the right Cauchy—Green deformation tensor C and Cauchy
strain tensor B.

(d) Compute Green’s and Almansi’s strain tensor components (Er; and e;;).
Solution:
(a) A sketch of the deformed configuration of the body is shown in Fig. 3.4.5.

(b) Note that the inverse transformation is given by (X3 = x3)

=5 2 {a) - 00) = {702 {5}

X_I(X) = (—1 + 1 — iL’Q)El —+ %(—74— QCCQ)EQ —+ xr3 Eg.

=

or

The matrix form of the deformation gradient and its inverse are

8X21 8X22 210 3 azlzaTzz o 2

[F] =

(¢) The right Cauchy—Green deformation tensor and Cauchy strain tensor are, respectively,

cr=wrE=1[3 3. m=wer=1[" 3.

(d) The Green and Almansi strain tensor components in matrix form are, respectively,

[E]zé([F]T[FHI]):i[g 3}, [e]:%([l]f[F]’T[F]’l):%{8 _3]
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3.4.5 Transformation of Strain Components

The tensors E and e can be expressed in any coordinate system much like any
second-order tensor. For example, in a rectangular Cartesian system, we have

E = E[J E[EJ, e = eijéiéj- (3.4.28)
Further, the components of E and e transform according to Eq. (2.5.21):
EIJ =lixklirL Exr, €5 = 2 Ejg ekrr, (3.4.29)

where ¢1; (¢;;) denotes the direction cosines [see Eq. (2.2.71)].

Example 3.4.3

Derive the transformation equations between the strain components FEj; referred to
(X1,X2,X3) and Ers in the new coordinate system (X1, X2, X3), which is obtained by ro-
tating the former about the X3-axis counterclockwise by the angle 6.

Solution: The two coordinate systems are related by [see Eq. (2.2.70)]

X1 cosf sinf 0 X1 X,
Xy p = | —sinf cosd 0 Xo p=[L]< X2 ». (3.4.30)
Xs 0 0 1| | xs X3

Transformation of strain tensor components follows those of a second-order tensor [see Eq.
(2.5.21), and note that [L]™' = [L]"]

[E] = [L[EN[L])Y;  [E] = [L]"[E][L). (3.4.31)

Carrying out the indicated matrix multiplications and expressing the result in single-column
format, we have

En [cos?6 sin®6 0 0 0 —+sin207 ( By
gm sin?f cos’6 0 O 0 1 sin 20 gﬂ
33 -1 0 o 1 0 0 0 e L 3.4.32
2Bz 0 0 0 cosfsind 0 2E23 ( )
2E3 0 0 0 —sin@ cosf 0 2FE3
2E12 | sin20 —sin200 0 0 cos20 | (2Emn
The inverse relations are
En [ cos®@ sin®00 0 0 1sin207 ( B,
gm sin0 cos200 0 0 —isin26 gm
33\ _ 0 0 1 0 0 0 33 L 3.4.33
2E23 0 0 0cosf —siné 0 2E5;3 ( )
2Fn3 0 0 0sind cosé 0 2E13
2F12 | —sin26 sin20 0 0 0 cos20 | 2E0

Example 3.4.4

Consider a rectangular block (B) ABCD of dimensions a x b x h, where h is the thickness (very
small compared to a and b). Suppose that block B is deformed into the diamond shape ABCD
shown in Fig. 3.4.6(a), without a change in its thickness. Determine the deformation mapping,
displacements, and strains in the body. Assume that the mapping is a linear polynomial
in X7 and X5. A complete linear polynomial in X; and X is of the form p(Xi,X2) =

a0+ a1X1 + a2 Xo + a3 X1 Xo.
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Xy, X, %y, X,

A A
e e|C

D | €, €,

B

%A ’(61_2~x1,X1 e

——aq——B Ale——a——B 1925
(@ (b)

Fig. 3.4.6: Undeformed (ko) and deformed () configurations of a rectangular block. Typical
material lines inside the body are also shown.

Solution: Let (X1, X2, X3) denote the coordinates of a material point in the reference con-
figuration, k9. The Xgz-axis is taken out of the plane of the page and not shown in the
figure. By assumption, the geometry of the deformed body can be described by the mapping
X(X) =x1€1 + T2 + T3 ég, where

z1 = ao + a1 X1 + a2 X2 + a3 X1 X,

T2 = by + b1 X1 + b2 Xo + b3 X1 X,

T3 = X37
and ao, a1, a2, as, bo, b1, b2, and bs are constants to be determined using the values of (X1, X2)
from the undeformed configuration and the corresponding values of (z1, z2) from the deformed
configuration shown in Fig. 3.4.6(a). The eight constants are determined using the 8 conditions

provided by the coordinate values at points A, B, C, and D. Since point A is at the origin of
the coordinate system, we immediately obtain ap = by = 0. Next, we have

(X1, X2) = (a,0), (z1,@2) = (@,e2) = a1 =1, by="2,
el
?a
(X1,X2):(a,b), (:vl,xg):(a+el,b+eg) — a3 =0, bz = 0.

(X1,X2) =(0,b), (x1,z2) = (e1,b) — az = by =1,
Thus, the deformation is defined by the transformation
X(x) = (X1 + k1 X2)é1 + (X2 + k2X1)é:2 + X3 &3, (1)
where k1 = e1/b and k2 = ez/a. The inverse mapping is given by
x (X)) = T (@ — kizo) Er + =iy (ka1 + 22) E; + 23 Es. (2)
Thus, the displacement vector of a material point in the Lagrangian description is
u =k Xo By + ko X1 Eo. (3)
The only nonzero Green strain tensor components are given by
Eu = 1k3, 2Bn=ki+ks, Exn=31k. (4)

For the infinitesimal case (that is, k1 and k2 are small), we only have the shear strain 2e12 =
k1 + k2. The components of the deformation gradient are

1 ki O
[Fl= |k 1 0
0 0 1

The case in which k2 = 0 is known as the simple shear. The Green’s deformation tensor C is

1+k kit+ks O
C=F"F - [C]=[F|"[F]=|ki+ks 14+k3 0],
0 0o 1

and 2E = C — I yields the results given in Eq. (4).
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The displacements in the spatial description are
U1 = 1 —Xl :leQZ
U2 Z.TQ—XQ =k2X1 =

U3:I3—X3:0.

l_l,iﬁ (=k2m1 + 32) ,
— ki),

ko
= (21

The Almansi strain tensor components are

K1 ks 1/ Kk 2 k2 2]
€11 = — == T+ (| =——= ,
1—kiks 2 |\1=Fkiko 1= kiks
ki + ko kika (k1 + k2)
2e10 = s 6
12 1-— ]flk2 (1 e k1k2)2 ( )
K1ks 1/ Kk 2 B2
€22 = — - = T (| =——=
1—kiks 2 |\1—Fkiko 1— kiks

Alternatively, the same results can be obtained using the elementary mechanics of materials
approach, where the strains are defined as the ratio of the difference between the final length
and original length to the original length. A line element AB in the initial (undeformed)
configuration ko of the body B moves to position AB (pomt A is the same as point A), a;
shown in Fig. 3.4.6(a). Then the Green strain in line AB is given by

E11:EAB—AB AB g/a2 efl—\/lJr 62
NNIE S R

where cubic and higher powers of ez /a are considered to be smaller than ez/a and e3/a* and
thus neglected. Similarly,
2 e1)2 2
) +} —1%%(?) = 1K,

The shear strain 2F52 is equal to the change in the angle between two line elements that were
originally at 90°, that is, change in the angle DAB. The change is equal to, as can be seen from
Fig. 3.4.6(b)

€1

E22=[1+ (b

2F;, = /DAB — /DAB = %1 + 2 =tk

a
Thus, the strains computed using mechanics of materials approach, when terms of order higher
than e?/b® and e3/a” are neglected, yield the same as those in Eq. (4). On the other hand, if
we define F11 and Es as (consistent with the definition of the Green—Lagrange strain tensor),

_ (AB)? — (AB)? _ a’®+e3 . e3 9
2F1 = (AB)? ="z 1= 2= ks,
(AD)2 — (AD)?  b* +¢? e,

2F5 = (AD)? =~ = =i k1,

we obtain the results in Eq. (4) directly, without making any order of magnitude assumption.
Thus, in general, the engineering strains defined in mechanics of materials and the Green—
Lagrange strains are not the same.

The axial strain in line element AC is [see Fig. 3.4.6(b)]

AC — AC
- \/m\/a+€1

AC
\/a2+b2+61+€2+2a61+2b62—1

1

Eac = + (b+e2)? —

V4 2+b2

[1+ €2 + e2 + 2aeq + 2bes

a? + b?
= st [a®k3 + 2ab(k1 + k2) + b°K3] .

61 + 62 + 2ae1 + 2bes
a? + b2

— 1=

1
2
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The axial strain Fac can also be computed using the strain transformation equations
(3.4.29). The line AC is oriented at § = tan~'(b/a). Hence, we have

/311:(:059:#, ,BlgzsinG’:L,
1/012_’,_b2 1/012_|_b2
b a
= —sinf=——2 —cosf= —o
B21 sin PR 22 = cos g

and

Eac = B = B1if1;Eij = B11B11F11 + 2611 P12 E12 + Bi2fi2 Bz
= sz [0k + 2ab(k1 + k2) + 0K

which is the same as that computed previously.

3.4.6 Invariants and Principal Values of Strains

The principal invariants of the Green—Lagrange strain tensor E are [see Egs.
(2.5.16) and (2.5.17)]

Ji=trE, Jp= % [(trE)z —tr (EQ)} . J; = |E|, (3.4.34)

where the trace of E, tr E, is defined as the double-dot product of E with the
identity tensor [see Eq. (2.5.15)]

trE=E:L (3.4.35)

In terms of the rectangular Cartesian components, the three principal invariants
of E have the form

J=Ei, Jo=3(EnEs; — EyEn), Js=|El. (3.4.36)

It is of considerable interest (e.g., in the design of structures) to know the
maximum and minimum values of the strain at a point. The eigenvalues of the
matrix of the strain tensor (see Section 2.5.6), when ordered from large to small,
characterize the maximum and minimum normal strains, and the eigenvectors
represent the planes on which they occur. The maximum shear strains can be
determined once the maximum normal strains are determined. The eigenvalues
of a strain tensor are called the principal values of strain, and the corresponding
eigenvectors are called the principal directions of strain.

The eigenvalue problem associated with the strain tensor E is to find p and
X such that

EX = puX forall X #0; |[[E]—ull]]=0, (3.4.37)

where p are the principal values and {X} are the principal directions. The
characteristic equation is of the form

—ud + Iip? = Jop+ J3 = 0. (3.4.38)

Three eigenvalues p1, o, and pz provide the three principal values (one of them
is the maximum and one of them is the minimum) of normal strain.
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The maximum shear strains E,, s are computed from (for additional discussion
see Section 4.3.3)

EZS = %(Ml — ,ug)Q for n= %(él + ég),
Bl =(m—ps)” for =15 (61 +e3), (3.4.39)
E2 = %(Mg — ,u3)2 for n = %(ég + é3).
The largest shear strain is given by
(Ens)max = 5 (ftmax — Hmin) (3.4.40)

where fimax and fimin are the maximum and minimum principal values of strain,
respectively. The plane of the maximum shear strain lies between the planes of
the maximum and minimum principal strain (that is, oriented at +£45° to both
planes).

Example 3.4.5 deals with the computation of principal strains and their di-
rections.

Example 3.4.5

The state of strain at a point in an elastic body is given by (1072 in./in.)

(] = | -

O =
OO =
w oo

Determine the principal strains and principal directions of the strain.

Solution: In this case, we know from the given matrix that u = 3 is a root with eigenvector
X®) = +Ej;. The principal invariants of [E] are

Ji=440+3=7, L=1[?-4-3"-2x(-4)°] =-4, J3=|E|=-48.
Hence, the characteristic equation is
P T A —48=0 — (—p®+4p+16)(u—3)=0.
Then the roots (the principal strains) of the characteristic equation are (10~2 in/in.)
=3, p2=21+V5), pz=2(1-V5).

The eigenvector components X;l) associated with F1 = p; = 3 are calculated from

4-3 -4 0 bel)

-4 0-3 0 XM =405,
— 1

0 0 3-3] | x( 0

which gives Xfl) = 4X2(1) = 0 and 74X1(1) = 3X§1) = 0, or X{l) = Xél) = 0. Using the
normalization (Xfl))2 —+ ()(2(1))2 + (X?(,l))2 = 1, we obtain X:,(,l) = 1. Thus, the principal
direction associated with the principal strain E; = 3 is {X}T = £{0,0,1} or XV = +E3.
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The eigenvector components associated with principal strain Es = ps = 2(1 + v/5) are
calculated from
A—py —4 0 g 0
~4  —pz 0 TS =40,
— 2
0 0 3—p] | x® 0

—0.851
X3P = 206D _ _j618x70, xP =0 => {XxV)=2 { 8.8(2)8 } .

which gives

Similarly, the eigenvector components associated with principal strain E3 = p3z = 2(1 — v/5)
are obtained as

0.526
Xx® = 242653 —1618xY, xP =0, = {X®}=2 { 8.38(1) } :

Note that the eigenvectors X(l), X(Z), and X® are mutually orthogonal, as expected.

3.5 Infinitesimal Strain Tensor and Rotation Tensor
3.5.1 Infinitesimal Strain Tensor

When all displacement gradients are small, that is, |[Vou| << 1, we may neglect
the nonlinear terms in the definition of the Green—Lagrange strain tensor E and
obtain the linearized strain tensor e, called the infinitesimal strain tensor. To
derive € from E, we must linearize E by using a measure of smallness.

We introduce the nonnegative function

€(t) = [Voulls = sup [Voul, (3.5.1)
Xekr

where “sup” stands for supremum or the least upper bound of the set of all
absolute values of Vou defined for all X € x. If f(Vou) is a scalar-, vector-, or
tensor-valued function in the neighborhood of Vou = 0 so that there exists a
constant ¢ such that

1£(Vou) o < ce”.

we say that f is of the order ", as € — 0, and write f = O(€").
If E is of the order O(e) in Vpu, then we mean

g)u(IJ:O(e) as € — 0.
If terms of the order O(€?), as € — 0, can be omitted in Eq. (3.4.12), then
E]J _ % 8u1 + 8UJ + 6uK 8uK
0Xy; 0X; 0X;0Xy

can be approximated as

By~ (8“1 + a““’) = O(e) as e — 0. (3.5.2)
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Next consider

871[ N 8U[ 8XK o 8u1 <8xK _ auK>

dr;  0Xg Or; O0Xg \ Ox;  Oxj
_ Ouy ' 9
—EéKJ'FO(f)aSE—)O?

8ui o 8uz 81‘k o 8ui 8uk + 8Xk
8XJ_8a:k8XJ_8xk 8XJ aX]
8ui

- ox

Srg + O(e?) as € — 0.

Thus, when terms of the order O(e?), as € — 0, are neglected, it is immaterial
whether the partial derivative of the displacement field u is taken with respect
to z; or X; so that g‘m‘; = g}‘?j; that is, |Vu| ~ |Vou| = O(e¢). In other
words, in the case of infinitesimal strains, no distinction is made between the
material coordinates X and the spatial coordinates x, and it is not necessary to
distinguish between the Green—Lagrange strain tensor E and the Eulerian strain

tensor e. The infinitesimal strain tensor e is defined as [see Eq. (3.5.2)]

E~e=1[Vou+ (Vou)']. (3.5.3)
The rectangular Cartesian components of the infinitesimal strain tensor are
8u[ aUJ
1
=5z + 3.5.4
€1J 2<8XJ+8X[>7 ( )
or, in expanded form,
R 8U1‘ oy — 8u2'
11_78X1’ 22_7{9)(2’
Ous 1 [ Our Ous
€33 X5 €12 = 3 <8X2 + ox, ) ( )

1 aul 8U3 1 aUQ aU3
cs=3 (vt )i =35+ 55 |-
8X3 8X1 8X3 aXZ
The strain components €11, €92, and €33 are the infinitesimal normal strains and

€192, €13, and eo3 are the infinitesimal shear strains. The shear strains y12 = 2¢19,
Y13 = 2€13, and y93 = 2e93 are called the engineering shear strains.

3.5.2 Physical Interpretation of Infinitesimal Strain Tensor
Components

To gain insight into the physical meaning of the infinitesimal strain components,
we write Eq. (3.4.10) in the form

(ds)? — (dS)? = 2dX - & - dX = 2¢;; dX; dX;,
and dividing throughout by (dS)?, we obtain

(ds)? — (dS)? dX; dX;
o2 =2 gij — .
(dS) ds ds
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Let dX/dS = N, the unit vector in the direction of dX. For small deformations,
we have ds + dS ~ 2dS, and therefore we have

ds—dS o

The left side of Eq. (3.5.6) is the ratio of change in length per unit original
length for a line element in the direction of N. For example, consider N along
the X;i-direction. Then we have

ds—dS
as o

Thus, the normal strain €17 is the ratio of change in length of a line element
that was parallel to the Xj-axis in the undeformed body to its original length.
Similarly, for a line element along Xy direction, (ds — dS)/dS is the normal
strain €99, and for a line element along the X3 direction, (ds — dS)/dS denotes
the normal strain e33.

To understand the meaning of shear components of infinitesimal strain ten-
sor, consider line elements dX™) and dX(® at a point in the body, which deform
into line elements dx() and dx(?), respectively. Then we have [see Egs. (3.3.1)
and (3.4.3), and the first line of Eq. (3.4.11)]:

dxW . dx@ = gXO . FT.F. gX® = gXV . C.¢xX®
= dX®W . (I+2E)-dxX?
= dXW . gX® 4 24XV . E . dX®?. (3.5.7)

Now suppose that the line elements dX(®) and dX® are orthogonal to each
other. Then
dxW . dx? = 24XV . E . gX?@,

or

2dXM . E - dX® = dzWdz® cosd = deVda® cos(§ — 71 — 72)
= dzWdz® sin(y; + y2) = deMdz? sin~, (3.5.8)

where 6 is the angle between the deformed line elements dz") and dz(® and
v = 71 + 2 is the change in the angle from 90°. For small deformations, we take
siny =~ ~, and obtain

dx @) dX(2)

T X

where N = dX® /dz() and N@ = dX® /dz?) are the unit vectors along the
line elements dX®) and dX(?, respectively. If the line elements dX® and dX®@
are taken along the X; and X, coordinates, respectively, then we have 215 = 7.
Thus, the engineering shear strain ;2 = 2e12 represents the change in angle
between line elements that were perpendicular to each other in the undeformed
body.
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3.5.3 Infinitesimal Rotation Tensor

The displacement gradient tensor can be expressed as the sum of a symmetric
tensor and a skew symmetric tensor. We have

(Vo' =1 [(Vu)' + Vu] + 1 [(Vu)T - Vu] =+ Q, (3.5.10)

where the symmetric part is similar to the infinitesimal strain tensor (and € ~ e
when |Vu| ~ |Vou| << 1), and the skew symmetric part is known as the
infinitesimal rotation tensor
Q=1[(Vu' - Vu]. (3.5.11)

We note that there is no restriction placed on the magnitude of Vu in writing
Eq. (3.5.10); € and Q do not have the meaning of infinitesimal strain and
infinitesimal rotation tensors unless the deformation is infinitesimal (that is,
|[Vou| =~ |Vul).

From the definition, it follows that €2 is a skew symmetric tensor, that is,
QT = —Q. In Cartesian component form we have

j = %(Ui,j — Uji) Qij = —Qy;. (3.5.12)

Thus, there are only three independent components of €2:

0 Q2 M3
[Q] = |- 0 Qo3]. (3513)
13 {23 0O

The three components can be used to define the components of a vector w,

Q=-C - w or w:—%é’:ﬂ,

2 (3.5.14)
Q’L] = _e’L]kJ Wi or W; = ) el]]{? Q]k’?

where £ is the permutation (alternating) tensor, £ = e;;;€;€;€;. In view of Eqgs.
(3.5.11) and (3.5.14), it follows that

0
w; = %eijk P or w= %V X U. (3.5.15)
81L‘j
Infinitesimal displacements of the form du = € - dx, where 2 is independent of

the position x, are rigid-body rotations because
dui = Qij dCL‘j = —Cijk Wk d.Tj = —(dX X w)l = (w X dX)l or du=w X dx.

Thus, w represents the infinitesimal rotation vector; its magnitude is the angle of
rotation and its direction gives the axis of rotation. We also note that V-w = 0.
Such vectors are called solenoidal. A rigid-body motion is one in which the
relative distance between points is preserved.

Certain motions do not produce infinitesimal strains but they may produce
finite strains. For example, consider the following deformation mapping:

X(X) = (b1 + X1 + 2 X3 — c3X2) &1 + (b2 + Xo + c3X1 — ¢1X3) &
+ (bg + X34+ 1 Xo — CQXl) ég, (3516)
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where b; and ¢; (i = 1,2, 3) are arbitrary constants. The displacement vector is

u(X) = (b1 + 2 X3 — c3X2) €1 + (b2 + c3X1 — c1.X3) €2

+ (bg +c1 X9 — CQXl) és. (3.5.17)
Therefore, we have

8U1 —0 8u1 — ¢ 8U1 — ¢

oxX, 90X, Y ax3 ¥

Qup _ ~ Oup o Oup

0xX: ¥ 09X, ' 0Xs "

Ous _ ~ Oug _  Ouz _

0X: 70Xy, U 09Xy

Then the components of the deformation gradient F and left Cauchy—Green
deformation tensor C associated with the mapping are

1 —c3 e 1+ c% + c% —c162 —c1c3
[F] = C3 1 —C1 |, [C] = —C1C2 1+ C% + C% —C2C3 s
—cy 1 —cic3 —cocg 1+ c% + c%

and the matrix of Green—Lagrange strain tensor components is

C% +c§ —C1C2 —C1C3
[E] = 5 | —ae A+ —cocs | . (3.5.18)
—C1C3 —C2C3 C% +C%

Note that the linearized strains are all zero. Thus, for nonzero values of the
constants ¢;, the mapping produces nonzero finite strains. When all of the
constants ¢; are either zero or negligibly small (so that their products and squares
are very small compared to unity), then [F] = [I] and [C] = [I], implying that
the mapping F = R represents a rigid-body rotation [that is, U = I; see Section
3.3.1). Figure 3.5.1 depicts the deformation for the two-dimensional case, with
b1 = 2, by = 3, c3 = 1, and all other constants zero. Thus, the finite strain tensor
and deformation gradient give true measures of the deformation. The question
of smallness of ¢; in a given engineering application must be carefully examined
before using linearized strains.

X, A

Fig. 3.5.1: A mapping that produces zero infinitesimal strains but nonzero finite strains.
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Next, consider the mapping

X(X) = (u1 + X1 cos0 — Xosinf) é; + (ug + X;1sinf + Xo cosf) € + X3 é3,
(3.5.19)

where u; and us denote the horizontal and vertical displacements of the point
(0,0,0), as shown in Fig. 3.5.2.

X'2 A x2 4

x(X) =linear in X, and X,

/Z(X)\ ;

> X

1

Fig. 3.5.2: A mapping that produces nonzero infinitesimal strains but zero finite strains.

The components of the deformation gradient F and left Cauchy—Green de-
formation tensor C are

cosf —sinf 0 1 00
[F]= |sinf cosf 0|, [C]=1]0 1 0]. (3.5.20)
0 0 1 0 0 1

Since C = I, we have E = 0, indicating that the body does not experience
stretching or shearing. The mapping is a rigid-body motion (both rigid-body
translation and rigid-body rotation).

If we linearize the deformation mapping by making the approximations cos 6 ~
1 and sinf =~ 0, we obtain

1-6 0 1+6% 0 0
[F]=160 1 0|, [C]= 0 14+6% 0
0 0 1 0 0 1

Thus, the Green strain tensor components are no longer zero. The principal
stretches A\; = Aa = 1 + 62 are not equal to 1, as required by the definition of
rigid-body motion. Owing to the artificial stretch induced by the linearization
of the mapping, the stretches get larger and larger as the block rotates.

3.5.4 Infinitesimal Strains in Cylindrical and Spherical
Coordinate Systems

The strains defined by Eq. (3.5.3) are valid in any coordinate system. Hence,
they can be expressed in component form in any given coordinate system by
expanding the strain tensors in the dyadic form and the operator Vo = V in
that coordinate system, as given in Table 2.4.2 (see also Fig. 2.4.5).
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3.5.4.1 Cylindrical coordinate system

In the cylindrical coordinate system we have

u = u,€, + ug€g + u.e,, (3.5.21)
. 0 1. 0 0
Vo—eraf+f 980+eza , (3.5.22)
oe, A 0éy .
89 = eg, W — —er . (3523)

Using Egs. (3.5.21)—(3.5.23), we obtain [see Eq. (2.5.27)]

ou, ou, 1. . [Ou
Vou - erer or + €y 0 o + eﬁer (T - u6>

or 00
+6,6,2% 168 6“’“+1 + 20 o6
r€ 75, 2€r 02 , Uy 0 9€0
1 ou, Oug . . Ou,
+ egez 50 +eé,6p— 5, +ezezg, (3.5.24)
. 0Ou .. Ou 1. . [Ou,
(Vou) = &85~ + &&=+ ere9(89 —ue)
+ee, 2% 166, % | Yooy (uy 4+ 2%
2Cr or r€z EP 0€o | Ur 90
1,  Ou, . . Ouy . . Ou,
+ rezegﬁ +egeza +ezezg (3525)

Substituting the above expressions into Eq. (3.5.3) and collecting the coefficients
of various dyadics (that is, coefficients of é,é,, .8y, and so on) we obtain the
infinitesimal strain tensor components

I i (L0, iy
o or? T2\ 00 or r )’
ou, Ou, u, 1 0ug
Ery = % ( 92 4F or > , €= —+— ~ 20 (3.5.26)
#=2\9; "r 00 ) " 9z
3.5.4.2 Spherical coordinate system
In the spherical coordinate system, we have
u= uRéR+U¢é¢+UQé9, (3.5.27)
0 1 0 1 0
Vo = e € 3.5.28
0= R T R%0 T Remo ™ 96 (3:5.28)
Br _ o PR _se, 6 _ 4
= s Tan 0, 5, — ©R,
96 " a0 0¢ (3.5.29)
08 e oo e
gp — 08P g = —singer—cosdéy
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Using Egs. (3.5.27)—(3.5.29), we obtain [see Eq. (2.5.29)]

Vou = %l?éz% er + ?E)GR% + %GRQG
Oug Oug 10ug. .
E a—¢—u¢ e¢eR+ a—¢+uR e¢e¢+Ra¢e¢e9
1 8UR . R 1 au¢ A A
+ RSln¢< — u981n¢)e9eR+ Rsingf)(@@ — U@COS¢>€9€¢
1
Rsm¢<8ue + ugsin ¢ + ugy cos gb)eg &y, (3.5.30)
(Vou)T %é}{ ér + (ZUR €s€ er + %eg €Rr
8UR 8u 1 8U0A N
8d> — Ug eRe¢+ ai(b-l-uR e¢e¢+—a—¢ege¢
1 8UR . “ 1 au(j) ~ A~
+ Rsin¢< —uesuub)eReg Rsmtb( uecos¢>>e¢e9
1
+ Rsmgb(a o —|—uRsmqb+u¢cos¢)>e9e9 (3.5.31)

Substituting the above expressions into Eq. (3.5.3) and collecting the coefficients
of various dyadics, we obtain the following infinitesimal strain tensor components
in the spherical coordinate system:

) Loy
€RR = OR’ €¢>¢>— B UR

<¢>

Erp = 3 <R;n¢a(;? + % - ﬁ) , (3.5.32)
Epp = %% (sirluba@lgb F 8815; —u@cotgb) ,

00 = Rsin(l5 <au0 +URSIH¢+U¢COS¢)

3.6 Velocity Gradient and Vorticity Tensors
3.6.1 Definitions

In fluid mechanics, the velocity vector v(x,t) is the variable of interest. Similar
to the displacement gradient tensor [see Eq. (3.5.10)], we can write the velocity
gradient tensor L as the sum of symmetric D and skew-symmetric W tensors:

= (V) =1 [(VV) T+ Vv] +L[(VV)T - Vv] =D+ W, (3.6.1)
where D is called the rate of deformation tensor (or rate of strain tensor) and
W is called the wvorticity tensor or spin tensor:

D=1[(Vvv)'+Vv], W=1[Vv)-Vyv]. (3.6.2)
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It follows that
D={(L+L"), W=3(L-L"). (3.6.3)

The skew-symmetric tensor W (i.e., W' = —W), has only three indepen-
dent scalar components; they can be used to define the scalar components of a
vector w, called the azial vector of W, as follows:

0 —w3 W2
Wij = —ejpwr,  [W]l=1] w3 0 —wy|. (3.6.4)
— W2 w1 0

The scalar components of w can be expressed in terms of the scalar components

of W as
1 1 g 1
w; = —5eisWig = 3Cijhy OF W= 5V xv. (3.6.5)
&

Thus, w is also known as the vorticity vector. Note that V -w = 0 by virtue
of the vector identity (that is, divergence of the curl of a vector is zero). Thus,
the vorticity vector is divergence-free. As discussed in Section 3.5.3, if a velocity
vector v is of the form v = W -x for some skew symmetric tensor W that
is independent of position x, then the motion is a uniform rigid-body rotation
about the origin with angular velocity w. Also note that the first and third
principal invariants of W are zero, and the second principal invariant is equal
to wi + w3 + w%.

3.6.2 Relationship Between D and E

Note that the rate of deformation tensor D is not the same as the time rate of
change of the infinitesimal strain tensor e [see Eq. (3.5.1)], that is, the strain
rate €, where the superposed dot signifies the material time derivative. However,
D is related to E, the time rate of change of Green—Lagrange strain tensor E,
as shown in the following paragraphs.
Taking the total time derivative of the expression in Eq. (3.4.10), we obtain

d d dE .

—[(ds)? — (dS)*] = —[(ds)*] =2dX - — -dX =2dX - E - dX 3.6.6

g L(ds)” = (dS)7] = — [(ds)7] o ,  (3.6.6)
where we used the fact that dX and dS are constants. On the other hand, the
instantaneous rate of change of the squared length (ds)? is

d 9 d d
_ — . — 2 Pppp— = 2 . . 0.
g [(ds)?] g [dx - dx] dx dt<dx) dx - dv (3.6.7)
Because
L= (Vv)! = dv=L.dx, (3.6.8)
Eq. (3.6.7) takes the form [we make use of Eq. (3.6.1)]
d
%[(dsﬁ] =2dx-L-dx=2dx-(D+ W) -dx=2dx-D-dx. (3.6.9)

The second term is zero because of the skew symmetry of W. Now equating the
right-hand sides of Eqs. (3.6.6) and (3.6.9) and noting dx = F - dX = dX - FT
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dX-E-dX=dx-D-dx=dX-F'.D.F.dX,

we arrive at the result

E=F'.D.F. (3.6.10)
Next consider (dx = F - dX)
dv:%(dx): ﬁ;’;] -dX+F-d(Z§():F-dX+O, (3.6.11)
because dX = 0. Then from Eqs. (3.6.8) and (3.6.11) we have
F.-dX =L-dx. (3.6.12)
We also have p
F = @(Vox)T = (Vov)*. (3.6.13)

Note that Vv is the gradient of the velocity vector v with respect to the
material coordinates X, and it is not the same as L = (Vv)'. From Eq. (3.6.12)
or from Eq. (3.6.13) and the identity [see Problem 3.36]

(Vov)! =L - F, (3.6.14)
we obtain

F=L.-F or L=F.-F L (3.6.15)

3.7 Compatibility Equations
3.7.1 Preliminary Comments

The task of computing strains (infinitesimal or finite) from a given displacement
field is a straightforward exercise. However, sometimes we face the problem of
finding the displacements from a given strain field. This is not as straightforward
because there are siz independent partial differential equations (that is, strain-
displacement relations) for only three unknown displacements, which would in
general over-determine the solution. We will find some conditions, known as
Saint-Venant’s compatibility equations, that will ensure the computation of a
unique displacement field from a given strain field. The derivation is presented
for infinitesimal strains. For finite strains the same steps may be followed but
the process is so difficult that it is never attempted (although some general
compatibility conditions may be stated to ensure integrability of the six nonlinear
partial differential equations).

To understand the meaning of strain compatibility, imagine that a material
body is cut up into pieces before it is strained, and then each piece is given a
certain strain. The strained pieces cannot be fitted back into a single continuous
body without further deformation. On the other hand, if the strain in each
piece is related to or compatible with the strains in the neighboring pieces, then
they can be fitted together to form a continuous body. Mathematically, the six
strain—displacement relations that connect six strain components to the three
displacement components should be consistent.
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3.7.2 Infinitesimal Strains

The infinitesimal strain tensor E ~ € is defined in terms of the displacement
vector u as [see Eq. (3.5.3)]

Ou;  Ouy
T i
€= % Vou + (Vou) :| )y Cij = % (aXJ + 8)é> : (371)

We begin with infinitesimal strains in two dimensions. We have the following
three strain-displacement relations:

8u1 — .
8X1 — 11,
8UQ
— = 3.7.2
an €22, ( )
6u1 8U2
4 == = 2.
e + 09X, €12

If the given data (e11,€99,€12) are compatible (or consistent), any two of the
three equations should yield the same displacement components. For example,
consider the following infinitesimal strain field:

e11 = €22 =0, €12 = X1Xo.

In terms of the displacement components uq and us, we have

811,1 811,2 8u1 8U2
— =0 =0 =2X1Xo.
8X1 ’ 8X2 ’ 8X2 * a)(1 e

Integration of the first two equations gives
uy = f(X2), uz=g(X1).

On substitution into the shear strain, we obtain

df  dg
T& + di,le = 2X1Xo,

which cannot be satisfied; if €15 is specified as €19 = ¢1 X1 + 2 X5, it would be
possible to determine f and g, and then u; and wy. Thus, not all arbitrarily
specified strain fields are compatible.

The compatibility of a given strain field can be established as follows. Dif-
ferentiate the first equation with respect to Xs twice, the second equation with
respect to X7 twice, and the third equation with respect to X; and X5 each,

and obtain

83U1 . 32611
0X10X2  9X2’
3 2
Oluz _ Oex (3.7.3)
0X,0X2  0X?
83’&1 + 63U2 —9 82512

0X30X,  0X20X, ~0X10Xs
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Using the first two equations in the third equation, we arrive at the following
relation among the three strains:
Feu  Fem _, Oerr_ (3.7.4)
0X; 0X? 0X10X,
Equation (3.7.4) is called the strain compatibility condition among the three
strains €11, €22, and £12 that ensures the integrability of Egs. (3.7.2) to determine
the displacement components (uy, uz).
A similar procedure can be followed to obtain the strain compatibility equa-
tions for the three-dimensional case. In addition to Eq. (3.7.4), five more such
conditions can be derived, as given below:

82511 82633 —9 82513 (3 7 5)
0X2 ' 9X?  T0X10X3’ "
0? 0? 0?
e P S (3.7.6)
X2 ' 0X2Z  T0X20X;
82611 + 02523 _ 62513 + 02612 (3 7 7)
0X20X3;  0X?  0X10Xs 0X10X3’ "
82622 4 82613 _ 62823 + 82612 (3 7 8)
0X10Xs  0X3 0X10Xy  0X20X3’ o
2 2 2 2
0%e33 0%e12 N 0%e13 n 0%ea3 (3'7.9)

0X10X; 0X?  0X20X; 0X10X3 '

Equations (3.7.4)—(3.7.9) can be written as a single relation using the index
notation

625mn 82€ij B 825im 826jn

OX:0X,  0XmdX,  0X;0X, | 0X:0Xp'
which yields (3)* = 81 equations but only 6, shown in Eqs. (3.7.4)—(3.7.9),
are distinctly different. These conditions are both necessary and sufficient to
determine a single-valued displacement field. Similar compatibility conditions
hold for the rate of deformation tensor D. The vector form of Egs. (3.7.4)—-(3.7.9)
is given by [see Problem 3.39]

Vo x (Vo x E)T =0 or ey ejscijr=0. (3.7.11)
Example 3.7.1 illustrates how to check the compatibility of a given strain
field.

(3.7.10)

Example 3.7.1

Given the following two-dimensional, infinitesimal strain field:

enn=aX1 (X;+X3), en=1icX], c2=cXiXs,
where c1, ce, and c3 are constants, determine if the strain field is compatible.
Solution: Using Eq. (3.7.4) we obtain

0%c11 | OPex %1z
=) =2c01X1 +2c2 X1 — 4e3 X
5X2 + 5X? 9X,0X, c1X1 + 2c2.%1 C3X1

Thus the strain field is not compatible, unless ¢; + ¢c2 — 2¢s = 0.
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Example 3.7.2 illustrates how to determine the displacement field from a
compatible strain field.

Example 3.7.2

Consider the problem of an isotropic cantilever beam bent by a load P at the free end, as shown
in Fig. 3.7.1. To study the beam problem as a two-dimensional elasticity problem, consider
the strain field [strains €11 and €12 are known from a book on mechanics of solids; see, e.g.,
Fenner and Reddy (2012)]:

. PX1X2 o (1+V)P 2 2 o o Z/PX1X2
€11 = Bl €12 = Yol (h X3), €22 =—ven = EI

(3.7.12)

where T is the moment of inertia about the X3-axis (I = 2bh®/3), v is the Poisson ratio, E is
Young’s modulus, 2h is the height of the beam, and b is the width of the beam. Determine if the
strain field is compatible and, if it is compatible, find the two-dimensional displacement field
(u1,u2) that satisfies the kinematic boundary conditions and, therefore, is free of rigid-body
translation and rotation.

Xz
i 8 |
1%
>
sl —-——-———-—-——-—————— —+- = ——»Xl /' O
i<
}4 L >i }{1 M3

Fig. 3.7.1: Cantilever beam bent by a point load.

Solution: (@) Substituting &;; into the compatibility equation (3.7.4), we obtain 0+ 0 = 0.
Thus the strains in Eq. (3.7.12) satisfy the compatibility conditions for a two-dimensional state
of deformation. One can verify that the three-dimensional strains are not compatible; one can
show that all of the compatibility equations except Eq. (3.7.9) are satisfied.

(b) Integrating the strain-displacement equations, we obtain

ouy PX1X» _ PXIX,
X, =€11 = Bl or u; = SET - f(Xz), (3713)
ous  vPX1X» _ vPX1X3
X, ~ 2= BT or U= —pp + g(X1), (3.7.14)

where f(X2) and g(X1) are functions of integration. Substituting w1 and us into the definition
of 2e12, we obtain

Ouy  Ouz  PXP df | vPX3 K dg

= =— - —. 7.1
0X2 0X1 2FE1  dX» 2ET dXy (3.7.15)

But this must be equal to the shear strain known from Eq. (3.7.12):

P df

dg (I1+v)
2EIX1 tix,

G gy B

2 2
dX, ' 2EI dX1 EI 2 =2G)

Separating the terms that depend only on X; and those depend only on X» (the constant term
can go with either one), we obtain

dg P o (1+v)Ph* _ df (2+v)P .,
= 4 x2 LT ¥ AT x2 71
T dX, *3E1 EI dXs 2B 7 (BT
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Since the left side depends only on X; and the right side depends only on X2, and yet the
equality must hold, it follows that both sides should be equal to a constant, say co:

df  2+v)P ., dg P _, (1+v)PR?
dXs 2E1 2~ “gx; TaEr M EI €0
Integrating the expressions for f and g, we obtain

2 P

f(X2) = ( erf) X23+COX2+C1,

2t (3.7.17)

P 3 (1+v)Ph? o

9(X1) = GE]Xf—i( E; X1 —coX1 + c2,

where ¢; and ¢z are constants of integration. Thus, the most general form of displacement field
(u1,u2) that corresponds to the strains in Eq. (3.7.12) is given by

P 2+v)P
ui (X1, Xo2) = ——X7Xo + QXS + co X2 + c1,
2E1 6E1 (3.7.18)
(14 v)Ph? vP 5. P _g o
X1, X)) =———~—X — X1 X —— X7 —coX .
u2(X1, X2) El 1+2E] 1 2+6EI 1 — CoX1+c2

(c) The constants co, c1, and ¢z are determined using suitable boundary conditions. We impose
the following boundary conditions that eliminate rigid-body displacements (that is, rigid-body
translation and rigid-body rotation):

Ul (L,O) = 0, ’LI,Q(L7 0) = 0, Q12

1<8“2 Gty =0. (3.7.19)

0X1  0X: ) X1=L,X2=0

Imposing the boundary conditions from Eq. (3.7.19) on the displacement field in Eq. (3.7.18),
we obtain

X1=L,X2=0 2

ul(L,O) =0 = c = 0,
(1+v)PR*L  PL?

L,0) = L—cy=—
uz(L,0)=0 = el —ecz EI 6EI’ (3.7.20)
( Ous  Ous PL?> (1+v)Ph?
= ) = O, = Co — =
00X, 0X2/ X1=L,X5=0 2E1 2E1
Thus, we have
_PL> (1+v)PR’ _ _ PL®  (1+v)PR’L
©=2gr~ 28I > =% @=3grt2mr - (3.7.21)

Then the final displacement field in Eq. (3.7.18) becomes

PL%X, X2 X2 h2

PL3 X X2 X3 h? X
uz (X1, Xz) = o2 {2—3% <1 —VL%> + L% +3(1+v) 75 <1 — f)] .

ul(Xl,Xg) =

(3.7.22)

In the Euler-Bernoulli beam theory (EBT), where one assumes that L >> 2h and v = 0,
we have u; = 0, and us is given by

pPr? X, X3
u (X, Xo) = 557 (2 -3+ L%) :

while in the Timoshenko beam theory (TBT) we have ui = 0 [E = 2(1+v)G, I = Ah?/3, and
A = 2bh], and us is given by

TBT PL? X X3 PL X1
u s (X)) =eEr (23T v )t raa\lT 1)

Here K denotes the shear correction factor. Thus, the Timoshenko beam theory with shear
correction factor of K, = 4/3 predicts the same maximum deflection, u2(0,0), as the two-
dimensional elasticity theory [see Reddy (2002) for more details on the Timoshenko beam
theory]. Both beam theory solutions, in general, are in error compared to the elasticity solution
(primarily because of the Poisson effect).
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3.7.3 Finite Strains

In the case of finite strains, the compatibility conditions in terms of the defor-
mation tensor® are derived from the mathematical requirement that the curl of
a gradient be zero. Since F is the gradient of x with respect to X, we require
that

Vo x F' =0, (3.7.23)

or, equivalently,

82331' . ({921'2‘
0X;0Xrx OXg0OX;

FiJ’K = Fz’K,J or (3724)

We close this section with a note that the compatibility conditions arise only
when the strains (or stresses) are used to formulate the problem and displace-
ments are to be determined. An example of such a situation arises in plane
elasticity where stresses are expressed in terms of a single function, called stress
function. When boundary value problems in mechanics are formulated in terms
of the displacements or velocities, the question of strain compatibility never
arises.

3.8 Rigid-Body Motions and Material Objectivity
3.8.1 Superposed Rigid-Body Motions
3.8.1.1 Introduction and rigid-body transformation

A rigid-body motion is one that preserves the relative distance between points.
Intuitively, rigid-body motions of a whole body should have no effect on the
values of computed strains, as they are based on the change of length and ori-
entation of line elements in a small neighborhood of a point. However, mathe-
matically, various measures of strains with superposed rigid-body motions may
be expressed in different ways, although the computed values are independent
of the rigid-body motion of the body”.
Consider the motion mapping from Eq. (3.2.1), x : ko — &,

x = x(X,t). (3.8.1)

Then a material particle X of a body, occupying position X in the reference
configuration kg, now occupies a position x in x at time ¢, as specified by the
motion (3.8.1). Under a superposed rigid-body motion, the particle X that is at
X at time ¢t moves to a place x* at time t* = t + a, where a is a constant. In
the following discussion, we shall use an asterisk (*) on all quantities with the
superposed motion. Thus,

x" = x"(X,t") = x" (X, ). (3.8.2)

5The derivation of compatibility conditions in terms of the right Cauchy—Green deformation
tensor C or the Green—Lagrange strain tensor E is quite involved and not attempted here.
"The discussion presented here closely follows that by Naghdi (2001).
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Next, consider another material particle Y of the body in the reference con-
figuration that occupies a position y in k at time t, as specified by the motion
(3.8.1)

y =x(Y,1). (3.8.3)
Under the superposed motion the material particle that is at y at time ¢ moves
to a place y* at time t*. Then we have

v = x* (Y, ) = x* (Y, 1). (3.8.4)

We can use the inverse mapping x ! to write X and Y in terms of x and vy,
respectively. Hence, we have

X' = X*(X(Xa t)7 t) = Y*(Xv t)a y* = X*(Y(Y> t)7 t) = Y*(Y7 t)' (3'8'5)

The superposed rigid-body motions of a whole body should preserve the
distance between all pairs of material particles of the body for all times 0 <t <
T, where T is a finite final time; therefore, we have

T t) X vt = (x—y)" - (x—y),  (386)

or
x—y) T (x*—y)=x—-y)T - (x—y) forall x,y in s at time ¢. (3.8.7)

Noting that x and y are independent of each other, we can differentiate with
respect to x and y successively and obtain

2 [8X§;"t)]T. [8"*(%’5)} — oI, (3.8.8)

or
ox(xn]"_[ox(v.)]
ox N '
Because the left side of the equality depends only on (x,t) and the right side
depends only on (y, ), both must be equal to a function of time only, say QT (¢):

o (xt)]"  [ox(y.t)]
[ 8(x } - [8(y )| Zqr. (3.8.9)
for all x and y in x at time t. Let us set
Gxa(;c,t) = Q(t) for all x in k at time ¢. (3.8.10)

Then we must also have (because y is also in k at time ¢)

ox*(y,t)
T = Q(1).

Therefore, we have

Q' Q=1 (3.8.11)
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Thus, Q is an orthogonal tensor with |Q] = £1. Since the motion under con-
sideration must include the special case X* = x, for which case Q = I, we have
|Q| = £1. Therefore, Q is a proper orthogonal tensor.

Integrating Eq. (3.8.10) with respect to x, we obtain

xX* =x*(x,t) = Q- x +c(t), (3.8.12)

where c(t) is a vector-valued function of time ¢. Equation (3.8.12) represents a
rigid transformation that includes translation ¢ and rotation Q. Thus, at each
instant of time a rigid-body motion is a composition of rigid-body translation
c and a rigid-body rotation Q about an axis of rotation, as well as a time shift
a = t* —t. Figure 3.8.1 shows a sequence of deformation followed by rigid-
body transformation. For pure rigid-body rotation, Eq. (3.8.12) reduces to
x* = Q- x. The transformation in Eq. (3.8.12) preserves the distance between
any two material particles as well as the angle between material lines in the
small neighborhood of a material particle, as established next.

Consider the distance between two material particles occupying positions x
and y in the deformed configuration,

X =y = —y) (X -y =Q (x—y) Q- (x—y)
=(x-y)-(Q"Q) - (x-y)=(x~-y) (x—y) =[xy~
Thus, the distance between any two points is preserved.
Next, we consider two material line segments in the neighborhood of point
X, one connecting x to y and the other connecting x to z. The angle between
the two line segments is

(x-y) (x—2)
x—yllx—z|

cosf =

Now consider the angle between the lines after superposed rigid-body motion:

(x"—y") (x*—z")
x*—y*| [x* -z

cosf* =

Rigid body motion
x*(xn=c()+Q(t) x=x*

Deformation L~

x= 2(X,1) /

Fig. 3.8.1: Deformation followed by superposed rigid-body motion.
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Since the distances are preserved, we have
Q- x-y)]-[Q (x—2)
x* —y*| [x* — 2]
_(x-y) Q' Q) (x-2)
x -yl |x—z|

_(x-y)-(x-2)
x—yl ]2

cosf* =

= cos 0.

The transformation in Eq. (3.8.12) preserves the distance between two material
points and the angle between material lines in the neighborhood of every point
in the body; hence, the transformation also preserves areas and volumes under
the superposed rigid-body motion. Thus, when two frames of references are
involved in measuring deformations (and forces) with one frame of reference
moving rigidly with respect to the other, the measures will be unaffected.

3.8.1.2 Effect on F

To see the effect of superposed rigid-body motion on the deformation gradient,
consider the most general rigid-body mapping in Eq. (3.8.12). Taking the
derivative of Eq. (3.8.12) with respect to X, we obtain

ox* ox
and therefore we have
F* = (Q(t) o\ _p Q'=Q F (3.8.13)
= 5% = = . .8.

Thus, the deformation gradients before and after superposed rigid-body motions
are related by
F*(X,t) = Q(t) - F(X,1). (3.8.14)

Because F is a two-point tensor from a reference configuration, which is inde-
pendent of the observer, to the current configuration, it transforms like a vector.
The respective Jacobians are given by

J=IF|, J=|F|=|Q[|F|=J, (3.8.15)

where the fact that |Q| = 1 is used. Thus the volume change is unaffected by
superposed rigid-body motion.

3.8.1.3 Effect on C and E

To see how the right Cauchy—Green deformation tensor C and the Green—
Lagrange strain tensor E change due to superposed rigid-body motion, consider

c'=F)" FF=(F"Q") (Q-F)=F' ' F=C, (3.8.16)
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where Eq. (3.8.14) and the property QT - Q = I of an orthogonal matrix Q is
used. Hence, by definition [see Eq. (3.4.11)], the Green-Lagrange strain tensor E
and the right Cauchy—Green deformation tensor C, being defined with respect to
the reference configuration, are unaffected by the superposed rigid-body motion:

E=E*, C=C" (3.8.17)

However, the velocities and accelerations of a material point are affected by the
superposed rigid-body motion. For example, consider velocity after imposing
the rigid-body motion (note that dt/dt* = 1)
E A dx* d . s
vi(x*, ") = el e (ct)+Q(t) - x)=¢c(t)+Q(t) - x+Q(t) - v, (3.8.18)
which shows that v* and v are not the same, but one can be calculated from
the other when ¢ and Q are known for the superposed rigid-body motion.

3.8.1.4 Effect on L and D

Here we examine the effect of a superposed rigid-body motion on the velocity
gradient tensor L. We begin with Eq. (3.6.15)

-Q-Q"+Q - F-F'Q"'=Q-Q"+Q-L-Q", (3819

where we have used the following identities:

Q-F'=F'Q' Q'=qQ", Q-Q'=L
From Problem 3.48, it is follows that Q - QT is skew symmetric.
Next consider the symmetric part of L, namely, D. We have

D =1L+ @) =4[Q Q"+Q - L-Q"+Q"-Q+Q-LT-Q"

1
2
=1[Q-L-Q"+Q-L"-Q"]=q -D-Q". (3.8.20)

3.8.2 Material Objectivity
3.8.2.1 Observer transformation

In continuum mechanics each frame of reference represents an observer and,
therefore, transformations between moving frames are termed observer transfor-
mations. The concept of frames of reference should not be confused with that
of coordinate systems, as they are not the same at all. An observer is free to
choose any coordinate system as may be convenient to observe or analyze a sys-
tem’s response. The equations of mechanics are used in different problems and
places and, therefore, they must be independent of frames of reference, that is,
invariant with respect to an observer transformation. A change of observer may
be viewed as certain rigid-body motion superposed on the current configuration,
as illustrated in Fig. 3.8.1.
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In the analytical description of physical events, the following two require-
ments must be followed:

(1) Invariance of the equations with respect to stationary coordinate frames
of reference

(2) Invariance of the equations with respect to frames of reference that move
in arbitrary relative motion

The first requirement is readily met by expressing the equations in vector /tensor
form, which is invariant. The assertion that an equation is in “invariant form”
refers to the vector form that is independent of the choice of a coordinate sys-
tem. The coordinate systems used in the present study were assumed to be
relatively at rest. The second requirement is that the invariance property holds
for reference frames (or observers) moving arbitrarily with respect to each other.
This requirement is dictated by the need for forces and deformations to be the
same as measured by all observers irrespective of their relative motions. Invari-
ance with respect to changes of observer is termed material frame indifference
or material objectivity.

3.8.2.2 Objectivity of various kinematic measures

Let F denote a reference frame with origin at O in which the x is the current
position of a particular particle at time ¢. Let F* be another reference frame with
origin at O* with time denoted with ¢*. Let ¢ be a scalar field when described in
the frame F and ¢* is the same scalar field described with respect to the frame
F*, and let (u,u*) and (S,S*) be the vector and tensor fields, respectively, in
the two frames. Scalar, vector, and tensor fields are called frame indifferent or
objective if they transform according to the following equations:

1. Events x"=c(t)+Q(t) - x, t'=t—a
2. Scalar field OF (X", ) = d(x,1)
3. Displacement vector u*(x*,t") = Q(¢) - u(x, t) (3.8.21)

4. General second-order tensors S*(x*,t*) = Q(t) - S(x,t) - QT (1)
5. Two-point second-order tensors F*(x*,t*) = Q(t) - F(x,1)

where Q(t) is a proper orthogonal tensor that rotates frame F* into frame F,
c(t) is a vector from O to O* that depends only on time ¢, and a is a constant.
For example, x and x* refer to the same motion, but mathematically x* is the
motion obtained from x by superposition of a rigid rotation and translation.
The mapping x* = c¢(t) + Q(¢) - x, derived in Eq. (3.8.12), may be interpreted
as one that takes (x,t) to (x*,¢*) as a change of observer from O to O*, so that
the event that is observed at place x at time t by observer O is the same event
as that observed at place x* at time t* by observer O*, where t* =t — a, and a
is a constant. Thus, a change of observer merely changes the description of an
event. In short, the objectivity ensures that the direction(s) and magnitude are
independent of the coordinate frame used to describe them.
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We have already established in Section 3.8.1, under the following general
rigid-body mapping

x"(X,t") =c(t) + Q(t) - x,t), t*=t—a, (3.8.22)

between observer O and observer O*, that (if the reference configuration is in-

dependent of the observer) the right Cauchy—Green deformation tensor C and

the Green—Lagrange strain tensor E do not change under the observer transfor-
mation, that is, they are objective:

E=E", c=C" (3.8.23)
In addition, the symmetric part of L, namely, D is also objective in the sense
D*=Q-D-QT. (3.8.24)

We have noted that the two observers’ views of the velocity and acceleration of
a given motion are different, even though the rate of change at fixed X is the
same in each case. Thus, velocity and acceleration vectors are not objective.

3.8.2.3 Time rate of change in a rotating frame of reference

Next, consider two frames of reference with both having the same origin, but
one is nonrotating and the other is rotating with respect to the other with an
angular velocity w. Let us use no bars on quantities in the nonrotating system
and bars on quantities in the rotating system. Then the time derivatives of a
vector-valued function A(t) in the two coordinate frames are

; DA dA’ .
A(t)=A'e,, Dr = @ & nonrotating system, (3.8.25)
. DA dA'  _.de .
A(t) = A'e;, = gt A o rotating system.  (3.8.26)
The rate of change de;/dt is given by
de;
dit —wx &, (3.8.27)

because the change is brought about by a rigid-body rotation. To an observer
in the rotating frame, however, the basis vectors appear to be constant:

dA? dA
7_1' = —_— . 8.2
it © (dt ) (3:8.28)

The relationship of the time derivatives in the two frames is thus given by

dA dA .
_ — [ == Al _i
< dt >nonr0t < dt >r0t " (w e )

dA
=(— A. 3.8.29
< dt >r0t e ( )

Thus, in general, the time rates of change of vectors and tensors in the two

frames are related by
d d
- == ) 3.8.30
(dt)nonrot (dt>rot e ( )
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3.9 Polar Decomposition Theorem
3.9.1 Preliminary Comments

Recall that the deformation gradient F transforms a material vector dX at X into
the corresponding spatial vector dx, and it characterizes all of the deformation,
stretch (elongation) as well as rotation, at X. Therefore, it forms an essential
part of the definition of any strain measure. Another role of F in connection with
the strain measures is discussed here with the help of the polar decomposition
theorem of Cauchy. The polar decomposition theorem enables one to decompose
F uniquely into the product of a proper orthogonal tensor and a symmetric
positive-definite tensor and thereby decompose the general deformation into pure
stretch and pure rotation.

3.9.2 Rotation and Stretch Tensors

Suppose that F is nonsingular so that each line element dX from the reference
configuration is transformed into a unique line element dx in the current config-
uration, and conversely. Then the polar decomposition theorem states that F
has a unique right and left (multiplicative) decompositions of the form (see Fig.
3.9.1)

F=R - U=V R (Fir = RixUkr =VijRj1), (3.9.1)
so that
dx=F -dX=(R-U)-dX=(V-R) -dX, (3.9.2)
where U is the symmetric and positive-definite right Cauchy stretch tensor
(stretch is the ratio of the final length to the original length), V is the sym-
metric and positive-definite left Cauchy stretch tensor, and R is the orthogonal
rotation tensor,

R R=1 U=UY v=vTl (3.9.3)
Ay —
= |,
1 |
U [ A _I [ R
/ N \
Stretched prism

Reference
configuration \ / Deformed
(unit cube) R v configuration

Rotated unit cube

Fig. 3.9.1: The roles of U, V, and R in stretching and rotating a unit volume of material in
the neighborhood of X; A; (I =1,2,3) denote the principal stretches.
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In Eq. (3.9.2), U - dX describes a pure stretch deformation in which there
are three mutually perpendicular directions along which the material element
dX stretches (that is, elongates or compresses) but does not rotate. The three
directions are provided by the eigenvectors of U. The role of the rotation tensor
R is to rotate the stretched element, R - U - dX. These ideas are illustrated in
Fig. 3.9.2, which shows® the material occupying the spherical volume of radius
|dX| in the undeformed configuration being mapped by the operator U into
an ellipsoid in the deformed configuration at x. Then R rotates the ellipsoid
through a rigid-body rotation.

x,, X, The ratio of PQ toPQ is the stretch 0, rotation angle in 2D
i PQ=dX PQ=U-dX
BQ
P A

x, X,
x5, X,

Fig. 3.9.2: The roles of U and R in transforming an ellipsoidal volume of material in the
neighborhood of X.

From Egs. (3.9.1) and (3.9.3) it follows that
U=R ' F=R".F, V=F-R!=F .RT, (3.9.4)

U’=U.-U=UT.U=FT'.R-R") F=F'.F=C,
) T ) - T (3.9.5)
VZ=V.V=V.VI=F.(R! R)-FT =F.F! =B,

where C and B denote the right and left Cauchy—Green deformation tensors,
respectively. We also note that

F=R-U=R-U)-(RT.-R)=(R-U-RT) R=V R
=V.-R=R-R). (V.-RI=R-(RT-V.-R)=R-U, (3.9.6)

which show that
U=R' . V.R, V=R -U-R. (3.9.7)
Since C = FT.F and B = F - FT, we have |C| = |B| = |F|> = J? and
therefore |U| = |V| = /|C| = +J (positive because U and V are positive-

definite matrices). In view of Eq. (3.9.1), it follows that |R| = +1, implying
that R is a proper orthogonal tensor. Because FT - F is real and symmetric,

8For clarity, the figure shows stretch and rotation only in the X; — X» plane.
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there exists an orthogonal matrix A that transforms C = FT . F into a diagonal
matrix C:

. M0 0 3.
C=ATCA=|0X0|=) NNOIND, (3.9.8)
0 0] 1=

where )\% are the eigenvalues of C = FT.F = U? and A is the matrix of normal-
ized eigenvectors N (spectral theorem; see Section 2.5.6.3). The eigenvalues
A1 are called the principal stretches and the corresponding mutually orthogonal
eigenvectors are called the principal directions. The tensors U and V have the
same eigenvalues [see Eq. (3.9.7) and note |R| = 1], and their eigenvectors differ
only by the rotation R; Problem 3.56 for a proof. Thus (U = vC)

. )\1 0 0 . 3 . )
U=|0X 0|, U=sAUAT=> \NUNU, (3.9.9)
0 0 ) =1

where N is the normalized eigenvector associated with eigenvalue A; in the
reference configuration. Once the stretch tensor U is known, the rotation tensor
R can be obtained from Eq. (3.9.1) and left stretch tensor V from Eq. (3.9.4)
as

R=F.-U! V=F-R. (3.9.10)

In view of Eq. (3.9.8), the Lagrangian and Eulerian strain tensors can be
expressed in terms of U and V as

3
E=1(U"-1)=3) (A\7—1)NONU, (3.9.11)
I=1
e=3(T-V?) =13 (1-X7)a0a", (3.9.12)
=1

where n(V is the normalized eigenvector in the current configuration. Next, we
consider two examples of the use of the polar decomposition theorem.

Example 3.9.1

Consider the deformation mapping of Example 3.2.1,
{Elz)(l—‘y-At.Xz7 xQZXQ—AtXl, xr3 = X3.

It was shown in Example 3.2.1 that this mapping stretches a unit cube in the X; and X»
directions and rotates about the Xs-axis, as shown in Fig. 3.2.5. Use the polar decomposition
to determine the components of the symmetric right Cauchy stretch tensor U, the rotation
tensor R, and the symmetric left Cauchy stretch tensor V associated with the deformation for
A=0.25 and t = 2.

Solution: The matrices associated with the deformation gradient F' and the right Cauchy—
Green deformation tensor C (depend only on A and ¢, as can be seen from Example 3.2.1) for
A =0.25 and t = 2 are

1.0 0.5 0.0
[F]=|—05 1.0 0.0
0.0 0.0 1.0 0.00 0.00 1.00

1.25 0.00 0.00
, [l =[F"[F] = [0.00 1.25 0.00].
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Thus, [F] is independent of the position X and, therefore, the deformation is homogeneous.
The eigenvalues associated with [C] are A2 = 1.25, A2 = 1.25, and A% = 1.0 for any point in
the body. The matrix of normalized eigenvectors associated with these stretches is the identity
matrix (the jth column is the eigenvector corresponding to the jth eigenvalue)

1.0 0.0 0.0
[A] = |00 1.0 0.0
0.0 0.0 1.0
Then the matrix of the symmetric right stretch tensor U is determined from ([C] = [C] and
[U] = [U)):
M0 0 At 00
UP=[Cl=|0 A o0 or [Ul=[0 X 0],
0 0 A3 0 0 s

where A1 = A2 = 1.1180 and A3 = 1. The matrix of eigenvectors remains the same, and we
have
U = A\1é1€1 + A262€2 + Azészés.

We note that A1 = 1.1180 is the stretch of a line parallel to the X;-axis, Ao = 1.1180 is
the stretch of a line parallel to the Xs-axis, and A3 = 1 is the stretch of a line parallel to
the X3-axis (that is, the body did not undergo deformation in the thickness direction) in the
undeformed body. The stretches can be verified independently by considering, as an example,
the line X; = 0 (of unit length) in the undeformed body. In the deformed body the line has
a length of [ = 1/ cos @ = 1.1180, where tana = At = 0.5 (or a = 26.565° = 0.46365 rad.), as
shown in Fig. 3.9.3.

The matrix associated with the rotation tensor R is determined from Eq. (3.9.10) (1/A; =
0.894427) as

1.0 05 00] [x 0 O 0.8944 0.4472 0.0
[Rl=[FU]" = |—-05 1.0 0.0 [ 0 & 0 |=|-04472 0.8944 0.0
0000 10| |0 0 L 00 00 10

3

We note that the rotation tensor is of the form (6 = —a = —26.565°)

cosf —sinf 0 0.8944 0.4472 0.0
[R] = | sin@ cosf 0| = |—0.4472 0.8944 0.0 |,
0 0 1 0.0 0.0 1.0

which agrees with the rotation shown in Fig. 3.9.3.

Xy, X,
1.0 undeformed
E deformed
0.5
J
B [=——, tana = At
) cosa
—-0.5 -
-1.0 T T T T T %, X

Fig. 3.9.3: Stretch and rotation of a unit square under the mapping, xr1 = X; + At Xo,
To = X2 e AtXl, T3 = X3.
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The left Cauchy stretch tensor components are determined using Eq. (3.9.10):

1.0 0.5 0.0] [0.8944 —0.4472 0.0 A 00
[V]=[F][R* = |-05 1.0 0.0 |0.4472 08944 0.0|= [0 A 0
0.0 0.0 1.0 |0.0000 0.0000 1.0 0 0 X3

Example 3.9.2

Consider the deformation mapping
:C1:%[4X1+(973X175X27X1X2)t], To = %[4X2+(16+8X1)t], z3 = X3.
For (Xl,XQ,Xg) = (0,0,0) and time t = 1,

a) determine the deformation gradient F and right Cauchy—Green deformation tensor C,

(a)
(b) find the stretches A1 and A2 and the associated eigenvectors N and N(2),
)

(c) use the polar decomposition to determine the components of the symmetric right Cauchy
stretch tensor U, the rotation tensor R, and the symmetric left Cauchy stretch tensor

V, and

(d) use the polar decomposition to determine the components of Green-Lagrange strain
tensor E.

Solution: We note that the deformation is nonhomogeneous because of the term X; X2 in
the mapping. The material point (X1, X2, X3) = (0,0,0) in the initial (that is, at ¢ = 0)
configuration occupies the location (z1,z2,z3) = (2.25,4,0) at t = 1.0, as shown in Fig. 3.9.4.

Xy, X,
C: (1.0, 7.0
7 ( )
6 — B: (2.5, 6.0)
5 — D . ; _
(1.0, 5.0) Configuration at ¢ =1
C _
4 A: (2.25, 4.0)
34 D B: (1.75, 3.0)
Configuration at t =0.5
27 A: (1125, 2.0)
C: (1.0, 4.0)
1 D C D: (0.5, 3.0)
A = Configuration at t =0
x, X
0 1 2 3 4

Fig. 3.9.4: Nonhomogeneous deformation of a unit square under the mapping, z1 =
025 (9 + X1 — 5X2 — X1X2), o = 025 (16 —|— 8X1 —|— 4)(2)7 T3 = X3.
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(a) The components of the deformation gradient F and right Cauchy—Green strain tensor C
are

1-50 65 27 0
[Fl=1|8 40|, [C]=[F"[F]=4% |27 41 0
0 04 0 016

(b) The eigenvalues A}, A3, and A3 of matrix [C] are determined by setting
[[C] = A[I]]=0 — A} =5.15916, A3 =1.46584, \;=1,

and \; = 2.27138, Ao = 1.21072, and A3 = 1. The eigenvectors are (in component form)

0.83849 0.54491 0.0
{NDY=10054491 5, (NP} ={ —083849 }, {N®1={00
0.0 0.0 1.0

(c) The matrix of the right Cauchy stretch tensor is computed using Eq. (3.9.9):

0.83849 0.54491 0.0 A0 O 0.83849 0.54491 0.0
[U] = | 0.54491 —0.83849 0.0 0 X O 0.54491 —0.83849 0.0
0.0 0.0 1.0 0 0 A3 0.0 0.0 1.0

1.95644 0.48462 0.0
0.48462 1.52566 0.0 |,
0.0 0.0 1.0

and the principal stretches are Ay = 2.27138, A2 = 1.21072, and A3 = 1.
The tensor form of U is

U= ARORND 4 4, RORO 4 ) ROR®S

— (N{”é1 + NPe, + N§1>é3) (Nl(l)él + NVe, + N§1>é3)

+ e (NPe1 + NP& + N ) (N1 + N + N§Ves )

s (Nf?’)él + N®e, + N§3>é3) (Nf3)é1 + N®e, + N§3>é3) :
or
U = (NP + 2 NP + 2 INVPP) €161 + (MNP + X NPT + 2[NS €26
(/\1 [N(l)] + A2 [N(2)] + A3 [Né )] )é3é3 I ()\1N1(1)N2(1) + )\2N1(2)N2(2)) (é162 + €2é1)
+ (MNOND + 2NN ) (@180 + &ser) + (A NE N + AN VD) (6285 + 6462)
= 1.9564€18; + 0.4846 (6182 + €281) + 1.52578285 + &3é3.

The matrix of the rotation tensor R is determined from Eq. (3.9.10) as

0.3590 —0.9333 0
[R] = [Fl[U]"* = [ 09333 0.3590 0
0.0 0.0 1

It follows that the rotation angle is 8 = 68.96°. The left Cauchy stretch tensor components are
determined using Eq. (3.9.10):

0.25 —1.25 0.0 0.3590 0.9333 0.0 1.2564 —0.2153 0.0
[V]=[F)[R]" = | 200 1.00 0.0 |—0.9333 03590 0.0 | = | —0.2153 2.2256 0.0
0.00 0.00 1.0 0.0000 0.0000 1.0 0.0000 0.0000 1.0
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(d) The Green—Lagrange strain components at point (X1, X2) = (0,0) are computed using Eq.
(3.9.11). We have [which can be verified using E = 0.5(C — I

Eu =1 [(8 - 1) N NO + (33 - 1) NP N
— 1 (4.15916 x 0.83849 x 0.83849 + 0.46584 x 0.54491 x 0.54491) = 1.5312,
Ea = 1[0 = 1) NV NIV + (33 - 1) NP NP
— 1 (4.15916 x 0.54491 x 0.54491 + 0.46584 x 0.83849 x 0.83849) = 0.7812,
Bu=1[(8 - 1) NP NP + (33 - 1) N N
1
2

(4.15916 — 0.46584) x 0.83849 x 0.54491 = 0.8437.

3.9.3 Objectivity of Stretch Tensors
Using the unique polar decomposition in Eq. (3.9.1), we can write
F*=R*"-U"=R"- V", (3.9.13)
and objectivity of F gives
=Q-F=Q - (R-U)=Q-(V-R). (3.9.14)
Since Q and R are (proper) orthogonal tensors, we have
(Q'R)-(QR)"=Q (R-R")-Q"=L |Q R|=|Q||R[=1. (3.9.15)

Thus, Q- R is also orthogonal. Therefore, in analogy to the two-point tensor F,
we can define R to be objective when [recall from the definition in Eq. (3.9.1)
that R is a two-point tensor]

=Q-R. (3.9.16)

Then it follows from Eq. (3.9.14) that the right Cauchy stress tensor U, be-
ing defined with respect to the reference configuration, remains unaltered by a
superposed rigid-body motion and hence objective

U*=U. (3.9.17)

As far as the left Cauchy stretch tensor is concerned, the transformation law for
it to be objective is derived as follows:

FF=V" " R*"=V".Q-R=Q-F=Q- VR,
from which we arrive at the result
=Q-v-Ql. (3.9.18)

Thus, V transforms like a second-order tensor defined in the current configura-
tion and is therefore objective.

We shall make use of the ideas presented in this section to develop the con-
stitutive relations among the stress and strain measures (see Chapter 6).
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3.10 Summary

In this chapter, deformation mapping x of a material point occupying posi-
tion X in a reference configuration to position x in the current configuration
is introduced; two descriptions of motion, namely, the spatial (Eulerian) and
material (Lagrange) descriptions of motion are described; and displacement u
of a material point is defined as u = x — X. The deformation gradient F is
introduced as a two-point tensor between the reference configuration and the
current configuration, F = (Vox)*. The deformation tensor is nonsingular and
hence invertible. Isochoric, homogeneous, and inhomogeneous deformations are
discussed in terms of the deformation mapping and the deformation gradient.
Changes of volume and surface in going from the reference configuration to the
current configuration are derived.

Several strain measures, including the Green—Lagrange strain tensor E, Cauchy
strain tensor B, Euler or Almansi strain tensor e, right Cauchy—Green deforma-
tion tensor C, the left Cauchy-Green deformation (or Finger) tensor B, and the
Cauchy strain tensor B = B! are introduced. A physical interpretation of the
normal and shear strain components is also presented. Determinations of the
principal strains and principal directions of strain are discussed with the help
of the eigenvalue problem of Section 2.5.6. The infinitesimal strain tensor € is
obtained from E by retaining terms |Vou| of order € = ||Vou|/s and omitting
terms of order 2. Thus, in the infinitesimal case, the distinction between the
Green-Lagrange strain tensor E and the Euler strain tensor e disappears. The
displacement gradient tensor (Vu)?' is expressed as a sum of the symmetric
strain tensor € and the skew symmetric rotation tensor 2. Similarly, the rate of
deformation tensor L = (Vv)T, where v is the velocity vector, is expressed as
the sum of the symmetric part, namely, the rate of deformation tensor D, and
the skew symmetric part, the vorticity tensor W.

The effect of superposed rigid-body motion and the concept of frame in-
difference that ensures nondependency on the frame of reference in measuring
displacements, velocities, accelerations, and various strain measures is briefly
discussed. It is shown that the measures of displacements and various measures
of strains obey the frame indifference principle (i.e., they are independent of the
coordinate frame of reference), while the velocities and accelerations are depen-
dent on the coordinate of frame of reference. It is also found that the time rate
of change of the displacement as well as strain measures are not objective, unless
the rigid-body rotation Q is independent of time.

Finally, the polar decomposition theorem is presented that allows the unique
(multiplicative) left and right decompositions of the deformation gradient F into
pure stretch and pure rotation, F = R-U and F = VR, where U and V are the
symmetric, positive-definite right and left Cauchy stretch tensors, respectively,
and R is the proper orthogonal rotation tensor. Compatibility conditions on
infinitesimal strain tensor € and deformation tensor F that ensure a unique
determination of displacements from a given strain field are also presented.

Numerous examples are presented throughout the chapter to illustrate the
concepts introduced.
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Problems

DESCRIPTIONS OF MOTION
3.1 Given the motion
x(x,t)=x=(1+t)X1é1+ (1+t) X262+ Xzé3, 0<1t< o0,
(a) determine the velocity and acceleration fields of the motion, and

(b) sketch deformations of the line Xo = 2X7, for fixed X3 =1 at t = 1,2, and 3.

3.2 Determine the deformation mapping that maps a unit square into the quadrilateral
shape shown in Fig. P3.2. Assume that the mapping is a complete polynomial in X;
and X2 up to the term X; X2 (note that the constant term is zero for this case).

Xy, X,
4 (GAEY)
1@Q,3
3 4,3 Deformation mapping
7 x =ay+aX +a,X, +a,X X,
9 X, =b, +5,X, +b,X, +b,X, X,
1 4-f-=-e (1, 1)
|
T 1
1
0 T 717 T T T \°? x5 Xy
i 2 3 4
-1 - 4,-1)
Fig. P3.2

3.3 Show that in the spatial description the acceleration components in the cylindrical co-
ordinates are

ai(?vr vavr+v798vr+vavriﬁ
"ot " or r 00 * 9z r’
g = 200 1o, Q00 Ve OV | Ove , vrve

ot v or r 00 v 0z r
v, v,  vg Ovuy v,
= "o Y0 T
3.4 Show that in the spatial description the acceleration components in the spherical coor-
dinates are

aR:—avR+vRav—R+vf¢(%—v¢)+ v (BUR—veSin¢)7

ot OR ' R \ 8¢ Rsing \ 96
_ v Ove Vs (v v (dvy _ ‘
@6 ="g Tvron R e TVR) T Rane \ap Y0 C5?)
_ % 0ve  veOv v (O ;
=5 TR TR 96 T Reing (ae R Sm¢+”¢“’s¢)'

ANALYSIS OF DEFORMATION AND STRAIN MEASURES
3.5 The motion of a continuous medium is given by
T = (1 + eat) X1, 2= (1 +€72at) Xo, 23 =X3, 0<t< o0,

where a is a positive constant. Determine
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(a) the components of the deformation gradient F and the inverse mapping,
(b) the velocity components in the spatial description,
(c) the velocity components in the material description, and
(d)
)

d
(e

the acceleration components in the spatial description.
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Then verify the results of (d) by calculating first the acceleration components in

the material coordinates and then using the inverse transformation in (a) to obtain

the components in the spatial description.
3.6 For the deformation shown in Problem 3.2 (see Fig. P3.2), determine
(a) the components of the deformation gradient F and its inverse, and
(b) the components of the displacement vector.

3.7 The motion of a body is described by the mapping
x(X) = (X1 +t2X2)é1 + (X2 +t2X1)é2 + Xszé3, 0<t< 0.
Determine

(a) the components of the deformation gradient F and its inverse,

(b) the components of the displacement, velocity, and acceleration vectors,

(c) the position (X1, X2, X3) of the particle in undeformed configuration that occupies the
position (z1,z2,23) = (9,6,1) at time ¢ = 2 in the deformed configuration, and

(d) the location at time ¢ = 2 of the particle that later will be located at x = (2,3, 1) at time

t=3.

(e) Then plot the deformed shape of a body at times t = 0, 1,2, and 3, assuming that it is

initially a unit cube.

3.8 Homogeneous stretch. Consider a body with deformation mapping of the form
X(X) = k1 X181+ ka X2 €2 + k3 X3 €,
where k; # 0 are constants. Determine the components of

(a) the deformation gradient F, and
(b) the right and left Cauchy—Green deformation tensors C and B.

3.9 Homogeneous stretch followed by simple shear. Consider a body with deformation map-

ping of the form
x(X) = (k1X1 + eok2X2) &1 + k2 X2 & + ks X5 &,

where k; # 0 and eg are constants. Determine the components of
(a) the deformation gradient F, and
(b) the right and left Cauchy—Green deformation tensors C and B.

(¢) Then plot representative shapes of a deformed unit square (let k1 = ks
achievable with this mapping; the suggested cases are (i) k2/k1 = 1.5,

kz/lﬁ = 1.5, ep = 0.25; (111) kg/kl = 1.25, ey = 0.5; and (IV) kz/lﬁ = 1.257

3.10 Suppose that the motion of a continuous medium is given by
x1 = X; cos At + X sin At,

r2 = — X1 sin At + X cos At,
.’E3—(1+Bt)X3, 0§t<OO,

where A and B are constants. Determine the components of
(a) the displacement vector in the material description,

(b) the displacement vector in the spatial description,

= 1) that are
eo = 0.1; (ii)
eg = 1.0.
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3.11

3.12

3.13

3.14

3.15

3.16

3.17

(c) displacement vector components in the spatial description with respect to a cylindrical
basis, and

(d) the Green—Lagrange and Eulerian strain tensors in the Cartesian coordinate system.

If the deformation mapping of a body is given by
x(X) = (X1 4+ AX2)é1 + (X2 + BX1) é2 + X3 és,

where A and B are constants, determine
(a) the displacement components in the material description,
(b) the displacement components in the spatial description, and
(c) the components of the Green—Lagrange and Eulerian strain tensors.

For the deformation mapping in Problem 3.2, determine the components of the Green—
Lagrange strain tensor.

For the deformation field given in Problem 3.7, determine the Green—Lagrange strain
tensor components.

For the deformation mapping given in Problem 3.9, determine the current positions
(z1,x2) of material particles that were on the circle X12 + X22 = R? with radius R in the
undeformed body.

The motion of a continuous medium is given by

1= 1(X1 + X2)e' + (X1 — Xa)e ™,
o = %(Xl —|— Xz)et — %(Xl — Xg)e_t,
T3 = X37

for 0 <t < co. Determine
(a) the velocity components in the material description,
(b) the velocity components in the spatial description, and
(c) the components of the rate of deformation and vorticity tensors.

Nanson’s formula Let the differential area in the reference configuration be dA. Then
NdA = dX® x dX® or NydA =erjxdXPax,

where dX and dX® are two nonparallel differential vectors in the reference configu-
ration. The mapping from the undeformed configuration to the deformed configuration
maps dX™ and dX® into dx* and dx?, respectively. Then nda = dx® x dx?.
Show that

fAda=JF T .NdA.

Consider a rectangular block of material of thickness h and sides 3b and 4b, and having
a triangular hole as shown in Fig. P3.17. If the block is subjected to the deformation
mapping given in Eq. (3.3.14),

x(X) = (X1 +vX2)é1 + X2 é2 + X3 é3,
determine
(a) the equation of the line BC in the undeformed and deformed configurations,

(b) the angle ABC in the undeformed and deformed configurations, and

(c) the area of the triangle ABC in the undeformed and deformed configurations.
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x(X) = (X1+ VXz)é1 + Xz éz + X3é3

X X
4b 4b
C
A B
> X
3b !
Fig. P3.17

NOTE: In Problems 3.18-3.22, undeformed and deformed configurations of bodies in
equilibrium are given. In all cases, the deformation mapping can be determined uniquely
with the suggested form of the mapping and the boundary data. Therefore, details of
material constitution, material homogeneity, and loads causing deformation are not
required to determine the kinematics of deformation.

3.18 Consider a unit square block of material of thickness h (into the plane of the paper), as
shown in Fig. P3.18. If the block is subjected to a loading that deforms the square block
into the shape shown (with no change in the thickness), (a) determine the deformation
mapping, assuming that it is a complete polynomial in X; and X2 up to the term
X1Xo, (b) compute the components of the right Cauchy—Green deformation tensor C
and Green—Lagrange strain tensor E at the point X = (1,1,0), and (c¢) compute the
principal strains and directions at X = (1,1,0) for v = 1.

Xy, X,

Fig. P3.18

3.19 Determine the displacements and Green—Lagrange strain tensor components for the
deformed configuration shown in Fig. P3.19. The undeformed configuration is shown in
dashed lines. Assume that the deformation mapping is a linear polynomial of X; and
X2 (note that for this case the constant terms are zero).

%y, X,

D2l e[ + ¢ % x, =0, + X, +a,X, +a, X X,,
CY /™ x,=b,+bX +bX,+b,X,X,,

I / Al . —x,

Fig. P3.19
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3.20 Determine the displacements and Green—Lagrange strain components for the deformed

3.21

3.22

configuration shown in Fig. P3.20. The undeformed configuration is shown in dashed
lines. Use the suggested form of the deformation mapping, as implied by the deformed
configuration.

Xy, X,

x=a X +a,X;,
C x, =0 X, +b, X,
xy=X,.

/ x, =a, X, +a, X;
' x, X,

Fig. P3.20

Determine the displacements and Green—Lagrange strains in the (x1,x2,x3) system for
the deformed configuration shown in Fig. P3.21. The undeformed configuration is shown
in dashed lines. Use the suggested form of the deformation mapping (for this case the
constant terms are zero).

Xy, X,

& x =X, +a,X, +a, X, X,,
x, =bX, +b,X, +b, X, X,,
x,=X,.

>, X,

g>|<— S —g

——a——IB

Fig. P3.21

Determine the displacements and Green—Lagrange strains for the deformed configuration
shown in Fig. P3.22. The undeformed configuration is shown in dashed lines. Use the
suggested form of the deformation mapping (note that constant terms are zero for this
case).

Ko K

al

A: (X,,X,)=1(0,0)
B: (X}, X,)=(1,0)
C:(X,,X,)=(Q1,1)
D: (X,,X,)=(0,1)

A: (x,,%,) = (0,0)

B: (x,,x,) =(0.8,0.2)
C: (x;,%,) = (1.3,1.2)
D: (x,,x,) = (0.5,0.9)

% =qy ta X, +a,X, +a, X, Xp; x, =0, +bX, +b,X, +b, X, X;; x; = X,

Fig. P3.22
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3.23 Given the following displacement vector in a material description using a cylindrical
coordinate system

u= Aré, + Brzég + Csinfé,,
where A, B, and C are constants, determine the infinitesimal strains. Here (r,0, 2)
denote the material coordinates.

3.24 Show that the components of the Green—Lagrange strain tensor in cylindrical coordinate
system are given by

_Our | 1 | [ Our 2 ug \’ u.\”
EW_67"+2|:<87“>+<8T>+ or ’

(1 our Oug ug = 10urOur 10ug Oue
Er@ -

r 00 or r+;8r 89+r8r 00
+;8fr 00 r Or r Or

o1 our  Our  Our Ouy %% ou, Ou,
e 0z or or 0z or 0z or 0z

1 0u. Ou. ur Oug  Ug 8u7'>

> _7_‘_1%_‘_ laur 2+ 18u9 + lauz 2
0= r 00 r 00 r 00 r 00
2  Our 2  Ouy ug\ 2 U\ 2
- awg taug H(F) () }
Oug 1 du. 1 Ou, Ou, 1 Oug Oug
Eo. = + = = -
9z ' r 90 r 00 0z r 00 0z

r 00 9z r 0z r 0z

_Ou: | | [ Our ? dug\” ou.\’
E2282+2|:(8z>+(8z>+ 0z ’

Here (7,0, z) denote the material coordinates (see Fig. P3.24).

10u, Ou. ug Ou,r U, 8u9>

E., is the component of strain in the £-direction on the 7-plane

Fig. P3.24

3.25 The two-dimensional displacement field in a body is given by

ur(X) = X1 [X7X2 + 1 (265 + 363 X2 — X3)],
3 1 3

'LLQ(X) = X (202 + = CQXQ ZXQ + Cle XQ) s

where ¢1 and ¢z are constants. Find the linear and nonlinear Green—Lagrange strains.
3.26 Find the axial strain in the diagonal element, AC, of Problem 3.19, using
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3.27

3.28

3.29

3.30

(a) the basic definition of normal strain, and
(b) the strain transformation equations.

The biaxial state of strain at a point is given by €11 = 800x 107% in. /in., €22 = 200x10~°
in./in., €12 = 400 x 1076 in./in. Find the principal strains and their directions.

Show that the invariants Ji, J2, and Js of the Green—Lagrange strain tensor E can be
expressed in terms of the principal values \; of E as

Ji=A+ A+ A3, J2= A2+ Az + Az, J3 = A d2)s.

Of course, the above result holds for any second-order tensor.
Given the displacement field in the cylindrical coordinate system

ur =U(r), ug=0, wu,=0,

where U(r) is a function of only r, determine the Green—Lagrange strain components.
Given the displacement field in the spherical coordinate system

ur =U(R), ug =0, wug=0,

where U(r) is a function of only r, determine the Green-Lagrange strain components.

VELOCITY GRADIENT, RATE OF DEFORMATION, AND VORTICITY TENSORS

3.31

3.32

3.33

3.34

3.35

3.36

3.37

Show that the components of the spin tensor W in the cylindrical coordinate system

are 5 5
_1 (10w vy Qv _
Wro = 2 (7" o0 r 87’) = ~Wor,
1 (0v, Ouv.\ _
WTZ*i(@z_8r>7 Wr,
1 (10v. Ove\ _
Weo =3 (; 90 7) =W

If D = 0, show that
v=wxx+c (vi=ejrwjTk+c),

where both w (vorticity vector) and ¢ are constant vectors.

Show that 1 1
NS PR T ¥
E=C 2(F F+F F)
and 1
- F~F71—F7T~FT>A
w5 (
Verify that
. ov 1
v—a+§V(v~v)+2W-v
_Ov

1
—5—1—5V(v~v)—|—2w><v7

where W is the spin tensor and w is the vorticity vector [see Eq. (3.6.5)].
Show that

DJ
Hints: DDIt”' = v; and 08}2 = g:; gf(’“j. See also the list of properties of determinants

highlighted in Section 2.3.6.
Establish the identities

dv=DL-dx, and (Vov)' =L-F.

Show that C = 2F"-D-F, where C, D, and F are the right Cauchy—Green deformation
tensor, rate of deformation tensor, and deformation gradient, respectively.
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3.38 Show that the Eulerian strain rate is given by

and [see Eq. (3.5.10) for the definition of £]

é:D—(e~L+LT-e),

§=D.

COMPATIBILITY CONDITIONS
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3.39 Use the index notation to establish the compatibility conditions in Eq. (3.7.11)

VoX(VoXE)T:(]

for the infinitesimal strains. Hint: Begin with Vo x € and use Eq. (3.5.15).
3.40 Show that the following second-order tensor is symmetric:

S=V,x(Voxe).

3.41 Let [see the compatibility conditions in Egs. (3.7.4)—(3.7.9)]

Show that

—S33 = R3 =
—So0 = Ry =
—Si1=R1 =
—So3=U; =
—S31 =Us =
—S1o=U3z =

O*c11  O%exm 9’12
0X2 ' 0X2  T0X.10X,’
82511 82833 9 82513
ox2 T X2 YoX10Xs
82622 + 82633 82823
an 6X22 8)(28)(37
62511 < 6623 +(9€13 8612
0X20X3 00X, 0X1  0X> 0X3
82822 8823 8513 8512
C0X10X3 | 8Xo (axl - 0X, 8X3>’
Dess (8623 4 e 8512)
0X10X,  0X3 \0X: 90X, 0X3)
OR; + oUs ~ 0Uz _o,
8X1 8X2 8X3
oU3 + OR>,  0Ux —0
0X1 0X2 0X3 ’
U, n U1  ORs —0
0X1 090X,  0Xs

These relations are known as the Bianchi formulas.
3.42 Consider the following infinitesimal strain field:

2
€11 = c1X3,

2
€22 = c1 X7,

2e12 = c2 X1 X2,

€31 = €32 = €33 =0,

where ¢; and c2 are constants. Determine

).

(a) c1 and ¢z such that there exists a continuous, single-valued displacement field that
corresponds to this strain field,

(b) the most general form of the corresponding displacement field using ¢1 and c2
obtained in (a), and

(c) the constants of integration introduced in (b) for the boundary conditions u = 0

and 2 =0 at X =0 (i.e,, u1 = u2 = 0 and

Juy
90X o 0X1

— Qua :OatX1

=X, =0).
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3.43

3.44
3.45

3.46
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Determine whether the following strain fields, under the assumption of infinitesimal
strains, are possible in a continuous body:

X3(X?+X3) 2X1X2X3 X3

X2 X2 XX 3 1 2
@ = | ) R = | 2, X X
12 2 X; X, X2

Evaluate the compatibility conditions Vo x (Vo x E)T = 0 in cylindrical coordinates.
Given the infinitesimal strain components

€11 = f(X27X3)7 €22 = €33 = —Vf(X2,X3), €12 = €13 = €23 = 0,
determine the form of f(X2,X3) in order that the strain field is compatible.
Given the strain tensor E = F,,&,&, + Ep9€9€y in an axisymmetric body (i.e., Fr» and

Ego are functions of r and z only), determine the compatibility conditions on E,,. and
FEgo. Hint: See Example 2.5.1.

R1GID-BoODY MOTION AND OBJECTIVITY

3.47

3.48

3.49

3.50

3.51

3.52

3.53

3.54

Determine the effect of the superposed rigid-body motion on the left Cauchy—Green
deformation tensor B = F - FT.

If Q(?) is an orthogonal tensor-valued function of a scalar ¢ [i.e., Q! = QT], show that
Q- QT =—-(Q-Q")T. That is, show that Q - QT is skew symmetric.
Show that the spin tensor W under superposed rigid-body motion becomes

W'=Q W Q'+,

where € is the skew symmetric rotation tensor, & = Q - QT [see also Eq. (3.8.19)].
Suppose that the second-order tensor T is objective in the sense that it satisfies the
condition T* = Q - T - Q, where quantities with and without an asterisk belong to two
different frames of reference. Then show that the following second-order tensor S is
objective (i.e., show that S* = S):

S=F ! T F7

where Q is a proper orthogonal tensor.
Prove or disprove if the following second tensor satisfies objectivity:

T=S - U+U-S,

where S* = R-S-RT, U = RT . F is the right Cauchy stretch tensor, and F is the
deformation gradient.

Using the transformation rule F* = Q- F, show that the Euler stain tensor e transforms
according to the rule under superposed rigid-body motion

e"=Q-e-Q".
Show that the spatial gradient of a vector u(x,t) is objective, that is, prove

Viu* (x",t") = Q(t) - Vu(x,t) - QT(t).

Show that the material time derivatives of objective vector and tensor fields, u and S,

are not objective.

PoLAR DECOMPOSITION

3.55

3.56

Establish the uniqueness of the decomposition F = R - U = V - R. For example, if
F =R, -U; = Ry - Uy, then show that R; = R and U; = Us.

Show that the eigenvalues of the left and right Cauchy stretch tensors U and V are the
same and that the eigenvector of V is given by R - n, where n is the eigenvector of U.
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3.57 (a) If X is the eigenvalue and n is the eigenvector of U, show that the eigenvalue of C
is A and the eigenvector is the same as that of U. (b) Show that a line element in the
principal direction n of C becomes an element in the direction of R - n in the deformed
configuration.

3.58 Show that the spin tensor W can be written as

2w:2R-RT+R~(U-U—1—U—1.U)-RT,

where R is the (proper) orthogonal rotation tensor R ! =RT and U is the symmetric
positive-definite right Cauchy stretch tensor. Also show that for rigid-body motion, one
has W = R-R™.

3.59 Prove the symmetry and positive-definiteness of the right Cauchy—Green deformation
tensor C =FT . F.

3.60 Calculate v/C when

3.61 Given that

determine the right and left stretch tensors.
3.62 Given that

determine the right and left stretch tensors.
3.63 Calculate the left and right Cauchy stretch tensors U and V associated with F of
Problem 3.11 for the choice of A =2 and B = 0.
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