6
CONSTITUTIVE
EQUATIONS

The truth is, the science of Nature has been already too long made only a work of the brain
and the fancy. It is now high time that it should return to the plainness and soundness of
observations on material and obvious things. —— Robert Hooke (1635-1703)

There are two possible outcomes: If the result confirms the hypothesis, then you’ve made a
measurement. If the result is contrary to the hypothesis, then you’ve made a discovery.
—— Enrico Fermi (1901-1954)

6.1 Introduction
6.1.1 General Comments

The kinematic relations developed in Chapter 3, and the principles of conserva-
tion of mass, balance of momenta, and thermodynamic principles discussed in
Chapter 5, are applicable to any continuum irrespective of its physical consti-
tution. The kinematic variables such as strains and temperature gradient, and
kinetic variables such as stresses and heat flux were introduced independently of
each other. Constitutive equations are those relations that connect the primary
field variables (e.g., p, 0, VO, u, Vu, v, and Vv) to the secondary field vari-
ables (e.g., e, 7, q, and o), and they involve the intrinsic physical properties of a
continuum. Constitutive equations are not derived from any physical principles,
although they are subject to obeying certain rules and the entropy inequality.
In essence, constitutive equations are mathematical models of the real behavior
of materials that are validated against experimental results. The differences be-
tween theoretical predictions and experimental findings are often attributed to
an inaccurate mathematical representation of the constitutive behavior. Fluid
mechanics, which deals with liquids and gases, and solid mechanics, which deals
with metals, fiber-reinforced composites, rubber, ceramics, and so on, share the
same field equations (developed in Chapter 5), but their constitutive equations
differ considerably.

The main objective of this chapter is to study the most commonly known
phenomenological constitutive equations that describe the macroscopic nature
of the material response of idealized continua. Constitutive equations from solid
mechanics, fluid mechanics, and heat transfer are discussed. We begin with
certain terminologies that can be found in introductory texts on mechanics of
materials and fluid mechanics.
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e A continuum is said to be homogeneous if the material properties are the

same throughout the continuum (i.e., material properties are independent
of position). In a heterogeneous continuum, the material properties are a
function of position.

An anisotropic continuum is one that has different values of a material
property in different directions at a point, that is, material properties are
direction dependent.

An isotropic material is one for which a material property is the same in
all directions at a point.

An isotropic or anisotropic material can be nonhomogeneous or homogeneous.

6.1.2 General Principles of Constitutive Theory

Constitutive equations are often postulated based on experimental observations.
Although experiments are necessary in the determination of various parameters

(e.g,

elastic constants, thermal conductivity, thermal coefficient of expansion,

and coefficients of viscosity) appearing in the constitutive equations, the for-
mulation of the constitutive equations for a given material is guided by certain
rules. The approach typically involves assuming the form of the constitutive
equation and then restricting the form to a specific one by appealing to certain
physical requirements, which are summarized here.

(1)

(2)

Consistency (or physical admissibility). All constitutive equations should
be consistent with the conservation of mass, balance of momenta and en-
ergy, and the entropy inequality.

Coordinate frame invariance. The constitutive equations should not de-
pend on any particular choice of coordinate frame. Although they may
have different forms in different coordinate systems, the actual response
should be independent of the chosen coordinate system.

Material frame indifference. The constitutive equations must be invariant
with respect to observer transformations (see Section 3.8). That is, the
form of the constitutive function should not change if the material is stud-
ied in a different frame of reference. The consequences of this are more
apparent in the three-dimensional setting.

Material symmetry. The constitutive equations must be form-invariant
with respect to a group of unimodular transformations of the material
frame of reference. That is, the constitutive equations should reflect ma-
terial symmetries such as isotropy (infinite number of planes of symmetry)
and orthotropy (three mutually perpendicular planes of symmetry).

Equipresence. A quantity appearing as an independent variable in one
constitutive equation should appear in all constitutive equations, unless
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the appearance contradicts the balance laws or the second law of thermo-
dynamics. That is, all dependent variables should be functions of the same
list of independent variables; one should not a priori omit any independent
variable.

(6) Determinism. The values of the constitutive variables (e.g., stress, heat
flux, entropy, and internal energy) at a material point at any time are
determined by the histories of motion and temperature of all points of the
continuum.

(7) Local action. The constitutive variables at a point x are not apprecia-
bly affected by the values of the dependent variables (e.g., displacements,
strains, temperature, pressure, etc.) at points distant from x.

(8) Dimensionality. The constitutive functionals should be dimensionally con-
sistent in the sense that all terms appearing on either side of the constitu-
tive equations should be the same.

(9) Fading memory. The current values of the constitutive variables are not
appreciably affected by their values at past times. This is the time domain
counterpart of the axiom of local action.

(10) Causality. The variables entering the description of motion of a continuum
and temperature are considered as the self-evident observable effects in ev-
ery thermomechanical behavior of a continuum. The remaining quantities
(i.e., those derivable from the motion and temperature) that enter the
expression of entropy production are “causes” or dependent constitutive
variables.

These principles/axioms ensure that the initial value problems resulting from
the conservation principles, constitutive equations, and physically meaningful
boundary and initial conditions are well-posed in the sense that the solution
exists and it is unique.

In a continuum theory of constitutive equations, one begins with a general
form of functional constitutive equations; seeks to determine if certain variables
should be included in the constitutive equation based on some general rules,
such as those listed above; and then specializes the equations to certain type,
as dictated by the material response being studied. This kind of formal ap-
proach enables one to account properly for all possible coupling effects (e.g.,
thermomechanical, electromechanical, electromagnetics, and so on). An exten-
sive discussion of this formal approach is beyond the scope of this introductory
book on continuum mechanics and elasticity [see Truesdell and Knoll (1965) for
a comprehensive treatment.

6.1.3 Material Frame Indifference

The effect of superposed rigid-body motion x* = c(t) + Q - x, where ¢ de-
notes rigid-body translation and Q is a proper orthogonal tensor that repre-
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sents rigid-body rotation, and the importance of frame indifference in calculat-
ing/measuring various quantities introduced in the kinematic and kinetic de-
scriptions of a continuum were discussed in Chapters 3 and 4 [see Eq. (3.8.21)].
In summary, the following relations were established to show that the displace-
ment vector u, deformation gradient F, the right Cauchy—Green deformation
tensor C, the Green—Lagrange strain tensor E, the rate of deformation tensor
D, the Cauchy stress tensor o, the first Piola—Kirchhoff stress tensor P, and the
second Piola—Kirchhoff stress tensor S are objective:

w=Q u F*=Q-F, C"'=C, E*=E, D=Q-D-Q"
U*:Q'U'QTv P*:QP7 S*:Sa

where quantities with an asterisk (*) are those with superposed rigid-body mo-
tion; that is, they are the quantities observed in a frame of reference that is
undergoing a rigid-body motion with respect to a stationary frame of reference
in which quantities without an asterisk are observed. The central idea of the
(principle of) material frame indifference is that the constitutive equations re-
lating the quantities introduced in the kinematic description to those appearing
in the kinetic description must be independent of the frame of reference (i.e.,
invariant under observer transformations). One must make sure that the quanti-
ties entering any constitutive equation must be the same type — objective or not
— on both sides of the equation.

6.1.4 Restrictions Placed by the Entropy Inequality

To ensure thermodynamic equilibrium of the processes under consideration, its
constitutive equations must be derived using the entropy inequality; if derived
in other ways, the constitutive equations must satisfy the conditions resulting
from the entropy inequality. Following the axioms discussed in Section 6.1.2 and
by examining the momentum and energy equations and the entropy inequality,
it can be concluded that the stress tensor o, Helmholtz free energy density W,
specific entropy 7, and heat flux vector q must be the dependent variables in the
constitutive models for a homogeneous and isotropic material. The arguments
of these variables depend on the physics of the process. For isotropic and homo-
geneous materials, F is a measure of the deformation, the temperature gradient
vector g is needed because of q, and the temperature 6 is an obvious choice as
an argument for thermoelastic solids. Hence, we have the following functional
forms based on the principle of equipresence!:

o(x,t) = F,[F,0,g],

\I/<X t) = f\I/[Faeng
n<X7 t) - fﬁ[F797g]v (6.1'1)
a(x,t) = F,4[F, 0, g],

where F denotes the functional mapping, referred to as the response function,
whose actual form will become apparent in the following discussion. Any of

'One can use either U or e, as they are interdependent.
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the three arguments (F, 6, g) that contradict the constitutive axioms, especially
material symmetry, objectivity, or the entropy inequality, will be removed from
the argument list in any of the response functions listed in Eq. (6.1.1). The
entropy inequality provides guidelines for the form of the constitutive relations.

For example, suppose that ¥ is a function of F, 0, and g, ¥ = U(F,0,g).
The entropy inequality from Eq. (5.4.30) is

) ) 1
—p\I/—l—O':L—pHn—éq-gZO, (6.1.2)

where g = V#; L is the velocity gradient tensor, L = (Vv)? = D+ W; D is
the symmetric part; and W is the skew symmetric part of the velocity gradient
tensor L. We can write

00 . OV . 0T |

Substituting for F from Eq. (3.6.15) into Eq. (6.1.3) and the result into Eq.
(6.1.2), we obtain (note that o : L = o : LT when o is symmetric)

a\If T T (9@ - (9@ . 1

In index notation, we have

ov ovy , ov, 1
<Uz’j - paFiKFjK) Lij—p (77 + 89) 0 — 679[% ) ¢ 9i = 0. (6.1.5)

Since L, 6, and g are linearly independent of each other, it follows that

a’—pg§~FT =0, (6.1.6)
ov
N+ o5 =0, (6.1.7)
ov
%5 0, (6.1.8)
—q-g>0. (6.1.9)

Equation (6.1.8) implies that ¥ is not a function of the temperature gradient g.
Also, Eq. (6.1.9) implies that

q-g<o0. (6.1.10)
Therefore, q is proportional to the negative of the gradient of the temperature
g = V0, as we will see shortly from the Fourier heat conduction law. Equation
(6.1.7) implies that n can be determined from ¥ and, hence, cannot be a de-
pendent variable in the constitutive model. Furthermore, we conclude from Eq.

(6.1.6), because V¥ is a function of only F and 6, that o can depend only on F
and 6. Thus, Eq. (6.1.1) is modified to read

\I/(X,t) = -7:-\I/[F70]7
n(x,t) = Fy[F, 0], (6.1.11)
q(X,t) = fq[F,H,g].
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6.2 Elastic Materials
6.2.1 Cauchy-Elastic Materials

A material is called Cauchy-elastic or elastic if the stress field at time ¢ depends
only on the state of deformation and temperature at that time, and not on the
history of these variables. The constitutive relation for an elastic body under
isothermal conditions (i.e., no change in the temperature from the reference
configuration) relates the Cauchy stress tensor o(x,t) at a point x = x(X,t)
and time ¢ to the deformation gradient F(X,t) [see Eq. (6.1.1)]:

o(x,t) = F[F(X,t),X], (6.2.1)

where F is the response function, and o denotes the value of , which char-
acterizes the material properties of an isothermal Cauchy-elastic material. The
requirement that the response function F be unaffected by superposed rigid-
body motions places a restriction on F.

Consider the Cauchy stress tensor after superposed rigid-body motion [see
Eq. (6.1.1) for the transformation equations of objective quantities]:

o' =F(F)=F(Q-F), (6.2.2)
but
c"=Q-0-Q"=Q-F(F)-Q". (6.2.3)

These two relations place the following restriction on F:
F(Q -F)=Q F(F) Q. (6.2.4)

Using the right-hand polar decomposition of F, F = R - U, in Eq. (6.2.4),
we obtain
FQ-R-U)=Q- -F(F)-Q". (6.2.5)

Since R is a proper orthogonal rotation matrix, we can take Q = RT and obtain
F(Q-QT-U)=F(U). Thus, from Eq. (6.2.5), we have

F(F)=R-FU) RT, (6.2.6)

which constitutes the restriction on the response function in order that it is
objective.

6.2.2 Green-Elastic or Hyperelastic Materials

A hyperelastic material, also known as the Green-elastic material, is one for
which there exists a Helmholtz free-energy potential ¥ (measured per unit vol-
ume) whose derivative with respect to a strain gives the corresponding stress and
whose derivative with respect to temperature gives the heat flux vector. When
WU is solely a function of F, C, or some strain tensor, it is called the strain energy



6.2. ELASTIC MATERIALS 227

density function and denoted by Uy (measured per unit mass). For example, if
Uy = Up(F), we have [see Eq. (6.1.6)]

. 8U()(F) o Uy
P=p—p <P1J = PaniJ> ; (6.2.7)
_ l T _ Cr)UO(F) T
o=7 P-F =p —F F-, (6.2.8)
_ _1 OUy(F)
= 1 . = 1 . 0
S=F1.P=pF e (6.2.9)

For an incompressible elastic material (i.e., material for which the volume
is preserved and hence J = 1), we postulate the existence of a strain energy
density function in the form

po Uy = po Up(F) —p (J — 1), (6.2.10)

where p denotes a hydrostatic pressure, and UO(F) is the strain energy density
for the case J = 1. Equation (6.2.10) can be viewed as one in which the strain
energy density for the case J = 1 is constructed from Uy by treating J—1 =0 as a
constraint, and using the Lagrange multiplier method to include the constraint;
it turns out that the Lagrange multiplier is A = —p. Then the constitutive
equation for incompressible hyperelastic material is (J = 1):

_ OU(F) _r Uy (F)
P=py—e = —pF "+ (6.2.11)
o=P -F' = —pI+p, aUE;’éF) -FT, (6.2.12)
S=F!.P=—pF L. FT4pF'. a[g)éF), (6.2.13)

where the derivative of J with respect to F is (the reader is asked to verify this)

g—; =JF T (6.2.14)

6.2.3 Linearized Hyperelastic Materials: Infinitesimal Strains

Here we present the constitutive equations for the case of infinitesimal deforma-
tion (ie., |Vu| = O(e) << 1). Hence, we do not distinguish between various
measures of stress and strain, and use S =~ o for the stress tensor and E ~ ¢ for
the strain tensor in the material description used in solid mechanics. For such
materials, the Helholtz free energy density W is the same as the strain energy
density Up, and it is more meaningful to assume that the strain energy density
is a function of the strain, e, rather than the deformation gradient, although
one may also assume that Uy is a function of the strain invariants.

The constitutive equation to be developed here for stress tensor o does not
include creep at constant stress and stress relaxation at constant strain. Thus,
the material coefficients that specify the constitutive relationship between the
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stress and strain components are assumed to be constant during the deforma-
tion. This does not automatically imply that we neglect temperature effects on
deformation. We account for the thermal expansion of the material, which can
produce strains or stresses as large as those produced by the applied mechanical
forces.
The constitutive equation for linearized hyperelastic materials can be derived
using
~ alg)f) (gij = po gg?) . (6.2.15)

As indicated earlier, here we assume that Uy is a function of € and expand it in
Taylor’s series about the strain € = 0 in the reference configuration,

1 1
poUg = Cy + Cl'j €ij + QC@-M €ij ke t+ gcijkgmn €ij Ekt Emn T -+ (6.2.16)

where Cy, Cjj, Cijre, and so on are material stiffness coefficients that are in-
dependent of the deformation. For linear elastic materials Uy is a quadratic
function of the strain tensor, and for nonlinear elastic materials, Uy is a cu-
bic function of the strain tensor . For linear elastic materials, the mechanical
pressure is the same as the negative of the mean normal stress.

This chapter is focused primarily on constitutive relations for Hookean solids
(linear elastic solids), Newtonian fluids (fluids with linear relations between
stress and strain rate), and Fourier heat conduction law (a linear relation be-
tween the heat flux vector and the temperature gradient vector). The con-
stitutive equations presented in Section 6.3 for elastic solids are based on an
assumption of small strain. Nonlinear constitutive relations for elastic solids are
briefly discussed in Section 6.4. In Section 6.5, constitutive relations for Newto-
nian fluids are presented, and in Section 6.6 differential and integral generalized
Newtonian constitutive relations are reviewed. The Fourier heat conduction
law is presented in Section 6.7. Finally, constitutive relations for coupled prob-
lems, for example, electromagnetics, electroelasticity, and thermoelasticity , are
presented in Section 6.8.

6.3 Hookean Solids
6.3.1 Generalized Hooke’s Law

To develop the stress—strain relations for a linear elastic solid, we set up a coor-
dinate system in which the material parameters are measured. This coordinate
system is termed the material coordinate system, not to be confused with the
material description of Chapter 5. The coordinate system used to write the
equations of motion and strain-displacement equations is called the problem co-
ordinates to distinguish it from the material coordinate system. In the remaining
discussion of this section, we use the Lagrangian description with coordinates
(z,y, z) to describe the kinematics, stress state, and the field equations, and use
the material coordinate system (x1, o, x3) to describe the constitutive response.
The material coordinate system is one that is aligned with the planes of material
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symmetry (to be defined shortly), so that measurement of material parameters
becomes simple. Of course, the constitutive relations have to be transformed
to the problem coordinates in order to solve the final boundary-value problem.
When no preferred planes of material symmetry exist, the material is called
isotropic, and the material coordinates are taken to be the same as the problem
coordinates. All tensor quantities measured in (x1, x2, x3) will have integer sub-
scripts, for example, 05, €;;, and so on, whereas those measured in (z,y, z) will
have letter subscripts, for example, 0z, 02y, -+, and €44, sy, - - - , and so on.
We begin with the quadratic form of Uy in the material coordinate system:

poUop = Co + Cijgij + %Cijkz €ij Ekts (6.3.1)

where Cj is a reference value of Uy from which the strain energy density function
is measured. From Eq. (6.2.15), we have

oU,
n = pPo 870 = Cyj Omi Onj + 5Cijke (ke Sim Sjn + €ijOkmOen)
Smn
= Cmn + %Cmnld Eke + %Cmmn Eij = Cmn + % (Cmm'j + Cwmn) Eij
= Crn + Cranij €ij» (6.3.2)
where
0%U, 9%U,
1] mn mn 1)

Clearly, C},,, have the same units as o,,,, and they represent the residual stress
components of a solid. We shall assume, without loss of generality, that the
body is free of stress prior to the load application so that we may write
o=C:¢ (Uij = Cijkg Eke)- (6.3.4)
Equation (6.3.4) is known as the generalized Hooke’s law. The coefficients
Cijke are called elastic stiffness coefficients. In general, there are 3% = 81 scalar
components of the fourth-order tensor? C. The number of coefficients is signifi-
cantly reduced because (a) the components Cjj satisfy the symmetry conditions
implied by Eq. (6.3.3), and (b) the stress and strain tensors are symmetric, re-
quiring Eq. (6.3.4) to be valid when subscripts 7 and j are interchanged as well
as k and ¢ are interchanged. Thus, we have

Cijke = Creij, Cijie = Cjines Cijox = Cijre, Cijre = Clier (6.3.5)

and the stress—strain relations (6.3.4) take the form

(o011 [Cii11 Crizz Crizz Cri23 Cr113 Crire | [ €11 )
022 Co220 (2233 Ca223 Ca213 Cao12 €922
o33 | _ C3333 C3323 C3313 C3312 €33 (6.3.6)
023 C2323 (2313 Ca312 2e93 [ .
013 symmetric Ci313 Ci312 2¢13

L 012 L Cr212] \ 2e12 )

2In this chapter C denotes the fourth-order elasticity tensor C, not the right Cauchy-Green
deformation tensor C.
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Thus the number of independent coefficients Cjj,y, is only 6+54-4+3+241 = 21.
Materials that obey Eq. (6.3.6) are called triclinic materials.

We can express Eq. (6.3.4) in an alternative form using a single subscript
notation for stresses and strains and a two subscript notation for the material
stiffness coefficients:

01 =011, 02 = 022, 03 = 033, 04 = 023 , 05 = 013, 06 = 012,

(6.3.7)
€1 = €11, €2 = €22, €3 = £33, €4 = 2693, €5 = 213, €6 = 2€12.

11—-1 2222 3—=-3 23—+4 13—=5 12—=6. (6.3.8)

It should be cautioned that the single subscript notation used for stresses and
strains and the two-subscript components C;; render them non-tensor compo-
nents; that is, oy, €;, and Cj; do not transform like the components of a tensor,
o; # lijo;. The single subscript notation for stresses and strains is called the
engineering notation or the Voigt—Kelvin notation. Equation (6.3.6) now takes
the form

o1 [ C11 C12 C13 Cia C15 Ci €1
o) Ca1 Caz Ca3 Cay Cos O €2
o3 | _ | C31 C32 Usz O34 O35 Cly €3 (6.3.9)
o4 Cy1 Cy2 Cy3 Cyy Cys Cyg eq [’ o
o5 Cs1 Cs2 Cs3 Cs4 Cs5 Cse €5
o6 | C61 Co2 Co3 Coa Cos Ces |\ €6
or simply
g; = C@'j €j, (6.3.10)

where summation on repeated subscripts is implied (now ¢ and j take values
from 1 to 6). Note that the coefficients C;; are symmetric, Cj; = Cj;, a property
inherited from Eq. (6.3.6).

We assume that the stress—strain relations (6.3.10) are invertible. Thus, the
components of strain are related to the components of stress by

E; = Sij O0j, (6.3.11)

where S;; = S;; are the material compliance coefficients with [S] = [C]™! [i.e.,
the compliance tensor is the inverse of the stiffness tensor: S = C™!]. In matrix
form, Eq. (6.3.11) becomes

€1 [ S11 S12 S13 S14 S15 S16 | [ 01

€2 So1 S22 S23 So4 Sos Sa6 o)

€3 | _ | 531 532 533 S34 S35 S36 o3 (6.3.12)
€4 Sa1 Saz S43 Saa S5 Sae oy [ o

€5 S51 Ss2 S53 S54 S55 S56 o5

€6 | S61 S62 S63 Sea Ses See ] \ 06

The strain—stress relations are more suitable in determining the material con-
stants in a laboratory because experiments involve the application of loads and
measurement of changes in the geometry (i.e., determine strains from an applied
stress state).
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6.3.2 Material Symmetry Planes

Further reduction in the number of independent stiffness (or compliance) pa-
rameters comes from the so-called material symmetry. When elastic material
parameters at a point have the same values for every pair of coordinate systems
that are mirror images of each other in a certain plane, that plane is called a
material plane of symmetry (for example, symmetry of internal structure due
to crystallographic form, regular arrangement of fibers or molecules, and so on).
We note that the symmetry under discussion is a directional property and not
a positional property. Thus, a material may have a certain elastic symmetry at
every point of a material body and the properties may vary from point to point.
Positional dependence of material properties is what we called inhomogeneity of
the material.

In the following, we discuss various planes of symmetry and forms of asso-
ciated stress—strain relations. Note that the use of components of stress and
strain tensors is necessary in the following discussion because transformation
equations are valid only for components of tensors from two different coordinate
systems. The components o0;; and €;; of second-order tensors o and € and the
components Cj;; of a fourth-order elasticity tensor C transform according to
the relations

0ij = LipliqgOpgs Eij = lipLigepqs  Cijit = Lip Ljg Lir lis Cpgrs, (6.3.13)
where /;; are the direction cosines associated with the coordinate systems (Z1, Z2, 3)
and (x1,x9,r3), and C’Z-jkl and Cpyrs, for example, are the components of the
fourth-order tensor C in the barred and unbarred coordinates systems, respec-
tively [see Egs. (2.2.70), (2.2.71), (3.4.29), and (4.3.3)].

A trivial material symmetry transformation is one in which the barred co-
ordinate system is obtained from the unbarred coordinate system by simply
reversing their directions (i.e., mirror reflection): z; = —x1, To = —x9, and
T3 = —x3; that is, &, = —&; and {;; = —0i; (it does not matter that it is a
left-handed coordinate system as it does not affect the discussion), as shown in
Fig. 6.3.1(a).

(a) (b)

1
1
| X
! 1
i I
X, —— o—-i-——-)ﬁ——--o——>x1 HF--r-0—1T—>Xx =X
1
1

AL S

Fig. 6.3.1: (a) Transformation defined by &; = —&;, i = 1,2,3. (b) Transformation defined
by €n = €., @« = 1,2, and e3 = —é3.



232 CONSTITUTIVE EQUATIONS

Thus, the transformation matrix is

-1 0 0
Lj=| 0 -1 o0]. (6.3.14)
0 0 -1

For this transformation, it follows that

Gij = (=0ip)(=0jq)opg = 0ij;  &ij = (—=0ip)(—0jq)epq = €ij,

Cijké = (_1)461';) 5jq 5]@7‘ 5@5 Cpqrs = Cijk@-
Thus, the transformation ¢;; = —d;; does not alter the constitutive relation
(6.3.6) of triclinic materials.

6.3.3 Monoclinic Materials

When the elastic coefficients at a point have the same value for every pair of
coordinate systems that are the mirror images of each other with respect to a
plane, the material is called monoclinic at the point. For example, let (z1, z2, x3)
and (Z1, T2, Z3) be two coordinates systems, with the x1, xo-plane parallel to the
plane of symmetry. Choose the Zs-axis such that 3 = —x3 so that one system
is the mirror image of the other, as shown in Fig. 6.3.1(b). This symmetry
transformation can be expressed by the transformation matrix (z; = x1, Ty =
X9, Ty = —563)

)=

S O =

0 O
1 of, (6.3.15)
0 -1
or
Ea,@ = 6a,6’a fga = 0, €a3 = 0, 533 = —1, for a,ﬁ = 1,2.

Then the stress and strain transformation equations

give the relations

0ij = 045, except for 613 = —o013, G293 = —093,

€;j = €i5, except for &13 = —e13, 23 = —€23.
Now consider the stress—strain relations

o11 = Crinr 11 + Cri22 €22 + Cr133 €33 + Cri23 €23 + Cri1z €13 + Cri12 €12,
011 = Cri11 11 + Cri22 &22 + Cr133 833 + Cr123 €23 + Cr113 €13 + Ciii2 812

= Cii11 €11 + Crioz ez + Crizz €3z — Cri23 €23 — Cri1z €13 + Criiz €12.
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Since 011 = 711, from the preceding two relations it follows that
Chri23e23 + Cr113€13 = —Chi123 €23 — Cr113 €13,

which must hold for any independent set of strain components, 93 and €13. This
implies that C1123 = 0 and C7113 = 0. Similarly, from the constitutive relations
for 099 and G99, 033 and 33, and 012 and G12 we obtain Choyog3 = Cag13 = 0,
C3323 = C3313 = 0, and C223 = C1213 = 0.

Next consider the constitutive relations for o935 and 23 (note Cjjre = Chyij)

023 = Ca311 €11 + C2322 €22 + Ca333 €33 + Ca323 €23 + C2313 €13 + Ca312 €12
= Ca323 €23 + Ca313€13
023 = Ca311 €11 + Ca322 E22 + (2333 £33 + Ca323 E23 + Ca313 €13 + (2312 €12
= —(2323 €23 — Ca313€13-
Since 093 = —as3, these two relations are consistent. In the same way, no new

conditions are obtained by considering the constitutive relations for 13 and 713.
In summary, for monoclinic materials, 8 of the 21 coefficients are zero:

Chi23 = Chr113 = Ca223 = Co213 = C3323 = (3313 = C223 = C1213 = 0.

Therefore, the stress—strain relations of Eq. (6.3.9) become

o1 ) [C11C12Ci3 0 0 Cis] (e

op) Ci12 0 C3 0 0 Cg €2

o3 | _ [ Ci13Ca3C33 0 0 Cs6 €3

g4 o 0 0 0 044 C45 0 €4 ’ (6'3'16)
o5 0 0 0 C45 C55 0 €5

o6 | C16 C26 C36 0 0 Cge| | €6

which has only 13 independent parameters. We note that monoclinic materials
exhibit shear-extensional coupling, that is, a shear strain can produce a normal
stress and a normal stress can produce a shear strain.

6.3.4 Orthotropic Materials

When three mutually orthogonal planes of material symmetry exist at a point,
the number of elastic coefficients is reduced to nine using arguments similar to
those given for a single material symmetry plane. Such materials are called
orthotropic at the point. The transformation matrices associated with the three
planes of symmetry are

10 0 10 0 1 00
LM =10 1 of,Z® =] 0o 1 of,L® =]0 -1 0. (6317
00 -1 00 1 0 0 1

Under these transformations, we obtain Ci112 = Cig = 0, C12 = Cog = 0,
C3312 = C36 = 0, and Ca313 = C45 = 0. In view of the aforementioned result,
the stress—strain relations for an orthotropic material take the form
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o1 [C11Ci12Ci3 0 0 0 ] (&)
02 Ci2CxCy 0 0 O €2
o3| |[Ci3Ce3C33 0 0 O €3
g4 o 0 0 0 C44 0 0 €4 (6'3.18)
s 0 0 0 0 Css 0 | |es
\ 06 | 0 0 0 0 0 066_ [

As stated earlier, in practice we apply stresses and determine the strains.
Hence we must write the inverse of the relations in Eq. (6.3.18):

€1 [S11 512513 0 0 0 ] (o1)
€2 S12 822523 0 0 0 op}
ezl _ [ S138523833 0 0 0 o3
€4 - 0 0 0 544 0 0 g4 ' (6'3.19)
e 00 0 0 Ss5 0| |os
L €6 | 0 0 0 0 0 366_ \ 06 )

The material compliance coefficients S;; are often determined in a laboratory
in terms of engineering material parameters such as Young’s modulus, shear
modulus, and so on. These constants are measured using simple tests such
as a uniaxial tension test or a pure shear test. Because of their direct and
obvious physical meaning, engineering constants are used in place of the abstract
compliance coefficients S;;. Next, we discuss how the compliance coefficients S;;
are determined in terms of the engineering parameters.

One of the consequences of linearity (both kinematic and material lineariza-
tions) is that the principle of superposition applies. That is, if the applied loads
and geometric constraints are independent of deformation, the sum of the dis-
placements (and hence strains) produced by two sets of loads is equal to the
displacements (and strains) produced by the sum of the two sets of loads. In
particular, the strains of the same kind as produced by the application of in-
dividual stress components can be superposed. For example, the extensional
strain 5511) in the material coordinate direction z; due to the stress 17 in the
same direction is 011/E1, as shown in Fig. 6.3.2; here F; denotes Young’s mod-
ulus of the material in the z; direction. The extensional strain 6321) , experienced
as a result of the Poisson effect, due to the stress 099 applied in the x5 direction,
is —v9; (022/E2), where o1 is Poisson’s ratio (note that the first subscript in
Vij, © # j, corresponds to the load direction and the second subscript refers to
the direction of the strain)

€11
€11 = —V1€22 Or V91 = ——,

€22
and F» is Young’s modulus of the material in the zo direction. Similarly, o33
(3)

produces a strain ;7 equal to —wvs31 (033/E3). Therefore, the total strain eq;
due to the simultaneous application of all three normal stress components is

_ M, @, ) _ 91 022 033

= 511011 + S12022 + S13033 (6.3.20)
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Fig. 6.3.2: Strains produced by applied (a) normal stress o11 and (b) shear stress 21 = o012
in a cube of material.

where the direction of loading is denoted by the superscript. Similarly, we can
write

o011 | 022 033
€99 = —V1g— + — — V30— = So1011 + S92092 + Sa3033,
El E2 E?)
£ ook (6.3.21)
£33 = V13—t — Vg3 4 =20 = S41011 + S32022 + S33033.
FE by E3
The simple shear tests with an orthotropic material give the results
012 013 023
2619 = — = 5660-123 2613 = — = 5550'13, 2893 = — = 5440-23- (6322)
G2 G113 Gas

Recall from Section 3.5.2 that 2e;; (i # j) is the reduction in the right angle
between two material lines parallel to the z; and zo directions at a point, o;;
(7 # j) denotes the corresponding shear stress in the z;—x; plane, and Gy; (i # j)
is the shear moduli in the z;—x; plane.

Writing Eqs. (6.3.20)—(6.3.22) in matrix form, we obtain

- 1 1% v.
(o1 ) Er _%; _%; 0 0 0 o1 )
1 _vi2 1 B2 0 0 0 -
g2 P B o2
i —Hs - 4 0 0 0 o3 {e} = [Sl{c}), (6.3.23)
_ 5‘ = g ) .
ey 0 0 0 GLQ:; 0 0 o4 ( (
€s 0 0 0 0 g5 0|7
\ €6 ) 1 76
0 0 0 0 0 g5,

where FE1, F5, and E3 are Young’s moduli in 1, 2, and 3 material directions,
respectively; v;; is Poisson’s ratio, defined as the ratio of transverse strain in
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the jth direction to the axial strain in the ith direction when stressed in the
i-direction; and Gog, G13,G12 are the shear moduli in the 2-3, 1-3, and 1-2
planes, respectively. Because [S] is the inverse of [C] and [C] is symmetric, then
[S] is also a symmetric matrix. This in turn implies that the following reciprocal
relations hold [i.e., compare the off-diagonal terms in Eq. (6.3.10)]:

va_ vz vsL_vis Ve _ v
Ey, FE,' E3 FE' E3 Ey’
Or I/ . VA.
1] J
= ==, 6.3.24
b (6.3.24)
for 4,7 = 1,2,3. The nine independent material coefficients for an orthotropic
material are

Ey, Es, E3, Gaz, Gi3, Gi2, V12, V13, V3. (6.3.25)

Inversion of the strain-stress relations (6.3.23) give the stress—strain relations
in Eq. (6.3.18) with

E; E
Ci1 = 6 (1 - 1/23V32) Cie = 6(1) (V21 + V23V31) - 6 <V12 + V13V32)’
E E5

Ci3 = Co (v31 + vo1v32) = Fz (Vi3 +vizre3), Can = Co (1= r13v31)

E E B3
Coz = Hi (V32 + v31112) = 62 (vo3 +1o1113), C33 = Co (1 —vigva),
Cu = Gaz Cs5 = G31, Ces = G,
Co =1 — viov91 — 93132 — V31113 — 2U211V/321/13. (6'3'26)

The difference between 19 and o7 for an orthotropic material is illustrated
in Fig. 6.3.3 with two cases of uniaxial stress for a square element of length a.
First a stress 017 is applied in the zq-direction as shown in Fig. 6.3.3(a). The

resulting strains are
D o11 ) V12

&1 = E1 22 __Egll’
where the direction of loading is denoted by the superscript and the negative
sign indicates compression. Next, a stress g9z is applied in the zo-direction as
shown in Fig. 6.3.3(b). The strains are

(6.3.27)

v g
sﬁﬁz—z§vm, £ _ T2 (6.3.28)
2

The displacements associated with each of the loads are

Agl) = &, Aél) = —(J,QUH,
Ex Er (6.3.29)
AR AR _ 022 -
1 E2 22 2 EQ )

and the reciprocal relation (6.3.24) gives, when o1; = 099, the equality Aél) =

Agz)’ which is the statement of Mazwell’s reciprocity relation, which is discussed
in Section 7.4.3.



6.3. HOOKEAN SOLIDS 237

o
_______ - AV =ae,, =—av,, |-
s 2 22 2
- I 3 | . 1 El
-] X : —>
-] al >
(a) 011 | ol 1 = u
-] o L >
< I .
2 es| AV —ge =g 2L
1 —a&; =
\ E,
o 22
A? —qe,, =a-22
2 22 4 b A _ _ 22
E, T T T T A7 =ag; =—avy,
4 2
Xy :
b b |
®) a x|
1
a |
-d
e
Py

Fig. 6.3.3: Distinction between v12 and v21. (a) Application of o11. (b) Application of o2s.

6.3.5 Isotropic Materials

Isotropic materials are those for which the material properties are independent
of the direction; that is, there exists an infinite number of material symmetry
planes. An isotropic fourth-order tensor can be expressed as [see Eq. (2.5.24)]

Cijkg = /\(Sijfskg + /L(5ik5jg + 5i£5jk) + H((Sikéjg — (5i[5jk)7 (6.3.30)

where p, A\, and k are called the Lame constants, and summation on repeated
indices is implied. In view of the symmetry of Cjjz, with respect to the first two
and the last two indices, the coefficient of x is zero, giving

Cijke = N0ijOke + 211050 . (6.3.31)
Therefore, Eq. (6.3.4) takes the simple form
o =2ue+ Ar(e)l, Oij = 20055 + NEkk (5,7‘, (6.3.32)

where tr(-) denotes the trace (sum of the diagonal elements) of the enclosed
tensor. Thus, only two material parameters, u and A, are needed to characterize
the mechanical response of an isotropic material. The Larme constants p and A
are related to EF and v by

v 1-v)E
“:ﬁv A:W]f_zy)» 2M+A=W. (6.3.33)

The stress—strain relations (6.3.32) can be expressed in terms of E and v as

E vE E vE
e/ = 1+7u€ + (1+v)(1—2v) tI‘(E) I’ Oij = mgij + (1+v)(1—2v) Ekk 5ij7 (6334)
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and the inverse relations are

o (HT”) o—ftr(o)I, g5 = (H'T”
1)

The strain energy density poUp in Eq. (6.3.
form

) 0ij — % ok i, (6.3.35)

for an isotropic material takes the

A
poU()(E) = §(tr 8)2 + utr(s . E), ,OOUO(f':ij) = €€ + %)\(Skk)2. (6.3.36)
Note that the strain energy density Uy is positive-definite, that is,
Uo(e) > 0 whenever € # 0, and Up(e) = 0 only when € = 0. (6.3.37)

The coefficients Cj; [see Egs. (6.3.26) and (6.3.9) for the correspondence
between the two-subscripted and four-subscripted C’s] of Eq. (6.3.26) simplify
to [Wlth Ei=FEy=FE3=FE, Gias=Gi13=Go3 =G = E/2(1 + I/)7 V19 = 93 =
vig=v,and Co =1 — 32 — 203 = (1 + v)%(1 — 2v)]

_ _ B . (1-vE
Cii=Cp==0C=2u+A= (TR
vE
Cra=Ciz=0Co3=A= AT -2)’ (6.3.38)
E
C44—C55—C66—M—G—m-

The stress—strain relations (6.3.34) for an isotropic material can be expressed in
matrix form as

o1 (1—v v v 0 0 0 1 (e
o2 v 1—v v 0 0 0 €9
o3 | _ E v v 1—-v 0 0 0 €3
oo [ A+v)1-22)| 0 0 0 2 0 o0 €4
s o 0 0 0 52 o0 €5
L 06 L 0 0 o0 0 0 =2 e
(6.3.39)

If the only nonzero normal stress component is 017 = ¢ and the only nonzero
shear component is o192 = 7, and if we denote €11 = € and 2e19 = =, then Eq.
(6.3.35) gives the uniaxial strain-stress relations,

€:l0' — o=Fe¢; ’}/ZMT - 17=G". (6.3.40)
E E

In summary, application of a normal stress to a rectangular block of isotropic
or orthotropic material results in only extension in the direction of the applied
stress and contraction perpendicular to it, whereas a monoclinic (or anisotropic)
material experiences extension in the direction of the applied normal stress,
contraction perpendicular to it, and shearing strain, as shown in Fig. 6.3.4.
Conversely, the application of a shearing stress to a monoclinic material causes
shearing strain as well as normal strains. Also, a normal stress applied to an
orthotropic material at an angle to its principal material directions causes it to
behave like a monoclinic material.
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Fig. 6.3.4: Deformation of orthotropic and anisotropic rectangular blocks under uniaxial
tension and pure shear.

Example 6.3.1

Consider the thin, filament-wound, closed circular cylindrical pressure vessel in Example 4.3.2,
as shown in Fig. 6.3.5. The vessel has an internal diameter of D; = 63.5 cm (25 in.), thickness
h =2 cm (0.7874 in.), and pressurized to p = 1.379 MPa (200 psi). Assuming a two-dimensional
state of stress, determine

(a) stresses gz, Oyy, and oy in the problem coordinates (z,y, 2);

(b) stresses o11, 022, and 012 in the material coordinates (x1, 2, x3), with 21 being tangent
to the filament direction;

(c) strains €11, €22, and 2e12 in the material coordinates; and

(d) strains eqz, €yy, and 7y in the problem coordinates.

Yy X N € =E
@
" 0115 €11
T Og95 €9
x. 0
2 4 o 11/ Opx oo e
} / <—l— A 125 €12
/ Ux)' 4_1_

Oo1,E9, T225 €22
™~ 9=53.13° s

0115 &1

Fig. 6.3.5: A filament-wound cylindrical pressure vessel.
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Use a filament winding angle of # = 53.125° from the longitudinal axis (z) of the pressure
vessel and the following material properties with respect to the material coordinates (typical
of graphite-epoxy material): E; = 140 GPa (20.3 Msi), E» = 10 GPa (1.45 Msi), Giz2 =
7 GPa (1.02 Msi), and v12 = 0.3.

Solution: (a) In Example 4.3.2, the longitudinal stress (0.s) and circumferential stress (oyy)
in the thin-walled cylindrical pressure vessel were calculated using the formulas

pD; pD;
=T T g
to be 04 = 10.946 MPa and oy, = 21.892 MPa.

Oy = 0. (1)

(b) Next, we determine the stresses in the material coordinates (so that we have the shear
stress 012 at the fiber—matrix interface, tensile stress 011 in the fiber, and the stress 022 normal
to the fiber) using the stress transformation equations (4.3.7)

011 = Ozz cos? 0 + Oyy sin® 0 + Oy Sin 26,
029 = Oz SIN° O + 0y cOS° 0 — 0y sin 26, (2)
o192 = % (0yy — Owz)sin 20 + o4y cos 20.
We obtain (sinf = 0.8, cosf = 0.6, sin 260 = 0.96, and cos 26 = —0.28 for 6§ = 53.13°)
o11 = 10.946 x (0.6)° + 21.892 x (0.8)> = 17.951 MPa,

022 = 10.946 x (0.8)° + 21.892 x (0.6)> = 14.886 MPa,
012 = 1 (21.892 — 10.946) x 0.96 = 5.254 MPa.

(c) The strains in the material coordinates can be calculated using the strain—stress relations
(6.3.23). We have (v21/E2 = vi2/En)

o11 022  17.95 x 106 14.885 x 10°

= 2= -0.3 =0.0963 x 10>
U= E TVR2ED T 140 < 109 140 x 10 % i
_ o1, 022 17.95 x 10°  14.885 x 10° _3
€20 = —1/127E1 + 7E2 =-0.3 140 % 109 + 10 < 10° = 1.4502 x 10 m/m,

o2 5.254 x 10°
2G12 2 X7 x10°

(d) The strains in the (z,y) coordinates can be computed using the transformation equations
[see Eq. (3.4.32)]

=0.3753 x 10>,

€12

2 . 2 5
€11 €08" 0 + €22 8in” O — 12 sin 20,

Exx =
Eyy = €11 Sin29—|—522 C0829+€12 sin29, (3)
oy = 2 (€11 — €22) sin 20 + £12 cos 26.

We obtain
€az = 107° [0.0963 x (0.6) + 1.4502 x (0.8)> — 0.3753 x 0.96] = 0.6023 x 10~* m/m,
eyy = 1077 [0.0963 x (0.8)* + 1.4502 x (0.6) + 0.3753 x 0.96] = 0.9440 x 10~° m/m,
€0y = 1072 [(0.0963 — 1.4502) x 0.48 + 0.3753 x (—0.28)] = —0.7549 x 10>,

The strains (£zz,Eyy, £zy) can also be determined directly from the stresses (0za, Oyy, Ozy)
using the strain—stress relations
Exx = gll Ozz + 512 Oyy A 516 Ozy,
Eyy = §12 Ozz + §22 Oyy + 5'26 Ozy, (4)
Exy = 516 Oze + 526 Tyy aF 566 Ozxy,
where S;; are the transformed elastic compliances referred to the problem coordinates (x, ¥, 2).
A transformation law consistent with the tensor transformation equations in Eq. (6.3.13) must

be used to write S;; in terms of S;; and the angle 6. See the answer to Problem 6.2 for the
transformation relations between S;; and S;; and between C;; and Cjj.
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6.4 Nonlinear Elastic Constitutive Relations

Most materials exhibit nonlinear elastic behavior for certain strain thresholds,
that is, the stress—strain relation is no longer linear, but recovers all its deforma-
tion upon the removal of the loads, and Hooke’s law is no longer valid. Beyond
certain nonlinear elastic range, permanent deformation ensues and the material
is said to be inelastic or plastic, as shown in Fig. 6.4.1. Here we briefly review
constitutive relations for two well-known nonlinear elastic materials, namely the
Mooney—Rivlin and neo-Hookean materials. Further discussion can be found in
Truesdell and Noll (1965).

Stress, o
I Yield point_
i P
! .
h Unloading
1
I Elastic limit
, " !
/ Nonlinearly elastic
Proportionality limit
-1, P P
Linear elastic &€= l o= 4
0
(R .
Permanent strain Strain,

Fig. 6.4.1: A typical stress—strain curve.

Recall from Eq. (6.2.8) that for a hyperelastic material under isothermal

conditions there exists a strain energy potential ¥ = WU(F') such that
ov

F)=p— " F 6.4.1

o(F)=poe - F (6.4.1)

where p is the material density. Some materials (e.g., rubber-like materials)

undergo large deformations without appreciable change in volume (i.e., J &~ 1).

Such materials are called incompressible materials. For incompressible elastic

materials, the stress tensor is not completely determined by deformation. The

hydrostatic pressure p affects the stress. For incompressible elastic materials,

we have [see Eq. (6.2.12)]

ov

o(F)=—pl+ PoF FT, (6.4.2)

where p is the hydrostatic pressure.
For a hyperelastic elastic material, Eq. (6.4.1) can also be expressed as

ov
:2p87B.

where the free energy potential ¥ is written as ¥ = ¥(B) and B is the left
Cauchy-Green (or Finger) tensor B = F - FT [see Eq. (3.4.4)]. Equations

o(B) B, (6.4.3)
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(6.4.1)-(6.4.3), in general, are nonlinear. The free energy potential ¥ takes dif-
ferent forms for different materials. It is often expressed as a linear combination
of unknown parameters and principal invariants of Green strain tensor E, defor-
mation gradient F, or left Cauchy—Green deformation tensor B. The parameters
characterize the material and they are determined through suitable experiments.

For incompressible materials, the free energy potential W is taken as a linear
function of the principal invariants of B:

\1’201(13—3)4—02([[3—3), (6.4.4)

where C7 and Cy are constants and Ig and IIg are the two principal invariants
of B (the third invariant II1p is equal to unity for incompressible materials).
Materials for which the free energy potential is given by Eq. (6.4.4) are known
as the Mooney—Rivlin material. The stress tensor in this case has the form

oc=-pl+aB+ 3B, (6.4.5)

where o and 3 are given by

ov ov
=20—=2pC =-2p— = —2pCh. 6.4.6
a pGIB pCi, B pé?IIB pL2 ( )
The Mooney—Rivlin incompressible material model is most commonly used to
represent the stress—strain behavior of rubber-like solid materials.
If the free energy potential is of the form ¥ = C;(Ip — 3), that is, Cy = 0,
the constitutive equation in Eq. (6.4.5) takes the form

o=—-pl+2pC;B. (6.4.7)

Materials whose constitutive behavior is described by Eq. (6.4.7) are called the
neo-Hookean materials. The neo-Hookean model provides a reasonable predic-
tion of the constitutive behavior of natural rubber for moderate strains.

6.5 Newtonian Fluids
6.5.1 Introduction

All bulk matter in nature exists in one of two forms (even before they are sub-
jected to forces): solid or fluid. A solid body is characterized by relative im-
mobility of its molecules, whereas a fluid state is characterized by their relative
mobility. Fluids can exist either as gases or liquids. In this section we present the
constitutive relations for fluids that exhibit the property that stress is propor-
tional to velocity gradients, that is, strain rates. The proportionality parameter
is known as the wiscosity of the fluid, and the relationship is known Newton’s
law of viscosity. Fluids that behave according to Newton’s law of viscosity are
called Newtonian fluids. For such fluids, the constitutive equations for o cannot
be derived using the condition (6.1.6) resulting from the entropy inequality. The
physics of such fluids requires the symmetric part of the velocity gradient, D, to
be an argument, in place of F used for solids, in the list of dependent variables.
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It is assumed that the Eulerian description is used to derive all equations of
mechanics.

For viscous fluids the total stress o is decomposed into equilibrium and de-
viatoric parts. Then the conditions resulting from the entropy inequality permit
derivation of constitutive relations for compressible fluids with the equilibrium
stress as thermodynamic pressure p(p, ), which for an incompressible fluid be-
comes the mechanical pressure p(#); the entropy inequality only places the re-
striction that work done by the deviatoric stress be positive but provides no
mechanism for its constitutive relation. Thus, o is assumed to be of the form?

o= —p(p,0) I+ F(D), for compressible fluids,

o = —p(0) I+ F(D), for incompressible fluids, (6.5.1)
where p is the spatial density and 6 is the absolute temperature. A fluid is said
to be incompressible if the volume change is zero:

V.v=0, (6.5.2)

where v is the velocity vector. A fluid is termed inviscid if the viscosity is zero.

6.5.2 Ideal Fluids

An ideal fluid is one that is incompressible and has zero viscosity. The most
general constitutive equation for an ideal fluid is of the form

o= —p(p,0)L (6.5.3)
The dependence of p on p and 6 has been experimentally verified many times
over several centuries. The thermomechanical properties of an ideal fluid are
the same in all directions, that is, the fluid is isotropic. It can be verified that
Eq. (6.5.3) satisfies the frame indifference requirement because

c*=Q 0-Q"'=-pQ-I-Q"=—pL

An explicit functional form of p(p, ), valid for gases over a wide range of
temperature and density, is
p = Rpf/m, (6.5.4)

where R is the universal gas constant, m is the mean molecular mass of the gas,
and 6 is the absolute temperature. Equation (6.5.4) is known to define a perfect
gas. When p is only a function of density, the fluid is said to be “barotropic,”
and the barotropic constitutive model is applicable under isothermal conditions.
If p is independent of both p and 6 (p = constant), p is determined from the
equations of motion [see Eq. (5.3.14)].

3The dependence of F on the vorticity tensor W is eliminated to satisfy the frame indifference
requirement.
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6.5.3 Viscous Incompressible Fluids

The general constitutive equation for stress tensor in a fluid motion is assumed
to be of the general form in Eq. (6.5.1). Analogous to isotropic materials,
isotropic fluids are those for which the shear stress—strain rate relations are of
the form [compare with Eq. (6.3.4)]

.7:(D) =r=C:D (Tz‘j = Ciij D”) (655)
Here 7 is the viscous stress tensor, C denotes the fourth-order tensor of vis-

cosities, and D is the strain rate tensor [symmetric part of the velocity gradient
tensor L; see Egs. (3.6.1) and (3.6.2)]:

ov; Ov;
D=L [Vv+(VV)T] [Dij 1 < o g )] , (6.5.6)

where v is the velocity vector.

In a majority of cases a viscous fluid is characterized as an isotropic fluid. For
an isotropic fluid, we have the constitutive relation [compare with Eq. (6.3.35)]

o=-pp,0)I+7, T=2u(p,0) D+ A(p,0)tr(D)L, (6.5.7)
or in rectangular Cartesian component form

Oij = —P 6ij + Tij, Tij = 2u Dij + A Dy 51’]’7 (658)

where p is the spatial density, 8 is the absolute temperature, and A and p are
the Lame parameters that have the meaning bulk viscosity and shear viscosity,
respectively.

Equations (6.5.7) and (6.5.8) can be expressed in terms of the deviatoric
components of stress and rate of deformation tensors,

o'=0-6I, D=D-1tr(D)I, &=1tr(o). (6.5.9)

We note that ¢}, = 0 and D), = 0. Then the Newtonian constitutive equation
(6.5.8) takes the form

o' =2uD' + (3p+ A) tr(D)I— (6 +p) I,

- 6.5.10
o; = 2uDj; + (31 + A) Dradij — (6 + p) 0y, ( )

from which it follows (because o}, = 0 and D}, = 0) that
(2M+3)\) Dkk —3(5’ —l—p) =0. (6.5.11)

Hence, the last two terms in Eq. (6.5.10) vanish together and we obtain
o' =2uD', o}; =2uDj;. (6.5.12)

Note that the mean stress ¢ is equal to the thermodynamic pressure —p if
and only if one of the following two conditions is satisfied (D = V - v):

Fluid is incompressible: V-v=0, (6.5.13)
Stokes condition: K =2u+3\=0. (6.5.14)
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In general, the Stokes condition does not hold. Thus, the constitutive equation
for viscous, isotropic, incompressible fluids reduces to

o=-pl+7, 7T=2uD, (0’,‘]‘ = —pcsz‘j—i-Tij, Tij ZQ/J,DZ']'), (6.5.15)
and p represents the mean normal stress or hydrostatic pressure. For inviscid
fluids, the constitutive equation for the stress tensor has the form

o = —pI (Uij = _péij)- (6516)

We note that Eq. (6.5.15) does not hold for compressible fluids, unless the Stokes
condition (6.5.14) is satisfied. Equation (6.5.7) is valid for compressible fluids,
with p being the thermodynamic pressure.

6.6 Generalized Newtonian Fluids
6.6.1 Introduction

Fluids for which the viscosity of the fluid may be a function of the strain rate
tensor (or its invariants) but the form of the constitutive equations is similar to
those of the Newtonian fluid are called generalized Newtonian fluids. Generalized
Newtonian fluids include motor oils and high molecular weight liquids such as
polymers, slurries, pastes, and other complex mixtures. The processing and
transporting of such fluids are central problems in the chemical, food, plastics,
petroleum, and polymer industries. We note that the generalized Newtonian
constitutive models presented in this section for viscous fluids are only a few of
the many available in literature [see Reddy and Gartling (2001)].

Most generalized Newtonian fluids exhibit a shear rate dependent viscosity,
with “shear thinning” characteristic (i.e., decreasing viscosity with increasing
shear rate). Other characteristics associated with generalized Newtonian fluids
are elasticity, memory effects, the Weissenberg effect, and the curvature of the
free surface in an open channel flow. A discussion of these and other non-
Newtonian effects is presented in the book by Bird, Armstrong, and Hassager
(1971).

Generalized Newtonian fluids can be classified into two groups: (1) inelastic
fluids or fluids without memory and (2) viscoelastic fluids, in which memory
effects are significant. For inelastic fluids the viscosity depends on the rate of
deformation of the fluid, much like nonlinear elastic solids. Viscoelastic fluids ex-
hibit time-dependent “memory”; that is, the motion of a material point depends
not only on the present stress state, but also on the deformation history of the
material element. This history dependence leads to very complex constitutive
equations.

The constitutive equation for the stress tensor for a generalized Newtonian
fluid can be expressed as

o=-pl+71 (Uij = —p(;ij + Tij)a (661)

where 7 is known as the viscous or extra stress tensor.
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6.6.2 Inelastic fluids
The viscosity for inelastic fluids is found to depend on the rate of deformation

tensor D. Often the viscosity is expressed as a function of the principal invariants
of the rate of deformation tensor D

H=pup (Jl, Ja, Jg) y (6.6.2)
where the Ji, Jo, and J3 are the principal invariants of D,

Jl =tr (D) = Dii7
1 1

Ja = 5tr (D*) = 5Dy Dij, (6.6.3)
1 1
J3 = gtr (DS) = gDiijkai,

where tr(-) denotes the trace of the enclosed tensor. Note that J; and J3 defined
above are different from J, = 1 (JZ —D:D) and J3 = |D| defined in Eq.
(3.4.36).

For an incompressible fluid, J; = V - v = 0. Also, there is no theoretical
or experimental evidence to suggest that the viscosity depends on J3; thus, the
dependence on the third invariant is eliminated. Equation (6.6.2) reduces to

= pu(J2). (6.6.4)

The viscosity can also depend on the thermodynamic state of the fluid, which
for incompressible fluids usually implies a dependence only on the temperature.
Equation (6.6.4) gives the general functional form for the viscosity function,
and experimental observations and a limited theoretical base are used to pro-
vide specific forms of Eq. (6.6.4) for non-Newtonian viscosities. A variety of
inelastic models have been proposed and correlated with experimental data, as
discussed by Bird et al. (1971). Several of the most useful and popular models
are presented next; see Reddy and Gartling (2001).

6.6.2.1 Power-law model

The simplest and most familiar non-Newtonian viscosity model is the power-law
model, which has the form
p=KJnr2 (6.6.5)

where n and K are parameters, which are, in general, functions of temperature;
n is termed the power-law index and K is called consistency. Fluids with an
index n < 1 are termed shear thinning or pseudoplastic. A few materials are
shear thickening or dilatant and have an index n > 1. The Newtonian viscosity
is obtained with n = 1. The admissible range of the index n is bounded below
by zero because of stability considerations.

When considering nonisothermal flows, the following empirical relations for
n and K are used:

n:n0+B<6_00>, (6.6.6)
to

K = Kyexp (—A[0 — 6]/00) , (6.6.7)
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where 6 denotes the temperature and the subscript 0 indicates a reference value;
A and B are material constants.

6.6.2.2 Carreau model

A major deficiency in the power-law model is that it fails to predict upper
and lower limiting viscosities for extreme values of the deformation rate. This
problem is alleviated in the Carreau model:

(n—1)/2
, (6.6.8)

= oo + (1o — tioc) (1 + N 2P%)
wherein pg and oo are the initial and infinite shear rate viscosities, respectively,
and A is a time constant.

6.6.2.3 Bingham model

The Bingham fluid differs from most other fluids in that it can sustain an applied
stress without fluid motion occurring. The fluid possesses a yield stress, 7y, such
that when the applied stresses are below 7y no motion occurs; when the applied
stresses exceed Ty the material flows, with the viscous stresses being proportional
to the excess of the stress over the yield condition. Typically, the constitutive
equation after yield is taken to be Newtonian (Bingham model), though other
forms such as a power-law equation are possible. In a general form, the Bingham
model can be expressed as

1
T = (\;—% + 2,u) D  when 5‘51‘(7'2) > 78, (6.6.9)
1
7 =0 when 5‘51“(7'2) <73 (6.6.10)

From Eq. (6.6.9) the apparent viscosity of the material beyond the yield point
is (7’0/\/72 + Q,u). For a Herschel-Buckley fluid the p in Eq. (6.6.9) is given by
Eq. (6.6.5). The inequalities in Egs. (6.6.9) and (6.6.10) describe a von Mises
yield criterion.

6.6.3 Viscoelastic Constitutive Models

For a viscoelastic fluid, the constitutive equation for the extra-stress 7 in Eq.
(6.6.1) is time dependent. Such a relationship is often expressed in abstract
form where the current extra-stress is related to the history of deformation in
the fluid as

T=FI[G(s), 0 <s < o0, (6.6.11)

where F is a tensor-valued functional, G is a finite deformation tensor (related
to the Cauchy-Green tensor), and s = t — ¢’ is the time lapse from time ¢/
to the present time, t. Fluids that obey constitutive equations of the form in
Eq. (6.6.11) are called simple fluids. The functional form in Eq. (6.6.11) is
not useful for general flow problems, and therefore numerous approximations of



248 CONSTITUTIVE EQUATIONS

Eq. (6.6.11) have been proposed in several different forms. Several of them are
reviewed here.

The two major categories of approximate constitutive relations include the
differential and integral models. For a differential model the extra-stress is
determined from a differential equation that relates the stress and stress rate to
the flow kinematics. The integral model represents the extra-stress in terms of an
integral over past time of the fluid deformation history. In general, the specific
choice is dictated by the ability of a given model to predict the non-Newtonian
effects expected in a particular application.

6.6.3.1 Differential models

Constitutive models for viscoelastic fluids in differential equation form are prefer-
able due to the ease with which they can be incorporated into the conservation
and balance equations, and the resulting equations are simple to handle in a
computational framework. Due to rheology of the fluid (fading memory) the
deviatoric part of the stress tensor, called extra-stress tensor, is time dependent,
and thus the constitutive models are differential equations in time between de-
viatoric stress tensor and the strain rate tensor.

The constitutive models for viscoelastic fluids in differential form can also
be constructed using a purely phenomenological approach based on our under-
standing of the physics. Such models, for example, one-dimensional spring and
dash-pot models discussed for viscoelastic solids in Chapter 9, serve to describe
the observed physical response. However, such models do not have a thermo-
dynamic basis, and their extension to two and three dimensions is based on an
analogy with elastic constitutive relations.

In this section, we consider differential constitutive theories using the de-
viatoric stress tensor (derived using the theory of generators and invariants)
for fluids. The well-known differential constitutive equations are generally as-
sociated with Oldroyd, Maxwell, and Jeffrey. First we define various types of
material time derivatives used in these models. In the spatial description the
material time derivative of a symmetric second-order tensor can be defined in
several ways, all of which are frame invariant. Let S denote a second-order ten-
sor. Then the upper-convected (or co-deformational or contravariant) derivative

is defined by

v

S:?;—kv-VS—LS—(L'S)T, (6.6.12)
and the lower-convected derivative is defined as

A0S

S:a+v~VS+LT~S+ST-L, (6.6.13)

where v is the velocity vector and L is the velocity gradient tensor

L= (Vv)T <L,-j = g;) . (6.6.14)
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Since both Egs. (6.6.12) and (6.6.13) are objective (not shown here) convected
derivatives, their linear combination is also objective:

o v A
S=(1-a)S+aS, 0<a<l (6.6.15)

Equation (6.6.15) can be viewed as the definition of a general convected deriva-
tive, which reduces to Eq. (6.6.12) for & = 0 and to Eq. (6.6.13) for a = 1.
When «a = 0.5 [average of Eq. (6.6.12) and Eq. (6.6.13)] the convected deriva-
tive in Eq. (6.6.15) is termed a corotational or the Jaumann derivative. The
selection of one type of derivative over other is usually based on the physical
plausibility of the constitutive equation, that is, matching experimental data.
The simplest differential constitutive models are the upper- and lower-convected

Maxwell fluids, which are defined by the following equations:

Upper-convected Maxwell fluid: 7 + AT = 2uP D, (6.6.16)
Lower-convected Maxwell fluid: 7 + AT = 2uP D (6.6.17)

where A is the relaxation time for the fluid, u? is its viscosity, and D is the rate
of deformation tensor. The upper-convected Maxwell model in Eq. (6.6.16) has
been used extensively in testing numerical algorithms; the lower-convected and
corotational forms of the Maxwell fluid predict physically unrealistic behavior
and are not generally used.

Johnson—Segalman model. By employing the general convected derivative (6.6.15)
in a Maxwell-like model, the Johnson—Segalman model is produced:

T+ A7 = 24P D. (6.6.18)

Phan Thien—Tanner model. By slightly modifying Eq. (6.6.18) to include a
variable coefficient for 7, the Phan Thien—Tanner model is obtained:

Y(T)7 + A7 = 24P D, (6.6.19)

where

Y(T) =14 (e\/pP) tr(T) (6.6.20)

and € is a constant. This equation is somewhat better than (6.6.18) in repre-
senting actual material behavior.

Oldroyd model. The Johnson—Segalman and Phan Thien—Tanner models suffer
from a common defect. For a monotonically increasing shear rate, there is a re-
gion where the shear stress decreases, which is a physically unrealistic behavior.
To correct this anomaly, the constitutive equations are altered using the follow-
ing procedure. First, the extra-stress is decomposed into two partial stresses, 7°
and 7P, such that

T=7"+171F, (6.6.21)
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where 7° is a purely viscous and 7P is a viscoelastic stress component. Then

7% and TP are expressed in terms of the rate of deformation tensor D, using the
Johnson—Segalman fluid as an example, as

™ =20°D, 7P+ AP =24” D. (6.6.22)

Finally, the partial stresses in Egs. (6.6.21) and (6.6.22) are eliminated to pro-
duce a new constitutive relation

74+ 27 =2(D + X 103), (6.6.23)

where i = (p® + pP) and N = A\p®/f; and N is a retardation time. The con-
stitutive equation in Eq. (6.6.23) is known as a type of Oldroyd fluid. For
particular choices of the convected derivative in Eq. (6.6.23), specific models

can be generated. When o = 0 (7 — 2), then Eq. (6.6.23) becomes the

Oldroyd B fluid, and oo = 1 (70' — %) produces the Oldroyd A fluid. In order to
ensure a monotonically increasing shear stress, the inequality p® > p?/8 must
be satisfied. The stress decomposition in Eq. (6.6.21) can also be used with the
Phan Thien—Tanner model to produce a correct shear stress behavior.

White—Metzner model. In all of the above constitutive equations the material
parameters, A and p?, were assumed to be constants. For some constitutive
equations the constancy of these parameters leads to material (or viscometric)
functions that do not accurately represent the behavior of real elastic fluids.
For example, the shear viscosity predicted by a Maxwell fluid is a constant,
when in fact viscoelastic fluids normally exhibit a shear thinning behavior. This
situation can be remedied to some degree by allowing the parameters A and u?
to be functions of the invariants of the rate of deformation tensor D. Using the
upper-convected Maxwell fluid as an example, then

T+ A(J2) T = 24P (Jo)D, (6.6.24)

where Jy is the second invariant of the rate of deformation tensor D [see Eq.
(6.6.3)]. The constitutive equation in Eq. (6.6.24) is termed a White-Metzner
model. White-Metzner forms of other differential models, such as the Oldroyd
fluids, have also been developed and used in various situations.

6.6.3.2 Integral models

An approximate integral model for a viscoelastic fluid represents the extra-stress
in terms of an integral over the past history of the fluid deformation. A general
form for a single integral model can be expressed as

t

T = / 2m(t — tYH(t, ') dt’, (6.6.25)
—0Q0

where t is the current time, m is a scalar memory function (or relaxation kernel),

and H is a nonlinear deformation tensor between the past time ¢’ and current

time ¢.
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There are many possible forms for both the memory function m and the
deformation tensor H. Normally the memory function is a decreasing function
of the time lapse s = t — t/. Typical of such a function is the exponential given
by
_ o
=3z
where the parameters pg, A, and s were defined previously. Like the choice of
a convected derivative in a differential model, the selection of a deformation
measure for use in Eq. (6.6.25) is somewhat arbitrary. One particular form that
has received some attention is given by

m(t —t') =m(s) e/, (6.6.26)

H-= ¢1(JB,jB)B+¢2(JB,jB)B. (6.6.27)

In Eq. (6.6.27) B is the Cauchy strain tensor, B is its inverse, called the Finger
tensor [see Eq. (3.4.22)], and ¢1 and ¢ are scalar functions of the invariants of
the deformation tensors, Jp = tr(B) and Jp = tr(B). The form of the deforma-
tion measure in Eq. (6.6.27) is still quite general, though specific choices for the
functions ¢; and the memory function m lead to several well-known constitutive
models. Among these are the Kaye-BKZ fluid and the Lodge rubber-like liquid.

As a specific example of an integral model, we consider the Maxwell fluid.
Setting ¢1 = 1 and ¢ = 0 in Eq. (6.6.27) and using the memory function of
Eq. (6.6.26), we obtain a constitutive equation of the form

t
= % / exp [—(t — ') /)] [B(t') — 1] dt'. (6.6.28)
—00

The constitutive equation (6.6.28) is an integral equivalent to the upper-convected
Maxwell model shown in differential form in Eq. (6.6.16). Note that in this case,
the extra-stress is given in an explicit form but its evaluation requires that the
strain history be known for each fluid particle. Although the Maxwell fluid has
both differential and integral forms, this is generally not true for other consti-
tutive equations. A discussion of additional integral models can be found in the
book by Bird, Armstrong, and Hassager (1971).

6.7 Heat Transfer
6.7.1 Introduction

Heat transfer is a branch of engineering that deals with the transfer of thermal
energy within a medium or from one medium to another due to a temperature
difference. Heat transfer may take place in one or more of the three basic forms:
conduction, convection, and radiation. The transfer of heat within a medium due
to diffusion process is called conduction heat transfer. Fourier’s law states that
the heat flow is proportional to the temperature gradient. The proportionality
parameter is known as the thermal conductivity. Note that for heat conduction
to occur there must be temperature differences between neighboring points.
Convection heat transfer is the energy transport effected by the motion of
a fluid. The convection heat transfer between two dissimilar media is governed
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by Newton’s law of cooling. It states that the heat flow is proportional to the
difference of the temperatures between the two media. The proportionality
parameter is called the convection heat transfer coefficient or film conductance.
For heat convection to occur there must be a fluid or another medium that can
transport energy to and from the primary medium.

Radiation is a mechanism that is different from three transport processes we
discussed so far, namely, (1) momentum transport in Newtonian fluids that is
proportional to the velocity gradient, (2) energy transport by conduction that is
proportional to the negative of the temperature gradient, and (3) energy trans-
port by convection that is proportional to the difference in temperatures of the
body and the moving fluid in contact with the body. Thermal radiation is an
electromagnetic mechanism, which allows energy transport with the speed of
light through regions of space that are devoid of any matter. Radiant energy
exchange between surfaces or between a region and its surroundings is described
by the Stefan—Boltzmann law, which states that the radiant energy transmit-
ted is proportional to the difference of the fourth power of the temperatures of
the surfaces. The proportionality parameter is known as the Stefan—Boltzmann
parameter.

6.7.2 Fourier’s Heat Conduction Law

The Fourier heat conduction law states that the heat flow q is related to the
temperature gradient by the relation
00
a=-k-V0 (¢= —kijach)a
where k is the thermal conductivity tensor of order two. The negative sign in
(6.7.1) indicates that heat flows downhill on the temperature scale. The balance

of energy (5.4.11) requires that (e = c6)

(6.7.1)

Do
ch:i)—V-q—i—prh, ®=71:D, (6.7.2)

which, in view of Eq. (6.7.1), becomes

pc%f =0+V-(k-V0)+pry, (6.7.3)
where pry, is the internal heat generation per unit volume, p is the density, and
c is the specific heat of the material (assumed to be independent of time ).
For heat transfer in a solid medium (v = 0), Eq. (6.7.3) reduces to
00
Pca
which forms the subject of the field of conduction heat transfer. For a fluid
medium, Eq. (6.7.3) becomes

pc(?:—i—v-VH) =0+V.-(k-VO)+pry, (6.7.5)

where v is the velocity field, and ® is the viscous dissipation function.

=V .- (k-V0)+pry, (6.7.4)
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6.7.3 Newton’s Law of Cooling

At a solid—fluid interface the heat flux is related to the difference between the
temperature 6 at the interface and that in the fluid

Gn=0-q=h(0—0a44) , (6.7.6)
where n is the unit normal to the surface of the body and A is known as the
heat transfer coefficient or film conductance. This relation is known as Newton’s
law of cooling, which also defines h. Clearly, Eq. (6.7.6) defines a boundary
condition on the bounding surface of a conducting medium.

6.7.4 Stefan—Boltzmann Law

The heat flow from surface 1 to surface 2 by radiation is governed by the Stefan—
Boltzman law:

an =0 (01— 65), (6.7.7)
where 61 and 65 are the temperatures of surfaces 1 and 2, respectively, and o is

the Stefan—Boltzman constant. Again, Eq. (6.7.7) defines a boundary condition
on the surface 1 of a body.

6.8 Constitutive Relations for Coupled Problems
6.8.1 Electromagnetics

Problems involving the coupling of electromagnetic fields with fluid and ther-
mal transport have a broad spectrum of applications ranging from astrophysics
to manufacturing and to electromechanical devices and sensors. A good intro-
duction to electromagnetic field theory is available in the textbook by Jackson
(1975). Here we present a brief discussion of pertinent equations for the sake of

completeness?.

6.8.1.1 Maxwell’s equations

The appropriate mathematical description of electromagnetic phenomena in a
conducting material region, )¢, is given by the following Maxwell’s equations
[see Reddy and Gartling (2001) and Jackson (1975), and references therein]:

V xE = —%—]f, (6.8.2)
VxH:J+8a—]tD, (6.8.3)
V-B=0, (6.8.4)
V.D=p, (6.8.5)

where E is the electric field intensity, H is the magnetic field intensity, B is
the magnetic flux density, D is the electric flux (displacement) density, J is the
conduction current density, and p is the source charge density. Equation (6.8.1)

“Note that the notation used here for various fields is standard in the literature; unfortunately,
some of the symbols used here were already used previously for other variables.
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is referred to as Faraday’s law, Eq. (6.8.2) as Ampere’s law (as modified by
Maxwell), and Eq. (6.8.4) as Gauss’ law. A continuity condition on the current

density is also defined by
dp
V.-J=—. 6.8.5
T (6.8.5)
Note that only three of the preceding five equations are independent; either Egs.
(6.8.1), (6.8.2), and (6.8.4) or Egs. (6.8.1), (6.8.2), and (6.8.5) form valid sets

of equations for the field variables.

6.8.1.2 Constitutive relations

To complete the formulation, the constitutive relations for the material are re-
quired. The fluxes are functionally related to the field variables by

D = Fp(E,B), (6.8.6)
H = F4(E,B), (6.8.7)
J = F,(E,B), (6.8.8)

where the response functions Fp, Fp, and F; may also depend on external
variables such as temperature # and mechanical stress . The form of the
material response due to applied E or B fields can vary strongly depending on
the microstructure and the strength of the material and on the magnitude and
time-dependent nature of the applied field.

Conductive and Dielectric Materials. For conducting materials, the standard
response function F; gives Ohm’s law, which relates the current density J to
the electric field intensity E

J=k,-E, (6.8.9)

where k, is the conductivity tensor. For isotropic materials, we have k, = kI,
where k, is a scalar and I is the unit tensor. In general, the conductivity may be
a function of E or an external variable such as temperature. This form of Ohm’s
law applies to stationary conductors. If the conductive material is moving in a
magnetic field, then Eq. (6.8.9) is modified to read

J=k, -E+k,(vxB), (6.8.10)

where v is the velocity vector describing the motion of the conductor and B is
the magnetic flux vector.

For dielectric materials, the standard response function Fp relates the elec-
tric flux density D to the electric field E and polarization vector P:

D=¢- E+P, (6.8.11)

where €( is the permittivity of free space. The polarization is generally related
to the electric field through

P =¢S. -E+ Py, (6812)
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where S, is the electric susceptibility tensor that accounts for the different types
of polarization, and Py is the remnant polarization that may be present in some
materials.

Magnetic Materials. For magnetic materials, the standard response function
F i relates the magnetic field intensity H to the magnetic flux B

1
H=—B-M, (6.8.13)
Ho
where g is the permeability of free space and M is the magnetization vector.
The magnetization vector M can be related to either the magnetic flux B or
magnetic field intensity H by

1 S,
M=—_—-—" B+ M, 6.8.14
to (I+Sim) ’ ( )
M=S,, - H+ (I+S,,) My, (6.8.15)

where S,,, is the magnetic susceptibility for the material, Mg is the remnant
magnetization, and I is the unit tensor. If the susceptibility is negative, the
material is diamagnetic, whereas a positive susceptibility defines a paramag-
netic material. Generally, these susceptibilities are quite small and are often
neglected. Ferromagnetic materials have large positive susceptibilities and pro-
duce a nonlinear (hysteretic) relationship between B and H. These materials
may also exhibit spontaneous and remnant magnetization.

Electromagnetic Forces and Volume Heating.  The coupling of electromag-
netic fields with a fluid or thermal problem occurs through the dependence
of material properties on electromagnetic field quantities and the production
of electromagnetic-induced body forces and volumetric energy production. The
Lorentz body force per unit volume in a conductor due to the presence of electric
currents and magnetic fields is given by

Fp=pE+J xB, (6.8.16)

where, in the general case, the current is defined by Eq. (6.8.10). The first term
on the right-hand side of Eq. (6.8.16) is the electric field contribution to the
Lorentz force; the magnetic term J x B is usually of more interest in applied
mechanics problems. The energy generation or Joule heating in a conductor is
described by

Qr=J-E, (6.8.17)

which takes on a more familiar form if the simplified (v = 0) form of Eq. (6.8.10)
is used to produce
Qr=0""J-J), (6.8.18)

where o is the conductivity. The aforementioned forces and heat source occur
in the fluid momentum and energy equations, respectively.
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6.8.2 Thermoelasticity

The use of the entropy density n as an independent variable is not convenient.
A more convenient thermal variable is the temperature 6, as it is fairly easy to
measure and control. The constitutive equations of thermoelasticity are derived
by assuming the existence of the Helmholtz free-energy potential ¥V = Uy(6,€) —
n(ei;) 0 = (0, ¢):

1 Cy
po ¥(gij, 0) = poUo—po (0 —00)n = - Cijre€ij e — Bij €ij (0 —00) — Ao (0—0p)>

2 2600
(6.8.19)
such that
ov ov Po Cy
%ij = P = Gkt ke = Bij (0 —0o), pon = —Popp = Piicij + W(Q —0),
(6.8.20)

where 6 is the temperature measured from a reference value 6y, 1 is the entropy
density, and f;; are material coefficients. In arriving at Eq. (6.8.20), it is
assumed that 7 and o;; are initially zero (see the answer to Problem 6.35), and
¢y Bij, and Cyjre are values at the reference state. Inverting the stress-strain
relations in Eq. (6.8.20), we obtain

gij = Sijke ore + i (0 — 6o), (6.8.21)

where Sz, are the elastic compliances, and «;; are the thermal coefficients of
expansion, and they are related to 3;; by

Bij = Cijke ke (6.8.22)

6.8.3 Hygrothermal Elasticity

The moisture adsorption problem is mathematically similar to the heat conduc-
tion problem. The moisture concentration c in a solid is described by Fick’s law
(analogous to Fourier’s heat conduction law):

q;=-D-Vc (6.8.23)

and the diffusion process is governed by

ge =-V .qy + ¢y, (6.8.24)
ot

where D denotes the mass diffusivity tensor of order two, q; is the moisture
flux vector, and ¢; is the moisture source in the domain. The negative sign
in Eq. (6.8.24) indicates that moisture seeps from a higher concentration to a
lower concentration. The boundary conditions involve specifying the moisture
concentration or the flux normal to the boundary:

Cc

n-qf

é(s,t) on T’y (6.8.25)
dr(s,t) on I, (6.8.26)
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where I' = I'y UT'y, and I'y N 'y = (), and quantities with a hat are specified
functions on the respective boundaries.
The moisture-induced strains {¢} are given by

{3 = {aum}e, (6.8.27)

where {ays} is the vector of coefficients of hygroscopic expansion. Thus, the
hygrothermal strains have the same form as the thermal strains. The total
strains are given by

{e} = [S|{o} + {ar}(0 — ) + {ar}(c — cp), (6.8.28)
where {ar} is the vector of coefficients of thermal expansion, and 6y and ¢y are
reference values of temperature and concentration, respectively, from which the
strains and stresses are measured. In view of the similarity between the thermal
and moisture strains, thermoelasticity and hygroelasticity problems share the
same solution approach.

6.8.4 Electroelasticity

Electroelasticity deals with the phenomena caused by interactions between elec-
tric and mechanical fields. The piezoelectric effect is one such phenomenon, and
it is concerned with the effect of the electric charge on the deformation. A struc-
ture with piezoelectric layers receives actuation through an applied electric field,
and the piezoelectric layers send electric signals that are used to measure the
motion or deformation of the laminate. In these problems, the electric charge
that is applied to actuate a structure provides an additional body force to the
stress analysis problem, much the same way a temperature field induces a body
force through thermal strains.

The piezoelectric effect is described by the polarization vector P, which rep-
resents the electric moment per unit volume or polarization charge per unit area.
It is related to the stress tensor by the relation

P=d .o or Pi = diijjk7 (6829)

where d is the third-order tensor of piezoelectric moduli. The inverse effect
relates the electric field vector E to the linear strain tensor € by
e=E-d or Eij = d]m]Ek (6830)

Note that dy;; is symmetric with respect to indices 7 and j because of the sym-
metry of €;; (note that 4,5,k =1,2,3).

The pyroelectic effect is another phenomenon that relates temperature changes
to polarization of a material. For a temperature change from a reference tem-
perature g, the change in polarization vector AP is given by

AP =p(0 — 6p), (6.8.31)

where p is the vector of pyroelectric coefficients.

The coupling between the mechanical, thermal, and electrical fields can be es-
tablished using thermodynamical principles and Maxwell’s relations. Analogous
to the strain energy potential Uy for elasticity and the Helmholtz free-energy
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potential ¥ for thermoelasticity, we assume the existence of a function ®, called
the electric Gibb’s free-energy potential or enthalpy function,

po®(eij, Ei,0) = poUo — po E - D — pon(6 — 6p)
1

= icijké €ij ke — €ijk €ij B — Bij €ij (6 — o)
1 Cy
— —ene Br By — pp En(0 — 00) — 250 (0 — 60)?, (6.8.32)
2 26
such that 9% 9% 9%
ij = PO > D= —po—, = —p0—==, 6.8.33
% = P PO Pag, P= Mg, ( )

where o0;; are the components of the stress tensor o, D; are the components of
the electric displacement vector D, and 7 is the entropy. Use of Eq. (6.8.32)
in Eq. (6.8.33) gives the constitutive equations of a deformable piezoelectric
medium:

0ij = Cijke €ke — €ijk Ex — Bij(0 — 6o), (6.8.34)

po Dy = eijk €ij + €xe Eg + pi(6 — 60), (6.8.35)
C

pon = Bij€ij + pr Br + ’0;0” (6 — 60), (6.8.36)

where Cjji, are the elastic moduli, e;j;, are the piezoelectric moduli, €;; are
the dielectric constants, p, are the pyroelectric constants, ;; are the stress-
temperature expansion coefficients, ¢, is the specific heat (at constant strain or
volume) per unit mass, and 6 is the reference temperature. In single-subscript
notation for stresses and strains, Eqs. (6.8.34)—(6.8.36) can be expressed as

g; = Cij 6j — €k Ek — 62(9 — 90), (6837)
£0 Dy =¢eire; + e Ey +pk(9 — 90), (6838)
c
pon = Biei + i Ex + pgo” (6 — 6p). (6.8.39)
Note that the range of summation in Eqgs. (6.8.37)—(6.8.39) is different for differ-
ent terms: 4,5 =1,2,---,6;k,£ = 1,2,3. For the general anisotropic material,

there are 21 independent elastic constants, 18 piezoelectric constants, 6 dielectric
constants, 3 pyroelectric constants, and 6 thermal expansion coefficients.
Maxwell’s equation governing the electric displacement vector D is given by

V-D=0. (6.8.40)

It is often assumed that the electric field E is derivable from an electric scalar
potential function ¢:
E=-Vo. (6.8.41)

This assumption allows us to write Eq. (6.8.40), in view of Eq. (6.8.38), as

0 0¢ 0 foler 0 0o _
871 (61181’1) + 87@ <€228a:2> + 871‘3 (633%) + fe=0, (6.8.42)

where

0
fo= e lexeee + (0 — 0)] . (6.8.43)
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6.9 Summary

This chapter was dedicated to a discussion of the constitutive equations for
Hookean solids, Newtonian fluids, and heat transfer in solids. Constitutive
models of solids and fluids are derived using the entropy inequality or condi-
tions resulting from the entropy inequality. Beginning with a discussion of the
constitutive rules or axioms, frame indifference, and restrictions placed by the
entropy inequality, general constitutive relations for the stress tensor, entropy,
and heat flux were derived. Then the generalized Hooke’s law governing lin-
ear elastic solids, Newtonian relations for viscous fluids, and the Fourier heat
conduction equation for heat transfer in solids are presented. The generalized
Hooke’s law is specialized to monoclinic materials, orthotropic materials, and
isotropic materials using material symmetries. Constitutive relations for non-
linear elastic solids, generalized Newtonian fluids, and coupled problems (e.g.,
electromagnetics, thermoelasticity, hygrothermal elasticity, and electroelastic-
ity) are also presented for the sake of completeness.

The constitutive relations presented in this chapter along with the field equa-
tions developed in Chapter 5 will be used in Chapters 7 and 8 to analyze some
typical boundary-value problems of solid mechanics, fluid mechanics, and heat
transfer. The main results of this chapter that are of importance in the coming
chapters are summarized here.

Hookean deformable solids (infinitesimal strains)

o =2pe+ Ar(e)l, o =2peij + Aepk 0ij (6.9.1)
1 T 1 (Ou; | Ouy
e=3 [Vu+ (Vu)'], &= 3 <8x]~ + 8xi> (6.9.2)
Newtonian fluids (compressible)
& = —p(p,0) T+ 241(p,0) D + A(p, 0) tr(D)T
Oij = —DP 51'3‘ + 24 €5 + A Ekk 5@' (6.9.3)
Newtonian Fluids(incompressible)
o = —p(g) I+2uD, Oi5 = —p(@) (5,‘]‘ + 24 Dij (694)
1 1 (0v; Ovj
2[Vv+(Vv) |, Dy 2<axj+axi> (6.9.5)
Heat transfer
00
— k-V0, q=—Fkj — 6.9.6
q ’ q J axj ( )

In general, the derivation of constitutive equations of a fluid or solid matter
is quite involved. The presentation here is made simple keeping in mind the
introductory nature of the present course. For a detailed and advanced study of
the subject, the reader may consult the books by Truesdell and Toupin (1965)
and Truesdell and Noll (1965).
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Problems

HOOKEAN SOLIDS

6.1 Recall from Examples 3.4.3 and 4.3.1 that under the coordinate transformation

€1 =cosfé, +sinféy,
62 = —sinf é, + cosf &y, (1)
é3 =é,,

the stress components and strain components ¢; and o; are given in terms of the com-
ponents Ouq, Oyy, -+ and €aq,Eyy, - - - by [see Egs. (3.4.33) and (4.3.7)]

€1 [ cos?® sin’0 0 0 0 1sin 260 €z
€2 sin?@ cos®’0 0 0 0 —2sin26 Eyy
€3 o 0 0 1 0 0 0 Ezz - ]
ea [ 0 0 0cosf —sinf 0 eye [’ {e} =[T"]{e}, (2)
€5 0 0 O0sinf cosé 0 Eaz
£6 | —sin260 sin20 0 0 0 cos 260 Exy
o1 [ cos?6 sin?0 0 0 0 sin 20 Onx
o2 sin® @ cos’f 0 0 0 —sin26 Oyy
oz | _ 0 0 1 0 0 0 Oz y_ipf
os [ 0 0 0 cosf —sinf 0 oy: [’ {7} = B o}
o5 0 0 0 sin@ cos@ 0 o
o6 | —3sin20 $sin20 0 0 0 cos20] | ouy
(3)
Show that
G T ~ T
[S] = [T°)[SIT°T",  [C]=[R*)[CIR)", (4)

where [S] is the matrix of compliance coefficients and [C] is the matrix of stiffness coef-
ficients with respect to the (x1,z2, z3) coordinates and [S] is the matrix of compliance
coefficients and [C] is the matrix of stiffness coefficients with respect to the (z,y, z)
coordinates.
6.2 Under the coordinate transformation

&) = cosfé; +sinfés,

€2 = —sinfé&; + cosf &z,

éS = é37

determine S;; in terms of S;; and C;; in terms of C;;.
6.3 Given the transformation

€1 =81, & =&, e3=—és, (1)
determine the stress components ;; in terms of o;;, strain components &;; in terms of
€45, and the elasticity coefficients C; in terms of Cj;.

6.4 Establish the following relations between the Lame’ constants p and A and engineering
constants F, v, and K:

vE E E
A Trva-) PTCT vy KT sy

6.5 Determine the longitudinal stress 0., and the hoop stress o,y in a thin-walled circular
cylindrical pressure vessel with closed ends; that is, establish Eq. (1) of Example 6.3.1.
Assume an internal pressure of p, internal diameter D;, and thickness h.

6.6 Determine the stress tensor components at a point in 7075-T6 aluminum alloy body
(F = 72 GPa, and G = 27 GPa) if the strain tensor at the point has the following
components with respect to the Cartesian basis vectors €;:

200 100 0

[e] = | 100 300 400 | x 107° m/m .
0400 0
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6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

For the state of stress and strain given in Problem 6.6, determine the principal invariants
of the stress and strain tensors.
The components of strain tensor at a point in a body made of structural steel are

36 12 30
[e]=]12 40 0| x107° m/m .
30 025

Assuming that the Lamé constants for the structural steel are A = 207 GPa (30 x 10°
psi) and g = 79.6 GPa (11.54 x 10° psi), determine the principal invariants of the stress
and strain tensors.

The components of a stress tensor at a point in a body made of structural steel are

42 12 30
[0]=]12 15 0| MPa.
30 0 -5

Assuming that the Lamé constants for structural steel are A = 207 GPa (30 x 10° psi)
and u = 79.6 GPa (11.54 x 108 psi), determine the principal invariants of the strain
tensor.

Plane stress-reduced constitutive relations. Beginning with the strain-stress relations in
Eq. (6.3.23) for an orthotropic material in a two-dimensional case (i.e., o33 = 013 =
023 = 0), determine the two-dimensional stress—strain relations.

O23=0

X
G22

Fig. P6.10

Given the strain energy potential

U(E) = g(trE)2 +put(E-E),

determine the second Piola—Kirchhoff stress tensor S in terms of the Green strain tensor
E.

Given the strain energy potential for the case of infinitesimal deformations

U(e) = %(tr e)? + ptr(e - g),

determine the strain energy function ¥ (o) in terms of the stress tensor o

Assuming that the strain energy density ¥ = Uy (o) is positive-definite, that is, Uy > 0,
with Uy = 0 if and only if & = 0, determine the restrictions placed on the elastic
parameters F, K, and v by considering the following stress states: (a) uniaxial stress
state with 11 = o; (b) pure shear stress state, 012 = 7; and (c) hydrostatic stress state,
011 = 022 = 033 = D.

A material is transversely isotropic at a point if it is symmetric with respect to an arbi-
trary rotation about a given axis. Aligned fiber-reinforced composites provide examples
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6.15

6.16

6.17

6.18

6.19

CONSTITUTIVE EQUATIONS

of transversely isotropic materials (see Fig. P6.14). Take the zs-axis as the axis of
symmetry with the transformation matrix

cos sinf 0
[L] = | —sin® cosf 0|,
0 0 1

where 0 is arbitrary. Show that the stress—strain relations of a transversely isotropic
material are of the form

g1 Ci1 Ci2 Ci3 0O 0 0 €1
o2 Ci2Cii Cis 0 0 0 €2
o3| _[CisCizCs3 0 O 0 €3
g4 - 0 0 0 C44 0 0 €4
o5 0 0 0 0 Cu 0 €5
o6 0 0 0 0 0 3(Ci—Ch2) €6

Fig. P6.14

The stress—strain relations of an isotropic material in the cylindrical coordinate system
are

Orr = 2UErr + A (Err + €00 +€22),
000 = 21Epo + A (Err + €00 + Ezz) ,
0oz =202+ A (Err + €00 + €22)
Org = 2{€r0, Orz = 2UErz, OTpz = 2/4E¢s.
Express the relations in terms of the displacements (u,, ug, u.).
Express the stress—strain relations of an isotropic material in the spherical coordinate
system and express the result in terms of the displacements (ug, ug, ug).
Given the displacement field in an isotropic body

Ur = U(T)7 Ug = 07 Uy = 07 (1)

where U(r) is a function of only 7, determine the stress components in the cylindrical
coordinate system.
Given the displacement field in an isotropic body

ur =U(R), u$=0, up=0, (1)

where U(R) is a function of only R, determine the stress components in the spherical
coordinate system.

The Navier equations. Show that for an isotropic, incompressible solid with infinitesimal
deformations (i.e., o & S and F - S &~ S), the equation of motion (5.3.11), V - o + pof =
pol, can be expressed as

2

poa—t;‘ = pof — Vp+ (A + ) V(V - u) + uV2u.
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NEWTONIAN FLUIDS

6.20

6.21

6.22

6.23

6.24

6.25

6.26

6.27

6.28

6.29

Given the following motion of an isotropic continuum,
X(X) = (X1 + kt*X3) &1 + (X2 + ktX2) &2 + X és,

determine the components of the viscous stress tensor as a function of position and time.
Express the upper and lower convective derivatives of Egs. (6.6.12) and (6.6.13) in
Cartesian component form.

Interpret the Larhe constant p by considering the flow field

v1 = f(x2), v2=0, v3=0,

where f is a known function of ;.
For viscous compressible flows (in spatial description), show that

- 1 Dp
—p=(N+2 - =F
o-p=0+30) B
where & = —03;/3 is the mean stress and p is the thermodynamic pressure.

The Navier—Stokes equations. Show that for a compressible fluid, the Cauchy equations
of motion (5.3.10) can be expressed as

D
pD—: = pf = Vp+ A+ p) V(V-v) +uViv.
Simplify the equation for (a) an incompressible fluid and (b) hydrostatic state of stress.
Show that for an incompressible fluid the equation of motion simplifies to

D

5 (Pv) =pf = Vp+uV’y.

Show that for the two-dimensional flow of an incompressible Newtonian fluid with V x
f = 0, where f is the body force vector (measured per unit volume), the vorticity w [see
Eq. (3.6.5)] satisfies the diffusion equation

p%—v: = uViw.

Stokesian fluid. A Stokesian fluid is one in which (a) the stress tensor o is a continuous
function of the rate of deformation tensor D and the local thermodynamic state (i.e.,
may depend on temperature), but independent of other kinematic variables; (b) o is
not an explicit function of position x; (c¢) constitutive behavior is isotropic; and (d) the
stress is hydrostatic when the rate of deformation is zero, D = 0. Consider the following
constitutive equation for a Stokesian fluid:

o=—pl+uD+3D-D (0ij =—pbij + pDij + B DirDi;).

Write the equations of motion (5.3.10) in terms of p and D for a Stokesian fluid. Note
that a linear Stokesian fluid is a Newtonian fluid.

Irrotational motion. The velocity field v is said to be irrotational when the vorticity is
zero, w = 0. Then there exists a velocity potential ¢(x,t) such that v = V¢. Show
that the Navier—Stokes equations of Problem 6.24 can be expressed in the form

0
09 |52+ 59602 | = pf = Vit 3+ 2V ().
Show that in the case of irrotational body force f = —VV and when p is a function only
of p

9o 2 1
99 L LW+ V 4 P(p) — ©
ot + 2( @) +V +P(p) F
where P(p) = [? dp/p, po is a constant, and g(t) is a function of time only.

(A +2u)V?¢ = g(1),
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HEAT TRANSFER

6.30

6.31

6.32

6.33

6.34

Show that for an isotropic Newtonian fluid the energy equation can be expressed in the
form

D

pjj =V (kVO) —pJi + (A +2u)J7 — 4puds + pr,

where Ji and Jo are the principal invariants of D [see Eq. (3.4.36)], and k is the
conductivity.

Show that for an isotropic Newtonian fluid the energy equation can be expressed in the
form

D
pejz =V (kVO) + (A +2u)J? — s + pr,

where 0 is the absolute temperature, n is the entropy, Ji and Js are the principal
invariants of D, and k is the conductivity. Hint: 6 dn = de+pd(1/p) and d/dt = D/Dt.
The thermal stress coefficients, (3;;, measure the increases in the stress components per
unit decrease in temperature with no change in the strain, that is,

_ 80'”'
00 le=const

Bij =

Deduce from the above equation the result

On
ij = PO dei;

B

The specific heat at constant strain is defined by
_ Oe

Cy = — .
00 le=const

Deduce from the above equation the result

0*v
cy = —0 502
Consider a reference state at zero strain and temperature 6y, and expand ¥(6,¢) in
Taylor’s series about this state up to quadratic terms in 6 and €;; to derive the consti-
tutive equations, Eq. (6.8.20), for linear thermoelasticity. Specialize the relations to the
isotropic case.
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