7
LINEARIZED ELASTICITY

You cannot depend on your eyes when your imagination is out of focus.
—— Mark Twain (1835-1910)
Research is to see what everybody else has seen, and to think what nobody else has thought.
—— Albert Szent-Gyoergi (1893-1986)

7.1 Introduction

This chapter is dedicated to the study of deformation and stress in solid bodies
under a prescribed set of forces and kinematic constraints. In a majority of
problems, we assume that stresses and strains are small so that linear strain-
displacement relations and Hooke’s law are valid, and we use appropriate govern-
ing equations derived using the Lagrangian description in the previous chapters
to solve them for stresses and displacements. In the linearized elasticity we as-
sume that the geometric changes are so small that we neglect squares of the dis-
placement gradients, that is, |[Vu|? ~ 0, and do not make a distinction between
the deformed and undeformed geometries, between the second Piola—Kirchhoff
stress tensor S and the Cauchy stress tensor o, and between the current coor-
dinates x and the material coordinates X (and use o and x). Mathematically,
we seek solutions to coupled partial differential equations over an elastic domain
occupied by the reference (or undeformed) configuration of the body, subject
to specified boundary conditions on displacements or forces. Such problems are
called boundary value problems of elasticity.

Most practical problems of even linearized elasticity involve geometries that
are complicated, and analytical solutions to such problems cannot be obtained.
Therefore, the objective here is to familiarize the reader with certain solution
methods as applied to simple boundary value problems. Boundary value prob-
lems discussed in most elasticity books are about the same, and they illustrate
the methodologies used in the analytical solution of problems of elasticity. Al-
though is a book on a first course in continuum mechanics, typical solid me-
chanics problems discussed in most elasticity books, for example, Timoshenko
and Goodier (1970), Slaughter (2002), and Sadd (2004) are covered. The meth-
ods discussed here may not be directly useful in solving practical engineering
problems, but the discussion provides certain insights into the formulation and
solution of boundary value problems. These insights are useful irrespective of
the specific problems or methods of solution presented here.
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266 LINEARIZED ELASTICITY

7.2 Governing Equations
7.2.1 Preliminary Comments

It is useful to summarize the equations of linearized elasticity for use in the later
sections of this chapter. The governing equations of a three-dimensional elastic
body involve (1) 6 strain-displacement relations among 9 variables, namely 6
components of strain tensor € and 3 components of displacement vector u; (2) 3
equations of motion among 6 components of stress tensor o, assuming symmetry
of the stress tensor; and (3) 6 stress—strain equations among 6 stress and 6 strain
components that are already counted. Thus, there are a total of 15 coupled
equations among 15 scalar field variables. These equations are listed here in
vector form and Cartesian, cylindrical, and spherical component forms for an
isotropic body occupying a domain €2 with closed boundary I' in the reference
configuration. Figures 7.2.1(a)—(c) show the normal stress components in the
three coordinate systems; shear stress components should be obvious (as well as
all of the strain components).

7.2.2 Summary of Equations

All of the equations derived in Chapters 3, 4, 5, and 6 in material description
are presented here. Throughout this chapter, we use the following notations:
x=X,e=E,ando=S.

7.2.2.1 Strain-displacement equations

The linearized strain-displacement relations are summarized here:

Vector form:

1
e=3 [Vu+ (Vu)'] (7.2.1)
Rectangular Cartesian component form: (uz, Uy, Uy)
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ou ou ou
1 T 2 Yy
Tz = = 5 = — 722
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Component form in cylindrical coordinates: (u,,ug,u)
_ Ou, 1 (10u,  Oup ug
T e ET9_2<7"80+6T r
ou ou U 1 Oug
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Fig. 7.2.1: Components of a second-order tensor (stress) on a typical volume element in (a)
Cartesian, (b) cylindrical, and (c) spherical coordinate systems.

Component form in spherical coordinates: (ur, g, Ug)
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Oug
Epg = Ranﬁ ( +uR81n¢+u¢cos¢>

7.2.2.2 Equations of motion

The linearized equations of motion, under the assumption that o' = o, are
summarized. The equilibrium equations are obtained by setting the acceleration
terms to zero. Here f is the body force vector measured per unit mass.

Vector form

0%u
Rectangular Cartesian component form: (042, Oyy, Ozy, - )
003y  O0gy 00y B 0%uy
ar "oy o TP mTs
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— 7.2.6
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Component form in cylindrical coordinates: (opy, 0pg, Org, - +)
80'7'7‘ + 180'7’9 aO'rZ + 1( B )+ f B @
or r 0 0z r Orr 066 PoJr = PO o2
60’07" 1 8090 809z Oor + 0o 62u9
r =P0 55 7.2.7
or r 00 9z + . + pofo = po 55 ( )
80'zr 180’29 8022 % N f B %
or r 00 0z r PoJz = PO o2
Component form in spherical coordinates: (CRrR, Cpgs ORg: " )
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il 1, - B t
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0%u
pofs = poﬁf (7.2.8)
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+ pofo = POW

7.2.2.3 Constitutive equations

The stress—strain equations of a linear, isotropic, elastic body are presented here.

Vector form
o =2ue+ \(tre)l (7.2.9)

Rectangular Cartesian, cylindrical, and spherical component forms

o11 1—-v v v 0 0 0 €11
09292 14 1—-v v 0 0 0 €99
o33 | E v v 1—-v 0 0 0 €33
o (A+v)1-22)| 0 0 0 L2 o0 o0 2693
013 o 0 o0 o0 2o 2e13
ey Lo 0 0 0 0 2] (2
(7.2.10)

Here the subscripts 1, 2, and 3 take z,y, and z for rectangular Cartesian co-
ordinates; r, 0, and z for cylindrical coordinates; and R, ¢, and 6 for spherical
coordinates. The Lame constants g and A are related to Young’s modulus F
and Poisson’s ratio v by

E vE
M:G:m, /\:(1+V)(1—21/)' (7.2.11)
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Equations (7.2.1)—(7.2.10) are valid for all problems of linearized elasticity;
various problems differ from each other only in (a) geometry of the domain, (b)
boundary conditions, and (c) values of the material parameters £ and v. The
general form of the boundary condition is presented next.

7.2.2.4 Boundary conditions

Vector form
u=1 on T, f-c=t on T,. (7.2.12)

Component form
U; = fLi on Fu, O35 Nj = fz on FU, (7.2.13)

where I', and I, are disjoint portions (except for a point) of the boundary whose
union is equal to the total boundary I', and quantities with a hat are specified
values. Note that only one element of the pair (¢;,u;), for any i = 1,2, 3, may be
specified at a point on the boundary. The indices (1, 2, 3) may take the values
of (z,y,2), (1,0, z2), and (R, ¢,0).

7.2.2.5 Compatibility conditions

In addition to the 15 equations listed in (7.2.1), (7.2.5), and (7.2.9), there are 6
compatibility conditions among 6 components of strain:

V x (V x €)T =0, errejus€ijre =0. (7.2.14)

Recall that the compatibility equations are necessary and sufficient conditions
on the strain field to ensure the existence of a corresponding displacement field.
Associated with each displacement field, there is a unique strain field as given
by Eq. (7.2.1) and there is no need to use the compatibility conditions. The
compatibility conditions are required only when the strain or stress field is given
and the displacement field is to be determined.

In most formulations of boundary value problems of elasticity, one does not
use the 15 equations in 15 unknowns. Most often, the 15 equations are reduced
to either 3 equations in terms of displacement field or 6 equations in terms of
stress field. The two sets of equations are presented next.

7.2.3 The Navier Equations

The 15 equations can be combined into 3 equations by substituting strain-
displacement equations into the stress—strain relations and the result into the
equations of equilibrium. We shall carry out this process using the Cartesian
component form (in index notation) and then express the final result in vector
as well as Cartesian component forms.

The Cartesian component form of Eq. (7.2.9) is

oij = p (i + uji) + A ki (7.2.15)
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Substituting into Eq. (7.2.5), we arrive at the equations

82u7;
PO = O + po fi

= p(uijj + wjij) + Aug ki + po fi

= pu; i + (14 A i + po fi (7.2.16)
Thus, we have
2 0%u
wv u+(M+)\)V(V~u)+p0f:p0@,
ﬁzul-
pi i + (0 + Nuggi + po fi = PO 5 (7.2.17)

These are called Lamé—Navier equations of elasticity, and they represent the
equilibrium equations expressed in terms of the displacement field. The bound-
ary conditions (7.2.13) can be expressed in terms of the displacement field as

(i (g + wjg) + ngdug ] = ti on Ty, wj=1; on T. (7.2.18)

Equations (7.2.17) and (7.2.18) together describe the boundary value problem
of linearized elasticity.

7.2.4 The Beltrami—Michell Equations

Alternative to the formulation of Section 7.2.3, the 12 equations from (7.2.5) and
(7.2.9) and 6 equations from (7.2.14) can be combined into 6 equations in terms
of the stress field. Substitution of the constitutive (strain-stress) equations

1
— [(1 + I/)O’ij — I/Jkk(sij] (7219)

Ez‘j:E

into the compatibility equations (7.2.14) yields

0 = €ixrejes €ij ke
= €ikr€jes [(1 4 V)0ij ke — VOmm ke0ij)
= (1 +v)eirr€jes0ij ke — Veikr€itsTmm ke
= (14 v)errejestijre — v (0redrs — OrsOrr) Omm, ke

= (1 + V)eikrejéso'ij,ki -V (5rsamm,kk - Umm,rs) . (7220)
In view of the identity
0ij Oie Ois

€ikr€jts = | Okj Okt Oks | = 0ij0ke0rs — 0;jOksOrp — Ok;j0irOrs + Ok jOredis
57’j 5r€ 57’3

+ 57’3'51'(5]@ - (Srjdké(sisa (7.2.21)
Eq. (7.2.20) simplifies to

0rs0iijj — Tiirs — (1L + 1) (0rs0ijij + Ors,ii — Oisir — Oiris) = 0. (7.2.22)
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Contracting the indices r and s (s — r) gives
20ii55 — (1 +v) (0ij5 + 0jj01) = 0.
Simplifying the above result, we obtain

1+v
Oii,jj = El_yigz’j,zj- (7.2.23)

Substituting this result back into Eq. (7.2.22) leads to

1 v
Tijkk + T35 Okkii = Ears,rsézj + Okjki + Oki - (7.2.24)
Next, we use the equilibrium equations to compute the second derivative of
the stress components, o, .1 = —po fs . We have
Gijkk + —— Ok = — L f 415 — o (fii+ fij) (7.2.25)
J5 14+v »2 1—p’" J 7 5]

or in vector form

Vo + Hlva (tro)] = ——2° (V- £)T— po [VE+ (VE)T].  (7.2.26)

1—v
The 6 equations in (7.2.25) or (7.2.26), called Michell’s equations, provide the
necessary and sufficient conditions for an equilibrated stress field to be compat-
ible with the displacement field in the body. The traction boundary conditions
in Eq. (7.2.13) are valid for this formulation.
When the body force is uniform, we have V-f = 0 and Vf = 0, and Michell’s
equations (7.2.26) reduce to Beltrami’s equations

1 1
Vi + mV[V (tro)] =0, oijrk+ 1 0khid = 0. (7.2.27)

7.3 Solution Methods
7.3.1 Types of Problems

The equilibrium problems, also called boundary value problems, of elasticity can
be classified into three types on the basis of the nature of specified boundary
conditions. They are outlined next.

Type I. Boundary value problems in which all specified boundary conditions
are of the displacement type

u=1u on I, (7.3.1)

are called boundary value problems of type I or displacement boundary value
problems.

Type II. Boundary value problems in which all specified boundary conditions
are of the traction type,

~

t=t on T, (7.3.2)



272 LINEARIZED ELASTICITY

are called boundary value problems of type II or stress boundary value problems.
Such boundary value problems are rare because most practical problems involve
specifying displacements that eliminate rigid-body motion.

Type III. Boundary value problems in which all specified boundary conditions
are of the mixed type,

u=1u on I, and t=t on I, (7.3.3)

are called boundary value problems of type I1I or mized boundary value problems.
Most practical problems, including contact problems, fall into this category.

7.3.2 Types of Solution Methods

An exact solution of a problem is one that satisfies the governing differential
equation(s) at every point of the domain as well as the boundary conditions
exactly. In general, finding exact solutions of elasticity problems is not simple
owing to complicated geometries and boundary conditions. An approzimate so-
lution is one that satisfies governing differential equations as well as the boundary
conditions approximately. Numerical solutions are approximate solutions that
are developed using a numerical method, such as the finite difference method,
the finite element method, the boundary element method, and other methods.
Often one seeks approximate solutions of practical problems using numerical
methods. The phrase analytical solution is used to indicate that the solution, ex-
act or approximate, is obtained using analytical means rather than by numerical
methods. Also, one may obtain exact solution to an idealized (or approximate)
mathematical model of the actual problem. Most of the exact solutions found
in textbooks fall into this category.

There are several types of solution methods for finding analytical solutions
[see Slaughter (2002)]. The most common methods are described here.

1. The inverse method is one in which one finds the solution for displacement,
strain, and stress fields by solving the governing equations of elasticity,
and then tries to find a problem with geometry and boundary conditions
to which the fields correspond. This approach is more common with math-
ematicians than with engineers.

2. The semi-inverse method is one in which the solution form in terms of
unknown functions is arrived at with the help of a qualitative understand-
ing of the problem characteristics. The unknown functions are determined
to satisfy the governing equations. In identifying a solution form, often
assumptions are made about the displacement or stress field (in addition
to the constitutive behavior) to reduce a three-dimensional problem to a
two-dimensional or even one-dimensional problem. Very few problems of
elasticity have exact solutions, and the assumed fields in most cases are ap-
proximate. The semi-inverse method is the most commonly used approach
in solid mechanics.
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3. The method of potentials is one in which potential functions (with un-
knowns) are introduced to trivially satisfy some or all of the governing
equations, and the functions are then determined using the remaining
governing equations as well as boundary conditions of the problem. The
potential functions are then used to determine stresses, strains, and dis-
placements.

4. Variational methods are those that make use of extremum (i.e., minimum
or maximum) and stationary principles, which are equivalent to the gov-
erning equations and some of the boundary conditions of the problem.
The principles are cast in terms of strain energy, work done by loads, and
kinetic energy of the system. The variational methods have the added
advantage of being approximate methods. Variational methods form the
basis of certain numerical methods such as the finite element method.

Other analytical methods include complex variable methods, integral trans-
form methods, perturbation methods, method of multiple scales, and so on. In
the remainder of this chapter, we consider mostly the semi-inverse method and
the method of potentials to formulate and solve certain problems of linearized
elasticity.

7.3.3 Examples of the Semi-inverse Method

In the first problem (spherical pressure vessel) considered in this section, the
displacement field is assumed in terms of an unknown function, and then the
equations of elasticity or their equivalents are used to determine differential
equations governing the unknown function. In the second problem (deformation
of a prismatic bar under its own weight), the state of stress is assumed in terms
of an unknown function and the equations of elasticity are used to determine the
unknown function, strains, and displacements. In the first problem, even though
the semi-inverse method is used, the assumed form of the solution happens to be
exact. This is not the case in most problems of elasticity. These two examples
illustrate the general methodology of solving elasticity problems by the semi-
inverse method. The key element of the approach is to gain sufficient qualitative
understanding of solution (displacements and stresses) before identifying the
solution form.

Example 7.3.1

Consider an isotropic, hollow spherical pressure vessel of internal radius a and outside radius
b. The vessel is pressurized at r = a as well as at r = b with pressures p, and py, respectively,
as shown in Fig. 7.3.1(a). Determine the displacements, strains, and stresses in the pressure
vessel.

Solution: We use the spherical coordinate system to formulate the problem. Based on the
spherical symmetry of the geometry, boundary conditions, and material properties, we note
that the solution also exhibits spherical symmetry, that is, the solution does not depend on ¢
and 6 coordinates [see Fig. 7.3.1(b)]. In fact, the only nonzero displacement is ug, and it is
only a function of the radial distance R. Thus, this three-dimensional elasticity problem can
be formulated as a two-dimensional one without any approximation.
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(b)

Fig. 7.3.1: A spherical pressure vessel.

For this problem, only the following stress boundary conditions (BVP type II) are known:

At R=a: n=—€ér, t=p,€r Or ORR = —Pa, ORrRyp = Ore =0, (7.3.4)
At R=b: n=¢&r, t=—p,€r or orRr = —p», ORry = Ore = 0. e

Based on our qualitative understanding of the solution to the problem, we begin with the

assumed displacement field
ur = U(R), ug =ug =0, (7.3.5)

where U(R) is an unknown function to be determined such that the equations of elasticity and
boundary conditions of the problem are satisfied. If we cannot find U(R) that satisfies the
governing equations, then we must abandon the assumption in Eq. (7.3.5).

The only nonzero strains associated with the displacement field (7.3.5) are [see Eq. (7.2.4)]

d 1
€RR = Tp, E¢¢ = €00 = EU(R)' (7.3.6)
The nonzero stresses are
dU U
ORR = 2UERR + A (ERR + €¢¢ + €00) = (21 + )\)ﬁ 4 2)\§ ,
U dU 3.
J¢¢:2HE¢¢+A(€RR+€¢¢+€09):2(M+)\)E+Aﬁ7 (737)
gpe — 0’¢¢.

The last two equations of equilibrium, Eq. (7.2.8) without the body force and acceleration
terms, are trivially satisfied, and the first equation reduces to

daRR 1 _
iR & (20rR — 0p¢ — 099) =0, (7.3.8)

which can be expressed in terms of the displacement function U(R) using Eq. (7.3.7)

d*U 2\ dU U
2 AT A ) Y
Gt Nt Rar PR
1 dU U dU U
— |12(2 — +4A= —2)\— —14 —| =0. .3.
+x (u+/\)dR+ AR /\dR (M+A)R 0 (7.3.9)
Simplifying the expression, we obtain
2
LU opU oy, (7.3.10)

dR? dR
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The linear differential equation (7.3.10) can be transformed to one with constant coeffi-

cients by a change of independent variable, R = ¢* (or £ = InR). Using the chain rule of
differentiation, we obtain

dU _dUd§ _1dU d*U _ d (1dU 1 ( dU  d°U
¢ de* )"

dR~ d¢dR Rdé’ dR?  dR\Rd ) R?
Substituting the above expressions into (7.3.10), we obtain

d’U  dU
@ + i 2U = 0. (7.3.11)

Seeking solution in the form U(£) = e™¢ and substituting it into Eq. (7.3.11), we obtain
(m —1)(m + 2) = 0. Hence, the general solution to the problem is

U(€) = cre® + coe™ %%, (7.3.12)

Changing back to the original independent variable R, the radial displacement is

ur(R) =U(R) = 1R+ 2

= (7.3.13)

where the constants c¢; and c2 are to be determined using the boundary conditions in Eq.
(7.3.4). Hence, we must compute orr,

2 1
ORR = (2#4 aF )\) (Cl = CQE) + 2A (Cl T CZE)
1
= (2u+3N\)c1 — 4,uczﬁ, (1)

Applying the stress boundary conditions in (7.3.5) and (7.3.6), we obtain

duc
(2p+3N)e1 — 532 = —Pa,
Apics (2)
(Q,u + 3)\)61 — b3 = —Db.
Solving for the constants c¢1 and c2, we obtain
o = 1 paa’® — pyb° o — a’b® (pa —po 3)
(2p +3X) b3 —ad ’ dp \b® —a3 /)’
Finally, the displacement ur and stresses orr, 044, and ogs in the sphere are given by
R paa3 — pbb3 a®b? Pa — Db
= .3.14
ur(R) (21 + 3X) ( b® — a3 + AuR? \ b® — a3 )’ (7.3.14)
_ (paa® —ppb®\  a®b® (pa—ps
ORE = b® — a3 ORI \ BB —dad )’
(7.3.15)

vos = o0y = (P2 =B | @’V (pa —py
i b — a? 2R® \ ¥ —a? )"
Since the off-diagonal elements of the stress tensor are zero, that is, ory = ore = ogs = 0,

ORR, O¢¢, and ggg are the principal stresses, with €r, €4, and €g being the principal directions,
respectively.




276 LINEARIZED ELASTICITY

Example 7.3.2

Consider a prismatic bar with dimensions 2a x 2b x L and mass density p in a gravitational
field g = —gé3. The top surface of the bar is attached to a rigid support in such a way that
u=v=w=0atx=y=0,z= L, as shown in Fig. 7.3.2. Use the semi-inverse method to
determine the displacements i the body.

Fig. 7.3.2: Deformation of a prismatic bar under its own weight.

Solution: First we summarize the boundary conditions. We have
u(0,0,L) =0, t(z,y,0)=0, t(z,+b,2z)=0, t(+a,y,z)=0. (7.3.16)
Thus, we find that
Oxx = Oyy = Ogy = Ogz = Oyz = 0,

on the boundary, except at the point z =y = 0 and z = L. Since there are no other geometric
constraints (that is, the body is free to change its geometry), it does not develop the stresses
Ozz, Oyy, Oay, Ozz, and oy.. Thus, we use the semi-inverse method, where we assume that

Tz = NE)y Cow = Oy = Cay = Taz = gz = 0 (7.3.17)

The boundary conditions require that S(0) = 0. The first two equations of equilibrium are
satisfied trivially and the third equation reduces to

ds

L P9 = SE)=vz+e (v=pg) (1)
The constant of integration, ¢, is zero in order to satisfy the boundary condition S(0) = 0.
Thus, the stress field is

Ty =AY By Ty = Ty = Oy = Oz = gz = O (2)

The stress compatibility conditions in Eq. (7.2.26) are trivially satisfied.
The strains are given by

v 1
B = Gy = 5 YZ, Ezx= E’yz, Exy = Exz = Eyz = 0. (3)
The corresponding displacement field is determined from the strain-displacement boundary
conditions:

1 1
€= HV% = U= =72 +h(zy),

Ous  Ou. ou.  Oh (4)
L0 g —

2 Tz —
c 0z ox

8z Oz’
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where h is a function to be determined. Integrating Eq. (4), we obtain

oh
Uy = _aixz +g($€7y),
where g is a function to be determined. Similarly,

()

_ Ouy | Ou, % oh
284z = 0z oy 0, -

oh

= =2 =2 6
32 ayv uy ayz+f(x7y)? ( )
where f is a function to be determined. Now comparing €, from Eq. (3) with that computed
from Eq. (5), we obtain

v, _Ph 9
m Ox? Ox
We see that, because it must hold for any z,
&%h v dg
2-EY 30 9=G(y). (7)
Similarly, comparing €,, from Eq. (3) with that computed from Eq. (6), we obtain

2
v, _0h  Of

ETFT Tap oy

we see that, since it must hold for any z,
h v of
— = = = =0 — = F(x).
- E" ay f=F(z)

From e, = 0, we see that

This gives the result

9*h

4G dF
oxdy

(y) = a1y +c2, F(x)

—C1% + C3.
Conditions in Egs. (6)—(8) imply that & is of the form

(10)

v
h(z,y) = °E 7(@® +9%) + caz + csy + cs,
where ¢; are constants. In summary, we have

(7.3.18)
u ——%z—k (z )——1 xz—caz+cay+te
@ =T 9\x,y) = E’Y 4 1Y 25
oh
Uy = —a—yz—kf(m,y) = —%fyyz — 52 — 1T + cs, (7.3.19)
o, —

= [22 +1/(x2 +y2)} + cax + c5Y + Cs.
2F
The displacement boundary conditions in Eq.

(7.3.16) give c2 = ¢3 = 0, and ¢ =
—~L?/2E, which correspond to the translational rigid-body motions. To remove the six rigid-
body rotations, we may require
Ouz _ Ouy  Ouy _ Ous

ayiaxiaz:

_ % _ Oug Oou,

8y78ziaz:

=0 atz=y=0, and z =L,
oz
which yield all other constants to be zero, giving the final displacement field

U *—%z—i— (z )*—Z xz
T a.CE g yY) = E’y )

Uy:

o

(7.3.20)
5B [22 A 1/(1’2 Ak y2)] .
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7.3.4 Stretching and Bending of Beams

In this section, we use the semi-inverse method to formulate equations govern-
ing stretching and bending of prismatic members. Using a set of assumptions
concerning the kinematics of deformation of the members, the form of the dis-
placement field is identified. We consider the prismatic bar shown in Fig. 7.3.3.
The bar has a length L and has rectangular cross section of dimensions b x h,
b being the width and h being the height, such that b < h << L. We set up a
coordinate system such that the z-axis is along the length of the beam through
its geometric centroid, y-axis is transverse to the length of the beam, and the
z-axis is out of the plane of the page, as shown in Fig. 7.3.3. A distributed
load ¢(z) (measured per unit length) acts along the length of the beam in the
xy-plane in the positive y-direction, a distributed load f(z) (measured per unit
length) acts along the center line of the beam in the z-direction, and a point
load Fy acts at a distance x = a from the left end. The bar is geometrically
constrained at the right end in such a way that all three displacements are zero
there. Thus, the boundary conditions are

u(L,y,2) =0, 0., =04, =0y, =0 on faces z = £b/2 for all z,y,
oyy(z,h/2,0) = q(x), oyy(x,—h/2,0) =0, ozy(x,+h/2,0)=0, (7.3.21)
O'yz(xy :|:h/2, Z) =0, O’m(07% Z) =0, ny(ovy, Z) =0, sz(O,ya Z) = 0.

Y q(x)
AT
E— :
2 \

Fig. 7.3.3: A prismatic bar under various loads.

Solving the problem for exact displacements, strains, and stresses that sat-
isfy the boundary conditions in Eq. (7.3.21) and the equilibrium equations of
elasticity is an impossible task. We can formulate it as an equivalent prob-
lem of finding the solution that satisfies statically equivalent! stress boundary
conditions and through-thickness-integrated equations of elasticity. Such for-
mulation reduces the three-dimensional elasticity problem to a one-dimensional
elasticity problem, known as the beam bending problem. Once again, we use the
semi-inverse method, and assume a form the displacement field.

We seek a solution (ugz,uy,0) based on the following assumptions: the trans-
verse normal lines, such as AB shown in Fig. 7.3.4(a), (1) remain straight, (2)

The phrase “statically equivalent” means that the two distributions of forces have the same
resultant force and resultant moment.
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are inextensible, and (3) rotate such that they remain normal to the middle
surface after deformation. These assumptions are known as the Euler—Bernoulli
hypothesis of beam bending. The first two assumptions together amount to ne-
glecting Poisson’s effect and the transverse normal strain (i.e., e,y = 0). The
third assumption is to neglect the transverse shear strain €,, = 0. We assume
that the deformation is only two-dimensional (in the plane of the page). This
requires that the applied loads be in the xy plane so that stretching and bending
are in the xzy plane, and there is no rotation about the x axis.

The Euler—-Bernoulli hypothesis is satisfied by the following form of the dis-
placement field:

ouy . R
= |u(e) -y 52 &+, 8y,
o r (7.3.22)
Uy = u(x) — y% , uy =v(x), uy =0,

where u(x) and v(z) are functions to be determined by requiring that the equi-
librium equations of elasticity are satisfied in an integral sense, as explained
shortly. From the assumed form of the displacement field, we see that the dis-
placement component u, consists of two parts: stretching displacement u(x) of
all lines parallel to the z-axis and the displacement —y(dv/dz) due to bending
action, which is proportional to the distance y measured from the middle plane.
The transverse displacement w, = v(x) is independent of the y-coordinate, a
consequence of the inextensibility assumption.

Displacements and rotations
are exaggerated

(a)

\ q(x) q(x)
v m Ty v m V+AV
N

b) N %1A ﬁ N+ AN

A =% |
XX
Equilibrium at a point Equilibrium of an element

Fig. 7.3.4: Bending of a beam. (a) Kinematics of deformation. (b) Equilibrium of an element
of the beam.
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The only nonzero strain and corresponding stress components corresponding
to the assumed displacement field are [ = 0 in writing the stress—strain relation
Ozz = (214 + N)egy = Eeyg but not in the relation 2p = 2G = E/(1 + v)]

du d?v
du d?v
ww=E——y=— |, .3.24
7 (d;r yd:c2> (7.:3:24)

where E is Young’s modulus of the material.

Since we cannot satisfy the equations of equilibrium, Eq. (7.2.6), without the
inertia terms, at every point of the beam, we derive equations of equilibrium by
considering a typical element of the beam, as shown in Fig. 7.3.4(b). Summing
the forces and moments on the element, we obtain

dN
sum of the forces in the z-direction: T f(z) =0, (7.3.25)
x
av
sum of the forces in the z-direction: T q(z) =0, (7.3.26)
x
. dM
sum of the moments about the y-axis: T 0, (7.3.27)
x

where N(x) is the axial force, M(x) is the bending moment, and V(x) is the
shear force. These quantities are known as the stress resultants, and they can
be defined in terms of the stresses 0,, and o,y as

N@ﬂ::AaMdA,AH@:iAyamdA,t%@:iAJWdA, (7.3.28)

where A = bh is the cross-sectional area. One can show that the equilibrium
equations (7.3.25)—(7.3.27) are equivalent to the following two stress equilibrium
equations (0, = 0., = 0y, = 0; hence, the third equation of equilibrium is
trivially satisfied):

00zp 004y
ox dy

0oyy  Ooyy

Ox oy =0

=0,

This is left as an exercise for the reader (see Problem 7.13).

From the constitutive relation 0., = 2Ge,,, we have 0., = 0 and, therefore,
V =0 from Eq. (7.3.28). Although the transverse shear force V' is zero from the
kinematic assumptions made here, in reality it cannot be zero as it is responsible
for supporting the applied vertical loads on the beam, as can be seen from Eq.
(7.3.27). This is the flaw in the Euler-Bernoulli beam theory, which can be
overcome by ignoring the definition of V' in Eq. (7.3.28) and calculating it using
Eq. (7.3.27). That is, substitute for V' from Eq. (7.3.27) into Eq. (7.3.26) and
obtain only two equations of equilibrium:

- =), -5 =@ (7.3.29)
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The stress resultants (N, M) can be related back to the unknown functions
(u,v) as [because the z-axis is taken through the geometric centroid of the cross
section, we have [, ydA = 0]:

d

2
N(fU):/AUmdA:EAu, M(x):/AyomdA:—EIdv

T3 (1330)

dz
where I is the moment of inertia about the axis of bending (i.e., z-axis). From
Egs. (7.3.24) and (7.3.30), we can express o, in terms of the stress resultants

N and M as
N(z) N M(z)y

o € i 7 ( )
Finally, we have two equations of equilibrium governing v and v
d du d? d*v
—— EFA— | = — |EFl— ) = . .3.32
& (Ba%) =10, 15 (B153) =4 (7.3.32)

Note that the two equations are not coupled, that is, each equation can be solved
independent of the other. Indeed, when no axial loads are applied on the beam,
we have u = 0 everywhere in the beam. Conversely, when no bending loads are
applied on the beam, we have v = 0 everywhere. The former case is known as
the beam bending problem and the latter as the bar problem. The two equations
in (7.3.32) are subjected to boundary conditions of the type

w=d, N=N; v=0, ——=80, M=M, V=V, (7.3.33)

Only one element of each of the following three pairs should be specified at a

boundary point:
(w,N), (v,V), (0, M). (7.3.34)

This completes the formulation of the Euler—Bernoulli beam theory. Next, we
consider an example.

Example 7.3.3

Consider the cable-supported beam shown in Fig. 7.3.5(a). The beam as well as the cable are
made of homogeneous, linear elastic, isotropic materials, with constant geometric properties.
Determine the displacements (u,v) and the force Fe in the cable.

Solution: Figure 7.3.5(b) contains the effect of the cable force on the beam. We begin with the
first equation in (7.3.32) and integrate it twice with respect to z and obtain

EbAb% =c, BEyAwu(z)=cz+co, (1)

where the constants of integration, ¢; and ca, are determined using the boundary conditions
du
u(Ly) =0, |EvAp— = —F.cosa. (2)
dx =0

We obtain ¢; = —F. cosa and co = F. L cos a, and the solution becomes

. FcLb X
u(x) = Bl (1 E) cos . (3)
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Elastic cable

)

E, L,A, A
Elastic F, = Force in the cable F = —#uc =—ku,
beam ) '

Ey, Ay, 1, Fsina F. q u, = u(0)cosa+ v(0)sin o

V/, o
A YYYVYVYVYYY V/.f
7 — — ///

(a) (b)

Fig. 7.3.5: A cable-supported beam.

Next, we consider the second equation in (7.3.32) and integrate it four times with respect

to z and obtain )
d d“v
& (Phs) = e e

d?v x?
Eyly—— = —q— + sz +
dx? 2 (4)
Eld—v— m—3+c$—2—|—cx—|—c
vl = —4% 35 4 55
4 3 2
T T T
Epylyv(z) = —qﬂ +C3€ +C47 + ¢cs + ce,

where the constants of integration, cs, c4, c5, and cg are obtained with the help of the boundary
conditions

V(0) = —F. sina, M(0) =0, {di’] —0, v(Ly) = 0. (5)
dlE z=Ly
We obtain
3 2 4
c3 = Fesina, ¢4 =0, %z%—%sina, 06:—%+%sina.
The solution is given by
4 3 3
qLi az az F.Ly a5 a5 .
= - 3—4— — 2—3— — 6
U@ = -555 I, * (Lb) t BT, ., T\z,) | ©)
The displacements at x = 0 are
_ F.IL, gLy | F.L} .
u(0) A, v(0) = 8E, I, T 3E,1, SR (7)
To determine the cable force, F., first we note that
ue = u(0) cosa + v(0) sinc, (8)
and calculate F, from (u. is in the opposite direction to Ft)
EcAc EcAc FcLb 2 Fch .2 ql/b1 :
Fc S c— — S > - ) ) 9
I. U I. <EbAb cos a—&—SEbIbbln o REL, sin o (9)

or

—il
qLi . L. Ly 2 B s
c = : 1

8E, I, sin « [ECAC + By cos” o + 3,0, sin” o (10)
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7.3.5 Superposition Principle

An advantage of linear boundary value problems is that the principle of super-
position holds. The principle of superposition is said to hold for a solid body
if the displacements obtained under two sets of boundary conditions and forces
are equal to the sum of the displacements that would be obtained by applying
each set of boundary conditions and forces separately.

To be more specific, consider the following two sets of boundary conditions
and forces

Set 1: u=u" on I'y; t=t® on I'y; £=f0 in O, (7.3.35)
Set 2: u=u® on I'y; t=t® on I'y; £=£f® in Q, (7.3.36)

where the specified data (u®"), t™®), M) and (u®, t®), £?)) are independent of
the deformation. Suppose that the solution to the two problems be u(l)(x) and
u® (x), respectively. The superposition of the two sets of boundary conditions
is

u=uP+u® on Iy; t=tO+t® on T,; £=fO4+£® in Q. (7.3.37)

Because of the linearity of the elasticity equations, the solution of the boundary
value problem with the superposed data is u(x) = u®™(x) + u®(x) in Q. This
is known as the superposition principle.

The principle of superposition can be used to represent a linear problem
with complicated boundary conditions and/or loads as a combination of linear
problems that are equivalent to the original problem. Example 7.3.4 illustrates
this point.

Example 7.3.4

Consider the indeterminate beam shown in Fig. 7.3.6(a). Determine the deflection of point A
using the principle of superposition.

Solution: The problem can be viewed as one equivalent to the two beam problems shown in Fig.
7.3.6(b). The sum of the deflections from each problem is the solution of the original problem.
Within the restrictions of the linear Euler—Bernoulli beam theory, the deflections are linear
functions of the loads. Therefore, the principle of superposition is valid. Thus, the transverse
displacement of the original beam can be determined as the sum of the displacements of the
individual beams shown in Fig. 7.3.6(b):

=g [p- 12+ (D) ]G L3+ (D] 0

In particular, the deflection va at point A is equal to the sum of v§ and vi due to the distributed
load qo and spring force Fj, respectively, at point A:

L'  FL°
S8EI 3EI’ )

vA = Ui +UA =

Because the spring force Fy is equal to kva, we can calculate va from

qoL*

AT SEI(1+ k%Y
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v
)
F, = kv, (L)
(@) K P
- L -
YA 9o y
®) .
= A + A é
— X ’—’ x
L 7 F, %

Fig. 7.3.6: Representation of an indeterminate beam as a superposition of two determinate
beams.

7.3.6 Uniqueness of Solutions

Although the existence of solutions is a difficult question to answer, the unique-
ness of solutions is rather easy to prove for linear boundary value problems of
elasticity. Consider the problem of finding the solution to the Navier equations
(7.2.17) of linearized elasticity, for a given body force f and boundary conditions

u=n1u on Iy, (7.3.38)
t=t on T,. (7.3.39)
Now suppose that for this set of loads and boundary conditions, there exist two
distinct solutions, u(® (x,t) and u(®(x, ). Associated with the two displacement
fields, we can compute the strains and stress fields (1), &) and (e®, &().
Then the difference u?(x,t) = uM(x,t) — u®(x,t) satisfies the homogeneous

form of the Navier equation (with f¢ = f (1) —£2) = 0, because the applied forces
and boundary values are the same for both solutions)

pV2ul + (u+ NV (V-ud) =0 in Q, (7.3.40)
as well as the homogeneous forms of the boundary conditions

u?=0 on I, (7.3.41)
t'=0 on T,. (7.3.42)

Because no work is done on the body by external forces (because f¢ and t¢ are
zero), the strain energy density Uy stored in the body is zero. Noting that the
strain energy density Uy (measured per unit volume)

A
U()(E) = §(t1" 8)2 + utr(s : E), UO(Ez'j) = U€ij€i; + %)\(é‘kk)Q, (7.3.43)

is a positive-definite function of the strains [see Egs. (6.3.36) and (6.3.37)],

Uo(e) > 0 whenever € # 0, and Up(g) = 0 only when € = 0, (7.3.44)
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we conclude that the strain field € is zero and hence the stress field o® is also

zZero:
el=eM) @ =90, o?=cM-c® =0, (7.3.45)

implying that the strain and stress fields associated with the two distinct dis-
placements u® and u® are the same, that is, they are unique. Also, e¢ = 0
implies that Vu? = 0, which corresponds to a rigid-body motion. For type
I and type III problems, the displacement boundary conditions eliminate the
rigid-body motion and, therefore, the displacements are unique for type I and
type III problems. For boundary value problems of type II, the displacements
are determined within the quantities representing rigid-body motions.

7.4 Clapeyron’s, Betti’s, and Maxwell’s Theorems
7.4.1 Clapeyron’s Theorem

The principle of superposition is not valid for energies because they are quadratic
functions of displacements or forces. In other words, when a linear elastic body B
is subjected to more than one external force, the total work done due to external
forces is not equal to the sum of the works that are obtained by applying the
single forces separately. However, there exist theorems that relate the work done
in linear elastic solids by two different forces applied in different orders. We will
consider them in this section.

Recall from Chapter 6 that the strain energy density due to linear elastic
deformation is given by?

.0
%O‘ij Eij- (7.4.1)

Uozés:C:s:

1
= 5 Cijki €kl Eij

N[ =

The total strain energy stored in the body BB occupying the region 2 with surface
I' is equal to

U:/Uo dxz%/a:sdxz%/aijz—:ij dx. (7.4.2)
Q Q Q

The total work done by the body force f (measured per unit volume) and surface
traction t (measured per unit area) in moving through their respective displace-
ments u is given by

WE:/f~udx+ft-uds. (7.4.3)
Q r

When u = 0 on a portion I';, of the boundary I', the surface integral in Eq.
(7.4.3) becomes

/t-uds, where I', =1'-T,,.

2In this chapter Uy is measured per unit volume as opposed to per unit mass.



286 LINEARIZED ELASTICITY

Owing to the symmetry of the stress tensor, o;; = 0;;, we can write 0;;c;; =
0ij u; j. Consequently, the strain energy U can be expressed as

1 1 1
U= 2/ 0ij Eij dx = 4/ 044 (um + Ujﬁ') dx = 2/ Oij UZ'J‘ dx
Q Q Q
= %/ Oj.5 Wi dx—}—%jgnjaijui ds
r

Q
zé/fiuidx—l—%ftiuids:%/f‘udx—i—éj{t-uds,
Q r Q T

where, in arriving at the last line, we have used the stress equilibrium equation
0ij; + fi = 0, Cauchy’s formula ¢; = o;jn;, and the divergence theorem. Thus,
the total strain energy stored in a body undergoing linear elastic deformation is
also equal to the one-half of the work done by applied forces

%/a:sdx:é/fudx—kéj{t-uds. (7.4.4)
Q Q r

The first term on the right-hand side represents the work done by body force
f in moving through the displacement u while the second term represents the
work done by surface force t in moving through the displacements u during the
deformation. Equation (7.4.4) is known as Clapeyron’s theorem. The next three
examples illustrate the usefulness of the theorem.

Example 7.4.1

Consider a linear elastic spring with spring constant k. Let F' be the external force applied on
the spring to elongate it and u be the resulting elongation of the spring (see Fig. 7.4.1). Verify
Clapeyron’s theorem.

Solution: The internal force developed in the spring is Fs = ku. The work done by F§ in
moving through an increment of displacement du is Fs du. The total strain energy stored in
the spring is

U =/ F. duz/ oy ) (7.4.5)
0 0 2

The work done by external force F' is equal to F u. But by equilibrium, F' = Fs = ku. Hence,

1 1
U = 5]@U2 = §,F|u7
which proves Clapeyron’s theorem.
F Applied force Spring force
s A
F,=ku Sk
7 >
Displacement

Fig. 7.4.1: Strain energy stored in a linear elastic spring.
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Example 7.4.2

Consider a uniform elastic bar of length L, cross-sectional area A, and modulus of elasticity
E. The bar is fixed at x = 0 and subjected to a tensile force of P at x = L, as shown in Fig.
7.4.2. Determine the axial displacement w(L) using Clapeyron’s theorem.

Fig. 7.4.2: A bar subjected to an end load.

Solution: If the axial displacement in the bar is equal to u(x), then the work done by external
point force P is equal to W = Pu(L). The strain energy in the bar is given by

1 L EA (%, EA [ (du\? 1 [t N?

Hence, by Clapeyran’s theorem we have

Pul) _ EA [F(4) 4,
2 2 Jo \dz

To make use of the above equation to determine u(z), let us assume that u(z) = w(L)z/L,
which certainly satisfies the geometric boundary condition, v(0) = 0. Then we have

wr)= 22 [ (%) ae= By,

or u(L) = PL/AE and the solution is u(z) = Pxz/AE, which happens to coincide with the
exact solution to the problem.

Example 7.4.3

Consider a cantilever beam of length L and flexural rigidity £I and bent by a point load F' at
the free end (see Fig. 7.4.3). Determine v(0) using Clapeyron’s theorem.

Solution: By Clapeyron’s theorem we have

1F11(0)—1//L¢7 €z dr dA
2 _2 P o rrexx .

But according to the Euler—Bernoulli beam theory, the strain and stress in the beam are given
by
d*v d*v
Exx = 7:1]@, Ogxx — EEZI = 7Ey@, (74.7)

where v is the transverse deflection. Then we have

1 1 S 1 Lo (d)
= — E A= — E — A
5 v(0) 5 AA eapdxd 5 /A/o Y (dx2> dAdx

1 [t 2v\’° 1 L M2
~ | Br(%2 L 4.
2/0 <dw2> dx 5/, FI dx, (7.4.8)
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—ow» x

Sign convention

Fig. 7.4.3: A beam subjected to an end load.

where M(z) is the bending moment at z

d*v d*v
M(z) = /Aya'm dA = —E/AyQE dA = —El——. (7.4.9)

Equation (7.4.8) can be used to determine the deflection v(0). The bending moment at any
point x is M(z) = —Fxz. Hence, we have

L 273 3
Fv(0) = %/ F?2® dx = F3ELI or v(0) = gél (7.4.10)
0

7.4.2 Betti’s Reciprocity Theorem

Consider the equilibrium state of a linear elastic solid under the action of two
different external forces, F; and F3, as shown in Fig. 7.4.4. Since the order
of application of the forces is arbitrary for linearized elasticity, we suppose that
force F; is applied first. Let W be the work done by F;. Then, we apply
force Fy at some other point of the body, which does work Ws. This work is
the same as that produced by force Fo, if it alone were acting on the body.
However, when force Fq is applied, force F; (which is already acting on the
body) does additional work because its point of application is displaced due to
the deformation caused by force Fa. Let us denote this work by Wis, which is
the work done by force F} due to the application of force F5. Thus the total
work done by the application of forces F; and Fa, F; first and Fo next, is

W =Wy + Wy + Wis. (7.4.11)

Fig. 7.4.4: Configurations of an elastic body due to the application of loads F; and Fa.
—- Undeformed configuration. - - - - Deformed configuration after the application of F;.
...... Deformed configuration after the application of Fa.
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Work Wia, which can be positive or negative, is zero if and only if the displace-
ment of the point of application of force F; produced by force Fo is zero or
perpendicular to the direction of F;. Now suppose that we change the order of
application of the forces, that is, force Fy is applied first and force F is applied
next. Then the total work done is equal to

W =W+ Ws + Way, (7.4.12)

where Wy (note the order of the subscripts) is the work done by force Fs due
to the application of force F;. The work done in both cases should be the same
because, at the end, the body is loaded by the same pair of external forces.
Thus, we have W = W, or
Wio = Woy. (7.4.13)
Equation (7.4.13) is a mathematical statement of Betti’s (1823-1892) reci-
procity theorem: If a linear elastic body is subjected to two different sets of
forces, the work done by the first system of forces in moving through the dis-
placements produced by the second system of forces is equal to the work done by
the second system of forces in moving through the displacements produced by the
first system of forces. Applied to a three-dimensional elastic body 2 with closed
surface s, Eq. (7.4.13) takes the form

/ £ . u® gx + j{t(l) u® ds = / £f2 . u® gx + ft@) ~uV) ds, (7.4.14)
Q s Q s

where u(® are the displacements produced by body forces £(*) and surface forces
t(). The usefulness of Betti’s (also Maxwell’s) reciprocity theorem is that it
allows us to compute the the displacements or forces at points other than where
the forces are applied; that is, the theorem does not allow us to determine the
displacement of a point where the force is applied.

The proof of Betti’s reciprocity theorem is straightforward. Let W15 denote
the work done by forces (f @), t(l)) acting through the displacement u® produced
by the forces (f(2),t(?)) . Then

Wis _/f<> u® dx+?{t<1>.u<2> ds

/f dx+f”§2)ds

/ f dx—i—% (-ZDUZ@) ds
1,2

/ dx+/ ( EpRaTs >,j dx

M | g ) @ g 4+ / oDu? dx
Q b2

e
(o}

Q)u?j) dx = / 0(1)55]2-) dx. (7.4.15)
’ Q

15,J 2¥)

) v

Il
S—
9
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Using Hooke’s law O‘S) = Cijke z—:](glz), we obtain

Wi = / Cineesy ef) dx. (7.4.16)
Q
Since Cyjke = Cheij, it follows that
Wi = / Cijke 5,(:[) 67(;]2-) dx = / Chesj 52(-]2.) 6212 dx = / ag)agg dx = Way.
Q Q Q

(7.4.17)
Thus, we have established the equality in Eq. (7.4.14). From Eq. (7.4.17), we

also have
L@ . _ / 2) (1)
o;.0e dx = 0,76 dx,
/Q ij “ij o T

(7.4.18)
/ oM e® gy — / @ e gx
Q Q

Example 7.4.4

(a) Consider a cantilever beam of length L subjected to two different types of loads: a concen-
trated load F' at the free end and a uniformly distributed load of intensity g throughout the
span (see Fig. 7.4.5). Verify that the work done by the point load F' in moving through the
displacement v? produced by q is equal to the work done by the distributed force ¢ in moving
through the displacement v~ produced by the point load F, Wiz2 = Wa;.

(b) A load P = 4000 lb acting at a point A of a beam produces 0.25 in. at point B and 0.75
in. at point C of the beam. Find the deflection of point A produced by loads 4500 1b and 2000
Ib acting at points B and C, respectively.

Solution: (a) The deflection v™ (x) due to the concentrated load alone is
F FL3 B z\3
= |l2_32 4 (2
V@) =5z 2732+ (7))
and the deflection equation due to the distributed load is
4
ar .y qL T ( z )4
=22 _J3_4Z 4 (2.
v(®) = 24m1 {3 1 \z

The work done by load F' in moving through the displacement due to the application of the
uniformly distributed load ¢ is

FqL*
_ a0 —
Wiz = Fo’(0) = 2o
Y, U 4\ Y, U |
q
WYY YN 1 F .
A A %
‘ 7
XL x L A
. -~
EI = constant EI = constant
Load system 1 Load system 2

Fig. 7.4.5: A cantilever beam subjected to two different types of loads.
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The work done by the uniformly distributed ¢ in moving through the displacement field due
to the application of point load F' is

L L 4
F F 3 2 3 FqL
= = — — 3L 2L =
Way /0 qu' (z)dz /0 qGEI(x 3L x + ) dx SEL’

which is in agreement with Wis.

(b) From Betti’s reciprocity theorem and the principle of superposition, we have
Fg -vBa + Fc -voa = Fa - vap + Fa - vac = Fa - va
where va = vaB +vac, Fa =4,0001b, Fg =4,5001b, Fc = 2,000 lb. We obtain

Fg - vea + Fo-voa 4500 x 0.25 + 2000  0.75 ,
_ _ — 0.65625 in.
Fa 4000 m

VA

7.4.3 Maxwell’s Reciprocity Theorem

An important special case of Betti’s reciprocity theorem is given by Maxwell’s
(1831-1879) reciprocity theorem. Maxwell’s theorem was given in 1864, whereas
Betti’s theorem was given in 1872. Therefore, it may be considered that Betti
generalized the work of Maxwell.

Consider a linear elastic solid subjected to force F! of unit magnitude acting
at point 1, and force F? of unit magnitude acting at a different point 2 of the
body. Let u;s be the displacement of point 1 in the direction of force F! produced
by unit force F2, and us; be the displacement of point 2 in the direction of force
F? produced by unit force F! (see Fig. 7.4.6). From Betti’s theorem it follows
that

F1 s U1 = F2 U921 Or (7419)

Uuig = usg. (7.4.20)

Equation (7.4.19) is a statement of Maxwell’s theorem. If &; and é» denote

the unit vectors along forces F! and F?, respectively, Maxwell’s theorem states

that the displacement of point 1 in the €; direction produced by unit force acting

at point 2 in the €, direction is equal to the displacement of point 2 in the &,

direction produced by unit force acting at point 1 in the €; direction. We close
this section with several examples of the use of Maxwell’s theorem.

F! u

12

(a)

Fig. 7.4.6: Configurations of the body discussed in Maxwell’s theorem.
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Example 7.4.5

Consider a cantilever beam (E = 24 x 10° psi, I = 120 in.*) of length 12 ft. subjected to a
point load 4000 Ib at the free end, as shown in Fig. 7.4.7(a). Use Maxwell’s theorem to find
the deflection at a point 3 ft. from the free end.

Solution: By Maxwell’s theorem, the displacement vgc at point B (x = 3 ft.) produced by the
4000-1b load at point C (z = 0) is equal to the deflection vcp at point C produced by applying
the 4000-1b load at point B. Let vg and 6 denote the deflection and slope, respectively, at
point B owing to load F' = 4000 1b applied at point B, as shown in Fig. 7.4.7(b). The deflection
at point B (z = b = 3ft.) caused by load F' = 4000 1b at point C (z = 0) is (v = Fa®/3EI
and 0 = Fa?/2EI)

vBc = voB = uB + (3 X 12)0p
~4000(9 x 12)* (3 x 12)4000(9 x 12)*
B 3BT 2B1
243 x 6000 x (12)°
24 x 106 x 120

= 0.8748 in.

F =4000 b

Fig. 7.4.7: The cantilever beam of Example 7.4.5.

Example 7.4.6

Consider a circular plate of radius a with an axisymmetric boundary condition, and subjected
to an asymmetric loading of the type (see Fig. 7.4.8)

q(r,0) = qo + q1£ cos 0, (7.4.20)

where qo represents the uniform part of the load for which the solution can be determined for
various axisymmetric boundary conditions [see Reddy (2007)]. In particular, the deflection of
a clamped circular plate under a point load Fy at the center is given by

. Fya? r? r? T
o(r) = 2255 |1- 5 425 (E) . (7.4.21)

Use the Betti/Maxwell reciprocity theorem to determine the center deflection of a clamped
plate under an asymmetric distributed load.
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q(,6) = qo + g1, cos

¥, u(r) qo+q1
qo—q1 ,«"\’JL“~\
. a r<9 h
[0}
[ r

q1

q0

Fig. 7.4.8: A circular plate subjected to an asymmetric loading.

Solution: By Maxwell’s theorem, the work done by a point load Fy at the center of the plate
due to the deflection (at the center) v. caused by the distributed load ¢(r,6) is equal to the
work done by the distributed load ¢(r,6) in moving through the displacement vo(r) caused
by the point load Fy at the center (it is not necessary to make Fy = 1 because it will cancel
out from both sides). The center deflection of a clamped circular plate under asymmetric load
given in Eq. (7.4.20) is ve = v(0):

Fo v, = 200 2W/Oa (QO+%rcos(9) {1— r’ (1—21n£)]rdrd9

167D J, a?
2 a 3 4
goa T 2 g, T goa
- — — — = n— | dr = 2= 7.4.22
Ye = 167D 3 (r a2 a2 a) "T 6D’ ( )

where the following integral identity is used in arriving at the result:

n+1 T'n+1

n _ T _ v _
/r In(ar) dr = | In(ar) CEEER o = constant. (7.4.23)

7.5 Solution of Two-Dimensional Problems
7.5.1 Introduction

In a class of problems in elasticity, due to geometry, material properties, bound-
ary conditions and external applied loads, the solutions (that is, displacements
and stresses) are not dependent on one of the coordinates. Such problems are
called plane elasticity problems. The plane elasticity problems considered here
are grouped into plane strain and plane stress problems. Both classes of prob-
lems are described by a set of two coupled partial differential equations expressed
in terms of two dependent variables that represent the two components of the
displacement vector. The governing equations of plane strain problems differ
from those of the plane stress problems only in the coefficients of the differential
equations, as shown shortly. The discussion here is limited to isotropic materials.
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7.5.2 Plane Strain Problems

Plane strain problems are characterized by the displacement field
U=1u; €, +uy€, [u,=uz(x,y), uy =1uy(z,y), u,=0], (7.5.1)

where (ug,uy,u,) denote the components of the displacement vector u in the
(z,y, z) coordinate system. An example of a plane strain problem is provided
by the long cylindrical member (not necessarily of circular cross section) under
external loads that are independent of the z-coordinate, as shown in Fig. 7.5.1.
For cross sections sufficiently far from the ends, the displacement u, is zero and
u, and u, are independent of z, that is, a state of plane strain exists.

Load and boundary
conditions do not
change with z

tl
“"" . A typical cross section

with unit thickness
nto the plane
of the page

F,

Fig. 7.5.1: An example of a plane strain problem.

The displacement field (7.5.1) results in the following strain field:

Ouy Ou,  Ouy Ouy
= — 2 = _— = —
Exx oz’ Exy By + ox Eyy By .

(7.5.2)
Exz = Eyz = &2z = 07

The stress components are calculated using the stress—strain relations [see Eq.
(7.2.9); also note \/(u + \) = 2v]

Oz = (21 + N)ege + AEyy, Oyy = (2p + )‘)Eyy + Negas Oy = 2l Exy,
Oz = AN€ga + €yy) =V (Oga +0yy), 022=0, 0y, =0. (7.5.3)

Writing in terms of E and v directly from Eq. (7.2.10), we have

Oz E 1—v v 0 Exx
o = v 1—-v 0 € . (7.5.4)
o e It oY | )
2

Oy

The equations of equilibrium of three-dimensional linear elasticity, with the
body force components

fo = fe(z,y), fy=fy(2,y), f.=0, (7.5.5)
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reduce to the following two equations:

00ze 004y

e e (7.5.6)
00zy 0oy B
Sl Gl fy =0, (7.5.7)

The boundary conditions are either the stress type

ty f OgaNg + OgyNy = tAm } on Fa—, (758)
by = OgyNg + Oyyny =ty
or the displacement type
Up = Uy, Uy =T,y only. (7.5.9)

Here (ng,ny) denote the components (or direction cosines) of the unit normal
vector on the boundary I', I', and I',, are disjoint (i.e., nonoverlapping) portions
of the boundary I' such that their sum is equal to the total boundary

I'=T,+T,, T,NI,= empty, (7.5.10)

t, and fy are the components of the specified traction vector, and 1, and 4, are
the components of the specified displacement vector. Only one element of each
pair, (ug,t;) and (uy,t,), should be specified at a boundary point.

The preceding discussion can be extended to plane strain problems in cylin-
drical coordinates. We now consider an example of a plane strain problem.

Example 7.5.1

Consider an isotropic, hollow circular cylinder of internal radius a and outside radius b. The
cylinder is held between rigid supports such that u. = 0 at z = £L/2, pressurized at 7 = a as
well as at 7 = b, and is rotating with a uniform speed of w about its axis (i.e., the z-axis), as
shown in Fig. 7.5.2. Determine the displacements, strains, and stresses in the cylinder.

Fig. 7.5.2: Rotating cylindrical pressure vessel.
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Solution: Because of the geometry and boundary conditions (material is isotropic), the cylin-
drical coordinate system (r, 0, z) is most convenient to formulate the problem. The rotation of
the cylinder about its own axis generates a radial (centrifugal) force of magnitude po w?r at a
distance r. Thus, the body force vector is f = pow?r é,. Also, we find that the problem has
symmetry about z = 0, and the plane z = 0 has exactly the same boundary conditions as the
plane z = L/2. Therefore, we find that the problem has symmetry about z = L/4. This way,
it is clear that we can consider any section of unit length of the cylinder to determine the dis-
placements, strains, and stresses. In other words, it is a plane strain problem, and the solution
is independent of 6 (due to the axisymmetric geometry, forces, and material properties) and z.
In fact, the only nonzero displacement is w,, and it is only a function of the radial coordinate
r. The problem has only stress boundary conditions (BVP type II),

Atr=a: n=-€&., t=p,€ or oy = —pa, o0 =0, (7.5.11)
Atr=0b: n=¢,, t=—py&. or orr = —pp, o9 =0. (7.5.12)

We begin with the assumed displacement field
ur =U(r), ug =u. =0, (7.5.13)

where U(r) is an unknown function to be determined such that the equations of elasticity and
boundary conditions of the problem are satisfied. The strains are [see Eq. (7.2.3)]

Err = d7U7 €00 = g, €22 = Erg = Erz = €9z = 0. (7514)
dr T

The stresses are determined using the stress—strain relations in Eq. (7.2.9)

dU U
Orr — 2H€r7' 4 )\ (57'7' 4 596’) = (2/// T )\)ﬂ = A?,
dUu

U
o99 = 2uenn + A (err +200) = 2u + A)? + )\ﬂ’ (7.5.15)
dU U
Ozz = )\(Err+590) = (E “F ?) .

All other stresses, 0.9, 0, and oy, are zero.
The last two equations of equilibrium, Eq. (7.2.7) without the acceleration terms, are
trivially satisfied, and the first equation reduces to

dg;r + % (orr — 006) + pow’r =0,

which can be expressed in terms of U(r) using Eq. (7.5.15)

d*U d (U\ 2u(dU U 2

Simplifying the expression, we obtain

TQdQU Y 5 pow?
dr? dr 2+ A\

(7.5.17)

The linear differential equation (7.5.17) can be transformed to one with constant coefficients
by a change of independent variable, r = ¢ (or € = Inr). Using the chain rule of differentiation,
we obtain

QU _dUde _1dU U _d (1dU\_1( U &U R
dr — dédr  rde’ dr2  dr \rdé)  r2 dé  de? ) e
Substituting these expressions into Eq. (7.5.17), we obtain
2
AU = _ae. (7.5.19)

de?
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Seeking a solution in the form, U(€) = e™¢, we obtain m = 41, and the total solution to the
problem is

U(€) = cre® + coe™ ¢ — %esg (7.5.20)

Changing back to the original independent variable r, the radial displacement is

ur(r) =U(r) = aar + 672 — gr ) (7.5.21)

where the constants c¢; and ¢y are to be determined using the boundary conditions in Egs.
(7.5.11) and (7.5.12). Hence, we must compute o,

8
(Bp + 2N 2
7 :

— _c_ 3a, G &2
orr = (20 + ) <c1 2 T)+)\(cl+r2 ST)

=2(u+ Ner — Qu:—z - (7.5.22)

Applying the stress boundary conditions in (7.5.11) and (7.5.12), we obtain

3 2A
2+ Ner — 2y - BERA 2
a (7.5.23)

Solving for the constants ci and ca,

_ 1 paa® — ppb° 2, 2, (8 42)) pow®
o= gy s F e G

a®® [(pa—po) | Bu+2X) pow?
2u b2 — a? 2u+A) 4

(7.5.24)

Co =

Finally, the displacement u, and stress o, in the cylinder are given by

=L [(pa@ b | g2 2 B 2)) po?
“’“*2(u+A>[( ow )T ey T

2,2 _ 2 2
a’b” [(pa—po) , Bu+2))pw |1 pow” 3 (7.5.25)
2u [\ 2 — a2 Cu+r) 4

r o 8(2u+A) "
2 2 2
| paa” — ppb 2 oy (B + 2X) pow
Orr — {(7& — > + b +a )7(2/1 ) 1

272 _ 2
a?b DPa — Db (Bu+2X) pow”|  (Bp+ 2)‘)0‘,«2_ (7.5.26)
r2 b2 — a? (2# ar )\) 4 4

Similarly, stresses 0gg and 0., can be computed.

7.5.3 Plane Stress Problems

A state of plane stress is one in which the stresses associated with one of the
coordinates (z) are zero and the other stresses are functions of the remaining
two coordinates (z and y):

Ozz =O0yz = Ozz = 0,

Oy = Uxx(xay)v Ogxy = Uzy(-ray)’ Oyy = O'yy(x,y).

(7.5.27)
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An example of a plane stress problem is provided by a thin plate subjected to
loads in the zy plane that are independent of z, as shown in Fig. 7.5.3. The top
and bottom surfaces of the plate are assumed to be traction-free, and f, = 0

and u, = 0.
t
e
2 &
y
h T~ F,
X
F,

Fig. 7.5.3: A thin plate in a state of plane stress.

The stress—strain relations of a plane stress state for an isotropic material
are obtained by inverting the strain-stress relations in Eq. (6.3.23):

Ozx E I v 0 Exx
Oy =15 |V 1 (19V) Eyy ¢ - (7.5.28)
Ozy 0 0 S 25xy

The equations of equilibrium as well as boundary conditions of a plane stress
problem are the same as those listed in Egs. (7.5.6)—(7.5.9). Note that the
governing equations of plane stress and plane strain differ from each other only
on account of the difference in the constitutive equations for the two cases.

Example 7.5.2

Consider a thin, uniform, solid circular disk of radius a, spinning at a constant angular velocity
of w, as shown in Fig. 7.5.4. Use the semi-inverse method to determine the displacements,
strains, and stresses in the disk.

Solution: This problem is almost the same as the problem of the rotating cylinder considered
in Example 7.5.1. The difference is that the cylinder problem was one of plane strain and
the present thin disk problem is one of plane stress. First, we set up the polar cylindrical
coordinate system (r, ), with the origin at the center of the disk, r being the radial coordinate

Fig. 7.5.4: Thin, uniform, spinning solid disk.
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and 6 the circumferential coordinate. The boundary conditions are
ur(0,0) = finite, orr(a,d) = ore(a,d) = 0. (1)

Because of the axisymmetry of the geometry, boundary conditions, and material, the disk
experiences only a radial displacement field that varies only with r. Using the semi-inverse
method, we assume

ur = U(r), ug =0, (2)

where U(r) is an unknown function to be determined such that the equations of elasticity and
boundary conditions of the problem are satisfied. The strains associated with the displacement
field (2) are

Err:%, 699:%, €r9:0. (3)
The stresses are determined using the stress—strain relations for plane stress, Eq. (7.5.28). We
obtain
E E dU Ev U
Uw=71_y2(€rr+l/890)=l_VQﬂ 1T— 2
Ev dU E U (4)
Ugg:l—VQ(VSTTjLSGB):l—VQE 1—2 7"

The shear stress o,¢ is zero.
The first two equations of equilibrium, Eq. (7.2.7) without the acceleration terms, are
trivially satisfied, and the first equation reduces to

dg;r ar % (Urr - 099) + P0W27“ =0,

where po f = pow?r. The above equation can be expressed in terms of U(r) using Eq. (4)

E [d°U d (U (1-v) (dU U 2
m{w*”a%% — \a — 7 )| T =0 (5)
Simplifying the expression, we obtain
d[1d 1-° 2
%{;J(TU)}*—O”", Ol*( 5 >p0w7 (6)
where we have used the identities
1/dU U d (U d (dU U d|[1d
F(W‘?)‘%(?)’ 5(%*7)—5{25“’”} (™)
The solution to Eq. (6) is given by
_ _a. . a2 %3
un() =UGr) = Sr+ 2 - 253, ®)

where the constants c¢1 and ¢z are to be determined using the boundary conditions in Eq. (1).
The fact that u, is finite (i.e., bounded) at 7 = 0 requires co = 0. Then we have

_a,_2s dU_ 3 o a U__1 > a
U(r)—2r 87’, i 8ar+2, o= 8ar+2. 9)

Computing o, using Eq. (4), we obtain

Cy]| . (10)

Trr

dar

_F dU U\  Ea _3+yar2+1+u
T 12 1-v?)

Then or(a,0) = 0 gives

1 /3+v 2
== . 11
“ 4<1—|—1/)aa (11)
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Thus, the solution in Eq. (8) becomes

_ 1 3 + 14 2 a 3 _ (1 — l/) 2 2 2
u(r)—4 <1+V) ae’r — o1 = —p [2(3 + v)a® — (1 4 v)r] pow™r. (12)
The stresses o, and ogg are
3+v
O (1) = % (a2 _ 7"2) pow”
: (13)
ago(r) = 3 (3 +v)a® — (1 + 3v)r®] pow?
The values of the maximum displacement and maximum stresses are
Umax = ur(a) = %powQaS,
3+ 1) (14)
v
Omax = UTT(O) = 000 (0) = TpowQaz.

7.5.4 Unification of Plane Strain and Plane Stress Problems

The equilibrium equations (7.5.6) and (7.5.7), which are valid for both plane
stress and plane strain, can be expressed in index notation as

a8+ fa =0, (7.5.29)

To unify the formulation for plane strain and plane stress, we introduce the
parameter s:

= (7.5.30)

! for plane strain
S =
1+ v, for plane stress.

Then the constitutive equations of plane stress as well as plane strain can be
expressed as

Oap = 2/ [Saﬁ + (%)577%6}7
1
€af = @[ af — (%)%ﬁaﬂ}a

where a, 3, and « take values of 1 and 2 (or x and y). The compatibility equation
(3.7.4) for plane stress and plane strain problems takes the form

(7.5.31)

€aa,88 —Eafap =0 (o, f=1,2), (7.5.32)
or, in terms of stress components,
V2000 = =5 faa- (7.5.33)

Comparing the constitutive equations of plane strain and plane stress, Egs.
(7.5.4) and (7.5.28), it is clear that the plane strain equations can be transformed
to corresponding plane stress equations, and vice versa, by a simple change in
material parameters, as follows:

Plane stress to plane strain: F — I_Lz and v — 175,
v 14
(1420)E (7.5.34)

v
1+0)2 and v — T+o

Plane strain to plane stress: E —
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7.5.5 Airy Stress Function

Airy stress function is a potential function introduced to identically satisfy the
equations of equilibrium, Eqs. (7.5.6) and (7.5.7). First, we assume that the
body force vector f is derivable from a scalar potential Vy such that

f=-VVy or fx:—% fy:—a(;g.

Ox’
When body forces are derivable from a potential V}, they are said to be conser-
vative. Next, we introduce the Airy stress function ®(z,y) such that
0?® 0*® 0’°®
Ozz = yZ + Vi oy = P + Vi, Uwy:_amay-

This definition of ®(x,y) automatically satisfies the equations of equilibrium
(7.5.6) and (7.5.7).

The stresses derived from Eq. (7.5.36) are subject to the compatibility con-
ditions (7.5.33). Substituting for o, in terms of ® from Eq. (7.5.36) into Eq.
(7.5.33), we obtain

(7.5.35)

(7.5.36)

V4 + (2 — s)V2V; = 0, 7.5.37
f

where V4 = V2V? is the biharmonic operator, which, in two dimensions, has
the form

ot o o

ST,

Ox? + 0x20y> + oyt

If the body forces are zero, we have Vy = 0 and Eq. (7.5.37) reduces to the
btharmonic equation

V4=

Vie = 0. (7.5.38)
In cylindrical coordinate system, Eqs. (7.5.35) and (7.5.36) take the form
_ 8Vf 10V
Ir= I Jo= TR (7.5.39)
109  16°0 >’ 9 (10%
= Vi, Vi, oy = . (7.5.40
o= oy TEagE TV 90T 5@ TV 0= Ty, <r89) (7:5.40)

The biharmonic operator V4 = V2V? can be expressed using the definition of
V2 in a cylindrical coordinate system

92 10 1 0
o v or + r2 002

In summary, the solution to a plane elastic problem using the Airy stress
function involves finding the solution to Eq. (7.5.37) and satisfying the bound-
ary conditions of the problem. The most difficult part is finding a solution to the
fourth-order equation (7.5.37) over a given domain. Often the form of the Airy
stress function is obtained by either the inverse method or semi-inverse method.
Next we consider several examples of the Airy stress function approach. Addi-
tional examples can be found in the books by Timoshenko and Goodier (1970)
and Slaughter (2002).

V= (7.5.41)



302 LINEARIZED ELASTICITY

Example 7.5.3

Suppose that the Airy stress function is a second-order polynomial (the lowest order that gives
a nonzero stress field) of the form

O(z,y) = crzy + com? + C3y2. (7.5.42)
Assuming that the body force field is zero, determine if the constants ci, c2, and c3 correspond
to a possible state of stress for some boundary value problem (the inverse method).
Solution: Clearly, the biharmonic equation is trivially satisfied by ® in Eq. (7.5.42). The

corresponding stress field is

9% 9% 9*®

8y2 = 203, Oyy = @ = 202, Ogy = 761‘8?; = —Ci. (7543)

Ozx =

Thus, the constants represent a uniform stress state throughout the body, and it is independent
of the geometry. Thus, there are infinite number of problems for which the stress field is a
solution. In particular, the rectangular domain with the boundary stresses shown in Fig. 7.5.5
is one such problem.

_ttpihitinee
ST

Fig. 7.5.5: A plane problem with uniform stress field.

Example 7.5.4

Take the Airy stress function to be a third-order polynomial of the form
D(z,y) = crzy + cox? + 03y2 + C4x2y + C5wy2 + ez + C7y3. (7.5.44)

Assuming that the body force field is zero, determine the stress field and identify a possible
boundary value problem.

Solution: We note that V*® = 0 for any ¢;. The corresponding stress field is
Oz = 2¢3 + 2¢52 + 6¢7y, Oyy = 2¢2 + 2cay + 6¢6Y, 0wy = —C1 — 2cax — 2¢5Y. (7.5.45)

Again, there are an infinite number of problems for which the stress field is a solution. In
particular, for ¢ = c2 = ¢3 = ca = ¢5 = ¢ = 0, the solution corresponds to a thin beam in
pure bending (see Fig. 7.5.6).

y o, =6cy
\
L o x
/
“al -~

Fig. 7.5.6: A thin beam in pure bending.
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Example 7.5.5

Take the Airy stress function to be a fourth-order polynomial of the form (omit terms that
were already considered in the last two cases)

®(z,y) = csz’y” + cox’y + cromy’ + ez’ + croy?, (7.5.46)

and determine the stress field and associated boundary value problems.

Solution: Computing V*® and equating it to zero (body force field is zero) we find that
cg + 3(c11 + ci2) = 0.
Thus out of five constants only four of them are independent. The corresponding stress field is

Oww = 2c82° + 6c102y 4+ 12¢12y° = —6c112° + 6102y + 6¢12(2y° — 2°)
Oyy = 2¢8y° + 6coxy + 12c112° = 6eozy + 6¢11 (227 — y°) — 6e12y? (7.5.47)

Ozy = —4cgzy — 309362 — 3cloy2 = 12ci1zy + 12ci22y — 309w2 — 3cmy2.

By suitable adjustment of the constants, we can obtain various loads on rectangular plates.
For instance, taking all coefficients except ci9 equal to zero, we obtain

2
Ozz = 6C102Y, 0Oyy =0, 0zy = —3c10y".

7.5.6 Saint-Venant’s Principle

A boundary value problem of elasticity requires the boundary conditions to be
known in the form of stresses or displacements [see Eqgs. (7.5.8) and (7.5.9)] at
every point of the boundary. As shown in Example 7.5.3, the boundary forces
are distributed as a function of the distance along the boundary. If the boundary
forces are distributed in any other form (other than per unit surface area), the
boundary conditions cannot be expressed as point wise quantities.

For example, consider the cantilever beam with an end load, as shown in
Fig. 7.5.7. At x =0, where n = —&,, we are required to specify t, = —o,, and
ty = —0gy (because u, and u, are clearly not zero there). There is no problem
in stating that 0,,(0,y) = 0, but o4, is not known point wise. We can possibly
say that the integral of t, = —0o, over the beam cross section must be equal to

[to.mia=— [ ay0paa-r
A A

which is not equal to specifying o, point wise. If we state that o,,(0,y) =
—P/A, where A is the cross-sectional area of the beam, then we have a inconsis-
tency that o, is nonzero from the left face and zero from the bottom and top
faces of the beam. Thus, there is a stress singularity at points (z,y) = (0, £h).
We also have a different type of singularity at points (z,y) = (L,+h). Strictly
speaking, such problems do not admit exact elasticity solutions. We must over-
come such singularities by reformulating the problem as one that admits an
engineering solution.
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Fig. 7.5.7: A cantilever beam under an end load.

Analytical (approximate) solutions for such problems, when they exist, show
that a change in the distribution of the load on the end, without change of the
resultant, alters the stress significantly only near the end. Saint-Venant’s prin-
ciple says that the effect of the change in the boundary condition from point wise
specification to a statically equivalent condition (that is, the same net force and
moment due to the distributed forces and stresses) is local; that is, the solutions
obtained with the two sets of boundary conditions are approximately the same
at points sufficiently far from the points where the elasticity boundary condi-
tions are replaced with statically equivalent boundary conditions. Of course, the
phrase “sufficiently far” is rather ambiguous. The distance is often taken to be
equal to or greater than the length scale of the portion of the boundary where
the boundary conditions are replaced. In the case of the beam shown in Fig.
7.5.7, the distance is 2h (height of the beam). In the next example, we discuss
an engineering solution to the problem shown in Fig. 7.5.7.

Example 7.5.6

Here we consider the problem of a cantilever beam with an end load, as shown in Fig. 7.5.7.
The problem can be treated as a plane stress if the beam is of small thickness b compared to
the height, b << h (of course, h << L to call it a beam). If the beam is a portion of a very
long slab, in the thickness direction, it can be treated as a plane strain problem. Write the
boundary conditions and determine the Airy stress function, stresses, and displacements of the
problem.

Solution: The boundary conditions are of mixed type (see Fig. 7.5.7): The tractions are
specified on the boundaries x = 0 and y = +h, while the displacements are specified on the
boundary x = L. However, boundary conditions of plane elasticity can be written only on
x = L and y = £h. On z = 0, we know only the total force in the y-direction and not the
associated stress. Hence, it must be written as an integral condition on stress o4y (0,y). Thus,

we have
022(0,y) =0, ouy(z,—h) =0, oyy(x,—h) =0,

5.4
owy(z,h) =0, oyy(z,h) =0, (7.5.48)
uz(L,y) =0, uy(L,y) =0, (7.5.49)
h
b / 020(0,9) dy = —P, (7.5.50)
—h

Due to the boundary condition in Eq. (7.5.50), the resulting boundary value problem is not
an exact elasticity problem in the sense that boundary values are not specified point wise. If
P is replaced with a shear stress condition o, (0,y) = 70, it is a proper elasticity boundary
condition, but even in this case there is a singularity at x = L and y = h.
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This problem is discussed in most elasticity and continuum mechanics books, despite the
fact that it is not a well-posed problem owing to point singularities at the corners of the domain.
Therefore, the solution being sought is an approximate solution, which is a reasonable one, by
Saint-Venant’s principle, away from the isolated points of singularity.

The semi-inverse method allows us to identify the form of the Airy stress function. The
knowledge of the stress distributions from the elementary theory of beams provides the needed
clue to identify the terms in the Airy stress function. Recall the following stress field from the
Euler-Bernoulli beam theory [see Section 7.3.4, Eq. (7.3.31)]:

Oyy =0, Ozy = %, (7.5.51)

_ M(z)y
Ogz = I 3

where M is the bending moment and V' is the shear force [see Eq. (7.5.24)]:

M:/yam dA, V:/UzydA, (7.5.52)
A A

I is the moment of inertia about the z-axis, and @ is the first moment of area
h
I= / y*dA =2bh7/3, Qy) = / ydA = b/ ydy. (7.5.53)
A A y

Here A denotes the cross-sectional area between line y and the top of the beam. Clearly, @
is a quadratic function of y. We also note that M(z) is a linear function of z while V is a
constant for the problem at hand. Therefore, 0., is linear in z, o,y is a quadratic in y, and
oyy = 0 at y = £h for any z (except possibly at x = L). Using this qualitative information
and definitions (7.5.35), in the absence of body forces (i.e., Vy = 0), we take the Airy stress
function to be

®(z,y) = x(c1y + c2y” + c3y®). (7.5.54)

Note that only the first and third terms are dictated by the stress field in a beam. The second
term is added to make it a complete quadratic polynomial in y. Also, ® cannot have terms
higher than z because of the boundary condition oy, (z, £h) = 0. The nonzero stresses are
0*® 9’® 0*®
=97 = z (2¢2 + 6¢3y), oyy = et 0, 0wy = ~ ey —(e1 4 2¢2y + 3c3y?).
(7.5.55)
The choice in (7.5.54) satisfies the biharmonic equation for any values of c1, c2, and c3. We
determine the constants ¢; using the stress boundary conditions in Egs. (7.5.48) and (7.5.50).
The stress boundary conditions 04+(0,y) = 0 and oy, (x, £h) = 0 are trivially satisfied. We
have

Ozz

oey(x,£h) =0 — c1 —2c2h + 3csh? =0 and ¢ + 2cah + 3csh? = 0,
which yield c2 =0 and ¢; = —3h2cs. Lastly, we have
h
b/ 02y(0,y)dy = —P — —2hb(ci + h’c3) = —P. (7.5.56)
—h
Thus, the constants c; are

3P 0 P

C1 = ﬁ, C2 = U, C3 = —m, (7557)
and the Airy stress function becomes
P
O(z,y) = ——2 (y2 — 3h2). (7.5.58)

61

The stresses from Eq. (7.5.55) are [I = 2bh®/3 = Ah?/3, where A = 2bh is the area of cross
section of the beam]
6Pxy  Pxy
S 4bh3 T T
3P  3Py? P

_ o _ _ 2_ 2
Oy = ~on T amhe = "ar W —v)-

Ozz = Oyy = 0,

(7.5.59)




306 LINEARIZED ELASTICITY

The stresses in Eq. (7.5.59) are exactly those predicted by the classical (i.e., Euler—
Bernoulli) beam theory, where M (z) = —Px and V = —P. This is not surprising because
our choice of terms in the Airy stress function was dictated by the form of the stress field from
the classical beam theory. This also indicates that we cannot obtain any better stress field
than the elementary beam theory for the boundary conditions (7.5.48)—(7.5.50).

The strain field associated with the stress field in Eq. (7.5.59) is computed using the
strain—stress relations in Eq. (6.3.32):

Cow = 5022 = — 27 Py,

Eyy = —%wa = ﬁpx:% (7560)
14+v v 2 2

Ezy:(z)azy:*(égf)P(h 7y)7

where v is the Poisson ratio and E is Young’s modulus. The strain field in Eq. (7.5.60) is the
same as that in Eq. (3.7.12), with 1 = = and z2 = y. Therefore, the displacements are the
same as those determined in Example 3.7.2, namely in Eq. (3.7.22), with u1 = ug and uz = uy:

wle) = PR o1 ()] + e+ (1) (3) -sa+(2)},
e =5 (122 (10 (8)' ]+ 5+ s0rn(2) (1- )}

As (h/L)?* — 0, we recover the Euler-Bernoulli beam solution.

Example 7.5.7

Consider a thin rectangular plate of length 2a, width 2b, and thickness h that has a circular
hole of radius R at the center of the plate. A uniform traction of magnitude o¢ is applied to
the ends of the plate, as shown in Fig. 7.5.8. Determine the stress field in the plate under the
assumption that R << b.

Solution: The boundary conditions of the problem are

Ozz(£a,y) = 00, ozy(Ea,y) =0, oyy(xz,£b) =0, ozy(x,£db) =0, (1)
orr(R,0) =0, or0(R,0)=0. (2)

Since the hole is assumed to be very small compared to the height of the plate (i.e., R << b),
we can solve the problem for a stress field inside a circular region of radius b > ¢ > R, as
shown in Fig. 7.5.8. The stresses at radius c are essentially the same as in the plate without
the hole (a consequence of Saint-Venant’s principle). We use the cylindrical coordinate system
to determine the stress field inside the circle of radius c.

Yi
- a .-~ > a —>
<] . - N l—>
N

- I' \ b
D ’ ¢ A —

II ‘

Oo =—| i 6y | > %

| s > X
-+ 1 1 —>
- \\ R 1' —>

AY 7
-+ \ ,/ b —>
—~— A 4 —>
< . L7 >

\\\ /’, v

Fig. 7.5.8: A thin rectangular plate with a central hole.
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Recall from Eq. (4.3.7) the transformation equations between (04, 0yy,0zy) and (o11 =
Orry 022 = 000, 012 = 0rg):

2 .2 .
Orr = Ogz COS™ 0 + 0yy sin” 0 + 04y sin 26,

000 = Oy 5iN° 0 + 04y c08> 0 — 04, sin 26, (3)
1
Org = =5 (0we — Oyy) Sin 20 + 04y cos 26.

Using the transformation equations in Eq. (3), we can write the boundary conditions at r = ¢
for any 6 as (oyy = 0 and o4y = 0):

orr(c,0) = 0o cos’h = %(1 + cos 20),
o06(c,0) = 0o sin” 6 = % (1 — cos26), (4)

or9(c,0) = —% sin 26.

The form of the boundary conditions in Eq. (4) suggests that the Airy stress function ® should
be of the form
O(r,0) = G(r) + F(r) cos20, (5)
with G(r) and F(r) satisfying [because V2V?® = V>V>G(r) + V>V?(F cos20) = 0 implies
that V2V2G(r) = 0 and V2V?F = ()
& 14

2z (B 1AV e (£ 1d ANt
VVG_(dTQJerr) Ele) =0, VVF_(dTQJrrdr 7"2) 2@ =0, (6)

The general solutions to the equations in (6) are of the form

C1

=z +co+ear’ +eart, Gr)=cs+cslnr +crr’ 4 csr’Inr, (7)

F(r)

and we have

dF 2¢1 3 d*F  6c1 2
W = —r—?) + 2c3r + 4ear”, ar2 = T‘T + 2¢3 4 12¢477,
dG G
o CT—G + 2¢7r +res(1+21Inr), Pl —% +2c7 + cs(3+2In7),
0P Ce 2c1 3
o = [7 + 2¢rr +res(1+ 21nr)] + (—TT + 2c3r 4 4ear ) cos 20,
2P

(?91"2 = [—:—2 + 2¢7 + cs(3 + 21117“)] + (% + 2¢3 + 12047’2) cos 20, (8)
o0d . c1 2 4) .
0 = 2(r2+02+03r + c4r” ) sin 26,

foat) c1 2 4

5% = —4(r—2 + co + c3r® + car ) cos 20,

9*® 2c1 3\ .

205 = —2(—r—3 + 2¢37r + 4ear ) sin 26.

Substituting the expressions from Eq. (7) into Eq. (5) and using the definition of the stress
components, we obtain

18<I> 1 82<I> Ce 661 402
UTT:;W ﬁW:T—ZJerqLcs(lJrQInr)f(TT+T—2+203 cos 20,
%P ce 6c1 2
o=755="73 + 2¢7 + cg(3+21n7) + (77 + 2¢3 + 12¢477 | cos 20, (9)
d (102 192 18°® 6c1  2co 2\ .
= | = = 2 = (-2 =249 20.
7= "or <r aa> 299 o60r ( 4~ gz +2estber Jsin2f
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Note that ¢5 does not enter the calculation of stresses. The boundary conditions in Egs. (2) and
(4) are used to determine the remaining constants. As r — oo, the expressions for stresses in
(8) must approach those in Eq. (4). For this to happen, ¢4 and cs must be zero and 2¢7 = 0¢/2
and 2c3 = —0¢/2. The boundary conditions in Eq. (2) yield the following relations among the
remaining constants:

Cs 6c1  4co 6c1  2ca
ﬁ+207:0’ ﬁ‘f’ﬁ‘f’?Cg:O, _ﬁ_ﬁ—’—QCSZO' (10)

Solving these equations, we obtain

70'0R4
4 )

2
oo R o)
72 , c3:7—4’ C4:0, ce =

2
fU°2R , m:%, s =0. (11)

Cy =

Cc1 =

Substituting these values into Eq. (8), we obtain

) R? 3R* AR?
0'7‘7‘_7[(1—7.72)4—(14—7—7 COSQG 9

0 R? 3R
Too = o [(1 + 7“72) — <1 + TT> cosQH] , (11)
00 3R | 2R*\ .
0'7‘0:—? (1_7"1‘7‘72 Sln2(9.
The maximum normal stress occurs at (r,0) = (R,£90°) and shear stress at (r,0) =
(V3R, —45°):
o ] 2
Omax = 009(R, £90°) = 300, o0,0(V3R, —45°) = 300 (12)

7.5.7 Torsion of Cylindrical Members

The stress function approach used to study a number of plane elasticity problems
in the previous sections is also useful in studying torsion of noncircular cylindrical
members. However, we cannot use the Airy stress function here because the
present problem does not fall into the category of plane elasticity problems. The
governing equations for this problem must be developed from basic principles.
The problem was first studied by Saint-Venant using the semi-inverse method.

Consider a cylindrical member of noncircular cross-section and length L and
subjected to an end torque T = T'€&,, as shown in Fig. 7.5.9(a). The lateral
surface of the cylinder is free of tractions. Saint-Venant studied the problem
under the following assumptions:

1. The projection of each cross section onto the xy-plane rotates about the
z-axis (taken through the geometric centroid of the cross section) with no
in-plane distortion.

2. The amount of rotation of each cross section is proportional to its distance
from the end of the cylinder, ® = 0z, where O is the twist and 6 is the
twist per unit length.

3. Each cross section’s out-of-plane distortion is the same and its magnitude
is proportional to 6.
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Fig. 7.5.9: (a) Torsion of a cylindrical member. (b) A typical cross section.

In view of the aforementioned assumptions, our attention is focused on a typical
cross section of the cylinder; the plane of the cross section is denoted by €2 and
its boundary by I', as shown in Fig. 7.5.9(b). Our interest is to determine the
shear stresses, 0., and o0y., produced by the torque, because they are needed
in the design of shafts used, for example, in power transmission. There are
two different formulations to study the problem. One is based on the warping
function and the other on Prandtl stress function. The details of these two
formulations are presented next.

7.5.7.1 Warping function

The displacements of a typical point (7, ) in € can be computed as follows [refer
to Fig. 7.5.9(b)]:

Uy =71 cos(© +a) —r cosa = x(cosO — 1) — y sin O,

Uy =71 sin(© + a) —r sina =z sin® + y(cos© — 1). (7.5.61)

The third assumption implies that
uy = 0Y(z,y), (7.5.62)
where 1 denotes the warping function. If ©® = 0z is very small compared

to unity, ® << 1, the displacement field becomes (because cos® =~ 0 and
sin© ~ 0)
Uy = —0yz, uy =0xz, u,=0v(x,y). (7.5.63)

Since we started with an assumed displacement field (a semi-inverse method),
we only make sure that the equations of equilibrium are satisfied (and the
compatibility equations are automatically met). Toward this end, we com-
pute strains first and then stresses. The linear strain-displacement relations
(61']' = %(’LLZ'J + Ujﬁ') give €, = 0, Eyy = 0,e,, =0, Exy = 0, and

0 [0 0 ([0
EM_2<8Z§_ ), Eyz—2<£+x>. (7.5.64)
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The stresses are computed using the constitutive equations of an isotropic ma-
terial, 0;; = 2ue;j + Aegrdi;. We find that o,y = 0yy = 0., = 04y = 0, and

Opr = bl <Z§Zj — ) , Oy = b (?;;j + :c> ) (7.5.65)

Thus, a cross section of the cylinder experiences only the shear stresses o,, and
0y-; the projected shear traction vector at a point (z,y) of a cross section is
t(e,) =046, + 0y €y,

Assuming that the body forces are negligible, the first two equilibrium equa-
tions (o5 = 0) are trivially satisfied. The third equilibrium equation reduces

to
2 2
agf + 8552 =0 = ub (g;ﬁ + Z;ﬁ) —0 in Q. (7.5.66)

The boundary conditions on the lateral surface of the cylinder, that is, on
the boundary I', where the unit normal is given by n = n,e, + n,e,, are t, =
ty = t. = 0. Because all but o,, and oy, are zero and n, = 0, the boundary
conditions t, = t, = 0 are trivially satisfied. The remaining boundary conditions
t, =0 yield

o oY
ty = 02Ny + Oyzny = b ((% — y) Ng + b <8y + ac) ny = 0. (7.5.67)

From Fig. 7.5.10, we note that n, and n, can be calculated as

dy dr . dy. dr
e =—, =——, N=-—"-6&,— —é,. 7.5.68
" ds’ Y ds’ " T s © ds ( )
Then the boundary condition in Eq. (7.5.67) becomes
oY dy oY dx
-7 < _ [ — = T. .0.
(8:6 y) s (8y +x T 0 on (7.5.69)

Thus, the boundary value problem becomes one of finding ¢ such that

V2 =0 in Q, <8w—y> %— (W—i—x) Z—i:o on T. (7.5.70)

Once 9 (z,y) is known, the shear stresses can be computed from Eq. (7.5.65).

dy
ds’

. dx
—n, =sina=—

ds

n,=cosa =

Fig. 7.5.10: Calculation of the direction cosines.
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Example 7.5.8

Consider the case in which ¥ = 0 and use the inverse method to determine the problem (i.e.,
cross section of the cylinder) for which it corresponds. Also, determine the stresses o,. and
oy- as well as the projected shear stress magnitude in terms of the shear modulus p = G and
the applied torque T

Solution: For 1 = 0, V) = 0 is trivially satisfied. The boundary condition in Eq. (7.5.69)
becomes F F F
yd—z + xd—i =0 — T (ac2 + yz) =0 or z®+ y? = constant, ¢ (1)
on the boundary I". This equation corresponds to that of a circle with I' being the boundary
of a circle of radius ¢ and 2 being the interior of the circle; that is, the cross section of the
cylinder is a circle of radius c.
The stresses are

Ozz = —puly, 0y = pbz. (2)

To express the stresses in terms of the torque, we write the equilibrium of moments about the
z-axis. We obtain

2 4
T= /Q (xoyz — Yozz) dedy = utﬁ’/ﬂ(ac2 + y?)dx dy = /L@CQ% = u@%, (3)
or uf = 2T /mc*. Note that
/(x2 +y)dzdy=J
Q

is the polar moment of inertia. Then the stresses in Eq. (2) can be expressed in terms of T as

Ogz = —@y, Oyz = @13 (4)

The projected shear stress magnitude at any point on the cross section is

. 2T 2T'r
T=t(&:) = /0% tol. = V(@2 +y) = —F. (5)

mC mct

2T

Clearly, the maximum shear stress iS Tmax = .

The exact solutions of the torsion problem (7.5.70) are possible for elliptical
and rectangular cross sections. For geometrically complicated cross sections, one
must use numerical methods.

7.5.7.2 Prandtl’s stress function

Here we begin with an assumed stress field. We note that the following stresses
are identically zero for the problem:

Opz = Oyy = 055 = Ogy = 0. (7.5.71)
Therefore, only stress equilibrium equation left to be satisfied is

00y, 0oy,
or oy

= 0. (7.5.72)

We choose to satisfy this equation identically by introducing a stress function
U(z,y), called the Prandtl stress function, such that
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ov ov
= =, Uyz = ——.

oy ox
Since we started with the stress field, the stress function W is subject to satisfying
the strain compatibility conditions in Egs. (3.7.7) and (3.7.8), which can be
expressed in terms of the stresses, as given in Eq. (7.2.27). For the case at
hand, Eq. (7.2.27) takes the form o343 = 0, for a, 5 = 1,2:

(7.5.73)

82Umz + 62UIZ — = g 827\11 + 827\11 =0
Ox? oy oy \ox2  oy2) (75.74)
aQO'yz + 820'312 -0 = 2 827\11 + 627\:[] -0 o
Ox? Oy? Ox \ 0z2 = Oy? ’

From these two equations it follows that ¥ is governed by the equation
ViU =, (7.5.75)

where ¢ is a constant. Equation (7.5.75) must be solved subject to the traction-
free boundary condition on the lateral surface I':

ovdy 0O¥dr dU
_ —_— = — = F Je
Oy ds + Ox ds  ds 0 on T (7.5.76)

Oz + OyzNy =

That is, ¥ is a constant, say K, on I'. For multiply connected cross sections, the
constant K on different boundaries, in general, has different values. For simply
connected cross sections, we can arbitrarily set the constant to zero, K = because
the constant does not contribute to the stress field. In summary, the Prandtl
stress function is determined from solving the boundary value problem

VW =cin Q ®¥=0onI. (7.5.77)
The warping function v (z,y) is related to the Prandtl stress function by

oY 10U I 2
gy T - g (7.5.78)

The two equations in (7.5.78) can be combined by differentiating the first one
with respect to y and the second one with respect to z and eliminating 1 to
obtain

~V2U =2uf in Q, ¥=0 on I (7.5.79)
Once V¥ is known, the stresses can be determined from Eq. (7.5.73).

As in the case of the warping function, exact solutions of the torsion problem
(7.5.79) are possible for a few simple cross sections. For geometrically compli-
cated cross sections, one must use numerical methods. In general, solving Eq.
(7.5.79) is simpler than solving Eq. (7.5.70) because of the complicated bound-
ary condition in Eq. (7.5.69). To solve Eq. (7.5.79), one assumes ¥ to be in the
form ¥ = Af(x,y), where A is a constant and f(x,y) is a sufficiently differen-
tiable (i.e., V2f # 0) function that is identically zero on the boundary. If —V?f
is a nonzero constant ¢ (so that Ac can be equated to 2uf), we solve for the
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constant A and obtain the complete solution. If V2f is not a constant, an ex-
act solution is not possible, although an approximate solution can be obtained.
Next we consider an example.

Example 7.5.9

Consider a cylindrical shaft of elliptical cross section, 2. The boundary T is the ellipse with
semi-axes a and b:

2 2
_ , & y _
Determine the Prandtl stress function and the shear stresses.

Solution: We select ¥ to be
22y
v =4 (G -1), ®)

a2

where A is a constant to be determined such that Eq. (7.5.79); is satisfied. Since the boundary
condition ¥ = 0 on T is satisfied, we substitute ¥ from Eq. (2) into —V*¥ = 216 and obtain

1 1 puba’v?
—2A =+ = ) =2ub A=— .
<a2 u b2) Ho = a? + b2 &)
The Prandtl stress function is then given by
B Mea2b2 $2 y2
\1,($7y)_a2+b2 1_?—137 . (4)

For solid cylinders of elliptic cross section, the twist per unit length 6 can be related to the
applied torque T' by

ov ov
T—/Q(J:Uyz—yazz)dxdy— —/Q (:B% —l—ya—y) dx dy

= 7/9 {a(gf) + a(g;[)} d:cdy+2/ﬂ\ll(x,y) dx dy

= 77{ (zW0 dy + y¥ dz) +2/ U(z,y) dedy = 2/ U(z,y) dzdy, (5)
iy Q Q

where we used the fact that ¥ = 0 on I' of a solid cylinder. For the problem at hand we obtain
mudab?

@+ )

T:2/ U(z,y) dedy =
Q

Then the stresses 0. and oy. are calculated using Eq. (7.5.73) as

2400’ 2T 2110b* 2T
_a2+b2y:_7rab3y’ Oyz:_a2+b2x: mash (7)

Ozz =

For b < a, the maximum shear stress occurs at (z,y) = (0,%b), and the shear stress magnitude
is

2uba’b 2T
a2+ b2 mabt’

Tmax =

(8)

For solid circular cylinders, b = a, Egs. (7) and (8) yield the same results as in Example 7.5.7
with c =a =b.

The warping function can be determined from Eq. (7.5.78); by integrating with respect to
z and setting the integration constant to zero:

b — a? b? — a? a® - )T
Zrpe - uz =0z, y) = = *me- (9)

V(e y) = a? + b2 Oy = pmradh’
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7.6 Methods Based on Total Potential Energy
7.6.1 Introduction

In Chapter 5 of this book, laws of physics (or conservation principles) and vector
mechanics are used to derive the equations governing continua. These equations,
as applied to solid bodies, can also be formulated by means of variational prin-
ciples. Variational principles have played an important role in solid mechanics.
The principle of minimum total potential energy, for example, can be regarded
as a substitute for the equations of equilibrium of elastic bodies. Similarly,
Hamilton’s principle can be used in lieu of the equations governing dynamical
systems, and the variational forms presented by Biot replace certain equations
in linear continuum thermodynamics.

The use of variational principles makes it possible to concentrate in a single
functional all of the intrinsic features of the problem at hand: the governing
equations, the boundary conditions, initial conditions, constraint conditions,
and even jump conditions. Variational principles can serve to derive not only
the governing equations but they also suggest nature of the boundary conditions.
Finally, and perhaps most importantly, variational principles provide a natural
means for seeking approximate solutions; they are at the heart of the most
powerful approximate methods in use in mechanics (e.g., the traditional Ritz
and Galerkin methods, and the finite element method). In many cases they can
also be used to establish upper and/or lower bounds on approximate solutions.

This section is devoted to the study of the principle of minimum total po-
tential energy and its applications. To keep the scope of the chapter within
reasonable limits, only key elements of the principle are presented here. Addi-
tional information can be found in the textbook by Reddy (2002).

7.6.2 The Variational Operator

Mathematically speaking, an integral of the form

I(u):/QF(x,u,Vu)dx

whose value is a real number, that is, I is a mapping that transforms functions
u from a function space into a real number field, is called a functional. Note
that F(x,u, Vu) does not qualify as a functional because it is a function and
not a real number. An example of a functional is provided by the strain energy
U of an elastic body. In particular,

EA [ [/du\?
v="2 () g
2 Jo (d37> ’

is a functional.

As in the case of the minimum of an ordinary function f(x), the minimum of a
functional I (u) involves differentiation with respect to the dependent variable(s).
The derivative with respect to a dependent variable is known as the Gauteax
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derivative, which is defined as

d
oF =—F 7.6.1
(w) = 4 Flutev)| (76.1)
and we say that §F'(u) is the first variation of the function F'(u) in the direction
of v. The quantity ev is denoted as du, and it is called the first variation of w.
The operator J itself is known as the variational operator.

The variational operator § acts much like a total differential operator d, ex-
cept that it operates with respect to the dependent variable(s) rather than the
independent variables, like the coordinate x and time ¢. Indeed, the laws of vari-
ation of sums, products, ratios, and powers of functions of a dependent variable
u are completely analogous to the corresponding laws of differentiation; that is,
the variational calculus (i.e., calculus with &) resembles the differential calculus.
For example, if F; = Fj(u) and Fy = F5(u) are functions of a dependent variable
u, we have

0(F1 £ Fy) =0F; £ 0F;.
0(Fy Fy) =0F) Fo + F16F.
5 <F1> 0F) Fo — F1 0F, (7.6.2)
b F? ’
5(F1)" = ’I’L(Fl)n_l(SFl.

If G = G(u,v,w) is a function of several dependent variables u, v, and w, and
possibly their derivatives, the total variation is the sum of partial variations:

5G = 6,G + 6,G + 6,G, (7.6.3)

where, for example, d, denotes the partial variation with respect to u. The
variational operator can be interchanged with differential and integral operators:

0(Vu) = V(ou). (7.6.4)

5( /Q udx> _ /Q S dx. (7.6.5)

Equations (7.6.2)—(7.6.5) are valid in multiple dimensions and for functions that
depend on more than one dependent variable.

Similar to the necessary and sufficient conditions from the calculus of vari-
ations for the minimum of a functional, the conditions for the minimum of a
functional are

0I = 0 (necessary condition), (7.6.7)
621 > 0 (sufficient condition). (7.6.8)

When I denotes a certain energy functional in solid mechanics, the necessary
condition (7.6.7) yields some associated governing equations, which are equiv-
alent to those derived from the conservation principles of mechanics. However,
Eq. (7.6.7) also gives the form of boundary conditions. The equations obtained
in © from the necessary condition (7.6.7) for equilibrium problems are known
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as the Fuler equations (or the Fuler—Lagrange equations for dynamical systems)
and those obtained on I' (or on a portion of I') are known as the natural boundary
conditions.

The variational principles of solid mechanics can be classified into three cat-
egories [see Oden and Reddy (1982) and Reddy (2002)]: (1) variational prin-
ciples involving (energy) functionals that involve the primary variables such
as displacements and temperature are called primal principles; (2) variational
principles that are based on functionals containing the secondary variables such
as stresses and heat flux are called dual principles; and (3) variational princi-
ples based on functionals that include both primary and secondary variables
(e.g., both stresses and displacements, or stresses, strains, and displacements)
are called mized principles. In this section we consider the variational princi-
ple based on the total potential energy functional for linear elastic bodies that
contains the displacement field as the dependent variables.

7.6.3 The Principle of the Minimum Total Potential Energy

7.6.3.1 Construction of the total potential energy functional

Recall from Sections 6.2 and 7.5 that for elastic bodies (in the absence of tem-
perature variations) there exists a strain energy density function Uy (measured
per unit volume) such that [see Eq. (6.2.15)]

_ 0Uy 0y
o= (023 = (%ij) : (7.6.9)

The strain energy density Up is a function of strains at a point and is assumed
to be positive definite. For linear elastic bodies (that is, obeying the generalized
Hooke’s law), the strain energy density is given by [see Eq. (6.3.1) or (7.6.9)]

1 1 1
UQ = 50’ L E = 50'1']'8@‘ = §Cz’jkl5ij5kl‘ (7610)
Hence, the total strain energy of the body B occupying volume 2 is given by
1 1
U= / Uo(é‘ij) dx = / o.edx = / 0ij Eij dx. (7.6.11)
0 2 Ja 2 Ja

The total work done by applied body force f and surface force t is given by [see

Eq. (7.6.11)]
V:—{/Qf-udx—kﬁt-uds}, (7.6.12)

where the minus sign in the expression for V' indicates that the work is expended,
whereas U in Eq. (7.6.11) is the available strain energy stored in body B. The
total potential energy (functional) of body B is the sum of the strain energy
stored in the body and the work done by external forces

1
H:U+V:/o-:edx—[/f-udx+7{t-uds]
2 Ja Q r
1
= /O’ijz’;‘ij dx — |:/ quZ dx—l—ftiuids} . (7613)
2 Jo Q r
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The principle of minimum total potential energy can be stated as follows:

If a body is in equilibrium, of all admissible displacement fields u the one ug

that makes the total potential energy a minimum corresponds to the equilibrium
solution:

[I(up) < II(u). (7.6.14)

An admissible displacement is the one that satisfies the geometric constraints of
the problem.

7.6.3.2 Euler’s equations and natural boundary conditions

Here, we illustrate how the Navier equations of elasticity, Eq. (7.2.17) and
the traction boundary conditions in Eq. (7.2.18), can be derived as the Euler
equations using the principle of minimum total potential energy. Consider a
linear elastic body B occupying volume 2 with boundary I'" and subjected to
body force f (measured per unit volume) and surface traction t on portion I', of
the surface. We assume that the displacement vector u is specified to be 1 on
the remaining portion, Iy, of the boundary (I' = T', UT';). Therefore, du = 0
onI',.

The total potential energy functional is given by (summation on repeated
indices is implied throughout this discussion)

1 "
II(u) = / (QUij eij — fi Uz) dx —/ t; u; ds, (7.6.15)
Q o

The first term under the volume integral represents the strain energy density of
the elastic body, the second term represents the work done by the body force f,
and the third term represents the work done by the specified traction t.

The strain-displacement relations and stress—strain relations for an isotropic
elastic body are given by Eqs. (7.2.1) and (7.2.9), respectively. Substituting
Egs. (7.2.1) and (7.2.9) into Eq. (7.6.15), we obtain

A
H(u) = /Q |:'Z (ui,j + ’LLj’Z‘) (um + Ujﬂ') + §ui,i Uk o — fiu; | dx
— / tiu; ds. (7.6.16)
'y

Setting the first variation of II to zero (that is, using the principle of minimum
total potential energy), we obtain

0= / [% ((5ui7j + 5Uj7i) (ui,j + Uj,i) + )\5ui7iuk,k — fléul] dx
Q
—/ f, 5uz dS, (7.6.17)

wherein the product rule of variation is used and similar terms are combined.
Next, we use the component form of the gradient theorem to relieve du; of any
derivative so that we can use the fundamental lemma of variational calculus to
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set the coefficients of du; to zero in € and on the portion of I' where du; is
arbitrary. Using the gradient theorem, we can write

/ (5ui7j (um- + Ujﬂ') dx = —/ 5“2 (U@j + Uj,i)’j dx + f 5u1 (um' + Uj7i) ng ds,
Q Q T

where n; denotes the jth direction cosine of the unit normal vector to the surface
n. Using this result in Eq. (7.6.17) we arrive at

[ n 0
0= /Q —5 ( i,j + ujvi),j 5uz — 5 ( i,j + uj,i)’i 5Uj — )\ukméul — fléul] dX

+ ]{ [g (wij + ;i) (njou; + niduy) + Aug k ny 57,4 ds — Sugt; ds

r I
= / —l (uiyj + Ujﬂ‘) i AU ki — f1:| du; dx
Q L 9.

+ 7{ |:,u (ui,j + um') + Aug g 5ij:| n; du; ds — / ou; l?z ds. (7.6.18)

r Ie

In arriving at the last step, a change of dummy indices is made to combine
terms.

Recognizing that the expression inside the square brackets of the closed sur-
face integral is nothing but o;; and o;jn; = t; by Cauchy’s formula, we can
write

f {u (wij +uji) + )\Uk,k(sij] njdu; ds = j{ t; du; ds.
I Iy

This boundary expression resulting from the “integration-by-parts” to relieve ou
of any derivatives is used to classify the variables of the problem. The coefficient
of du; is called the secondary variable, and the varied quantity itself (without
the variational symbol) is called the primary variable. Thus, u; is the primary
variable and ¢; is the corresponding secondary variable. They always appear
in pairs, and only one element of the pair may be specified at any boundary
point. Specification of a primary variable is called the essential boundary con-
dition and specification of a secondary variable is termed the natural boundary
condition. They are also known as the geometric and force boundary conditions,
respectively. In applied mathematics, they are known as the Dirichlet boundary
condition and the Neumann boundary condition, respectively.

Returning to the boundary integral, it can be expressed as the sum of inte-
grals on I', and I',:

fti5ui ds :/ tiéui ds +/ tiéui ds :/ tiéui ds.
r u o o

The integral over I';, is set to zero because u is specified there, that is, du = 0.
Hence, Eq. (7.6.18) becomes

0= / [—M (wij + ujs) i AU ji — fi:| du; dx + / ou; (ti - t}) ds. (7.6.19)
Q 9.

o
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Using the fundamental lemma of calculus of variations, we set the coefficients of
du; in 2 and du; on I'y from Eq. (7.6.19) to zero separately and obtain

pug g+ (e + Nug g + fi = 0 in Q, (7.6.20)
njUz'j — sz =0on Fo, (7.6.21)

for i = 1,2,3. Equation (7.6.20) represents the Navier equations of elasticity
(7.2.17), and the natural boundary conditions (7.6.21) are the same as the trac-
tion boundary conditions listed in Eq.(7.2.18).

7.6.3.3 Minimum property of the total potential energy functional

To show that the total potential energy of a linear elasticity body is indeed the
minimum at its equilibrium configuration, we consider the total potential energy
functional [more general than the one considered in Eq. (7.6.14)]:

H(u) = / (%Cijké Eky é‘ij — fl ul) dx —/ 72 (7% dS, (7.6.22)
Q

o

where Cjjre are the components of the fourth-order elasticity tensor.
Let u be the true displacement field and u be an arbitrary but admissible
displacement field. Then u is of the form

u=u-+av,

where « is a real number and v is a sufficiently differentiable function that
satisfies the homogeneous form of the essential boundary condition v = 0 on
I'y. Then II(u) is given by

H(u+av) = /QBC@']M (eke + agre) (eij + agij) — fi(ui + av;)]dx

—/ fz(uz +Oé’Ui)d8,
Iy
where
9i = 5(vig +vja)-
Collecting the terms, we obtain (because Cjjre = Chyij)
II(a) = (u) + « [/ <_fiUi + Cijreeredij + 30 CijkﬁQiijZ) dx — / tivi dS] ;
Q -
(7.6.23)

Using the equilibrium equations (7.2.5) and the generalized Hooke’s law o;; =
Cijke€re we can write

—/fividX:/UijJ’UidX:/CijkgEk&jUidX
Q Q Q
= —/ Cijreckevi dX+/ Cijre € ving ds
Q T,

= —/ Cijkg&“kggij ClX'—i—/ Ifi’ui ds, (7.6.24)
Q T's
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where the condition v; = 0 on I'y, is used in arriving at the last step. Substituting
Eq. (7.6.24) into Eq. (7.6.23), we arrive at

042
() = (u) + o5 /Q Cijke 9ij Gre dX. (7.6.25)

In view of the nonnegative nature of the second term on the right-hand side of
Eq. (7.6.23), it follows that
II(a) > I(u), (7.6.26)

and II(u) = II(u) only if the quadratic expression %C’ijkggijgkg is zero. Owing to
the positive-definiteness of the strain energy density, the quadratic expression
is zero only if v; = 0, which in turn implies @; = u;. Thus, Eq. (7.6.26) implies
that of all admissible displacement fields the body can assume, the true one is
that which makes the total potential energy a minimum. Next, we consider an
example to illustrate the use of the principle of minimum total potential energy.

Example 7.6.1

Consider the bending of a beam according to the Euler-Bernoulli beam theory (see Section
7.3.4). Construct the total potential energy functional and then determine the governing
equation and boundary conditions of the problem.

Yy, v

_r -
bl‘

Fig. 7.6.1: A beam with applied loads.

Solution: The total potential energy of a cantilever beam under pure bending by distributed
transverse force ¢(z) and point load Fy (see Fig. 7.6.1) with the assumption of small strains
and displacements for the linear elastic case (i.e., obeys Hooke’s law) is given by

TI(v) = %/OL EI (322) } da — [/OLq(x)U(m) da + Fov(L) + Mo (_%)ZZJ . (7.6.27)

where L is the length, A the cross-sectional area, I moment of inertia about the axis (y) of
bending, and F is Young’s modulus of the beam. The first term represents the strain energy
U (see Example 7.4.3); the second term represents the work done by the applied distributed
load ¢(z) in moving through the deflection v(x); the third terms represents the work done by
the point load Fp in moving through the displacement v(L); and the last term represents the
work done by moment My in moving through the rotation 6, (L) = (f%)z:L.

Applying the principle of minimum total potential energy, 6II = 0, we obtain

2 L
0 = 611 = /EI dudidu o 7[/ qavdx+F05u(L)+Mo(J;ﬂ> } (1)
0 €L =L

dx? dx?
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Next, we carry out integration-by-parts on the first term to relieve dv of any derivative so that
we can use the fundamental lemma of variational calculus to obtain the Euler equation:

L g2 d*v v dsv  d AV
L
a0 dx ) .,

The boundary terms resulting from integration-by-parts allows us to classify the boundary
conditions of the problem. The quantities with J, dv, and §(dv/dz) in the boundary terms,
indicate that v and (dv/dz) (removing the variational operator from the quantities) are the
quantities whose specification constrains the beam geometrically. These variables are called
the primary variables:

dv

dx
Thus, the deflection v and slope (or rotation) dv/dx are the primary variables of the problem.
The expressions that are coefficients of dv and §(dv/dzx) in the boundary terms are called the

secondary variables:
d d’v dv d’v
ow: —(EI-—); o0(—): EI—. .6.2
v dx ( dx2> ' (dx) dx? (7.6.29)

It is clear that the secondary variables are nothing but the shear force V(z) = dM/dz and
bending moment M (z)

(7.6.28)

v

d d*v d*v
V(z) = . (Elda:2> i M(z) = EIde. (7.6.30)
Only one element of each of the pairs (v,V) and (dv/dz, M) may be specified at a point.
Note that the identification of the primary and secondary variables is unique. Specifying a
primary variable constitutes a geometric or essential boundary condition, and specification of
a secondary variable constitutes a force or natural boundary condition.

Returning to the expression in Eq. (2), first we collect the coefficients of dv in (0, L)
together and set them to zero, because dv is arbitrary in (0, L). We obtain the Euler equation

2 2
% <El%> —g(z) =0, 0<z<L. (7.6.31)

Equation (7.6.31) can also be derived from vector mechanics by considering an element of the
beam and summing the forces and moments, and then relating the bending moment M to the
deflection v, as discussed in Section 7.3.4.

Now considering all boundary terms in Eq. (2), we conclude that

d d*v d d*v
{@ (Elwﬂ - 5v(0) = 0, [—% <E1@) - Fo} » sv(L) = 0, (3)
d*v dov d*v dov
(Efzﬂ (7) e <E% i M> (7) =0 @

If either of the quantities dw and (dév/dz) is zero at © = 0 or x = L, if v or (dv/dx) is
specified, the corresponding variations vanish because a specified quantity cannot be varied;
the vanishing of the coefficients of dv and (dév/dz) at points where the geometric boundary
conditions are not specified provides the natural boundary conditions. Various combinations
of one variable from each of the pairs (v, V) and (0., M), where 0, = —(dv/dz), define beams
with different boundary conditions.

As an example, suppose that the beam is clamped (i.e., fixed or built-in) at z = 0 and free
at © = L (a cantilever beam), as shown in Fig. 7.6.1. Then, 6v(0) = 0 and (dév(0)/dx) = 0,
and the corresponding secondary variables, namely the shear force and bending moment, are
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unknown there. Since the free end, z = L, is subjected to an upward transverse force Fp and
clockwise bending moment My, the force or natural boundary conditions become

d < d%) } ( d?v )
—— (EI— ) — F, =0, (EI— + My =0. (5)
[ dx dx? =L dx? @=L

Since the secondary variables are known at z = L, we will not know the corresponding primary
variables until the problem is solved. Another example is provided by a simply supported (or
hinged at both ends) beam without any applied moments at the supports. Then we have the
following boundary conditions:

d?v d?v

v(0) =0, (EJ@)W:0 =0; v(L)=0, (EI@L:L =0. (6)

7.6.4 Castigliano’s theorem I

Suppose that the displacement field of a solid body can be expressed in terms
of the displacements of a finite number of points x; (i =1,2,--- N) as

N
u(x) = > u¢i(x), (7.6.35)
i=1

where u; are unknown displacement parameters, called generalized displace-
ments, and ¢; are known functions of position, called interpolation functions
with the property that ¢; is unity at the ¢th point (i.e., x = x;) and zero at all
other points (x;, j # ¢). Then it is possible to represent the strain energy U
and potential energy V' due to applied loads in terms of the generalized displace-
ments u;. Then the principle of minimum total potential energy can be written
as

I =6U+6V =0 = 6U=-6V or ou 0wy = — oV -ouw;,  (7.6.36)
8uz~ 6ui
where sum on repeated indices is implied. Since
ov
= -F;
aui
and du; are arbitrary, it follows that
ou oU
<6ui — Fl> . (5111‘ =0 or an = Fz (7637)

Equation (7.6.37) is known as Castigliano’s theorem I.

When applied to a structure loaded by generalized point loads F; with asso-
ciated generalized displacements u;, both having the same sense, Castigliano’s
theorem I gives

ou

8ui
It is clear from the derivation that Castigliano’s theorem I is a special case of
the principle of minimum total potential energy.

=F,. (7.6.38)
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Application of Castigliano’s theorem I to structural members (trusses and
frames) can be found in many books [see Reddy (2002) and references therein|. In
Example 7.6.2, an application of Castigliano’s theorem I to beams is illustrated.

Example 7.6.2

Consider a straight beam of length L and constant bending stiffness EI (modulus E and
moment of inertia I about the axis of bending y). If A; are the generalized displacements and
Q; are the generalized point loads at the ends of the beam segment, as shown in Fig. 7.6.2,
use Castigliano’s theorem I to establish a relationship between the generalized displacements
and generalized forces.

A A3 0 Q3
L J 1 L -
D ) - )
= A, o H—==x 0,
(@) (b)

Fig. 7.6.2: (a) Generalized displacements. (b) Generalized forces.

Solution: The equilibrium equation of a beam segment according to the Euler—Bernoulli beam
theory (see Example 7.6.1) is

d*v
EI— =0. 7.6.39
dz? ( )
The exact solution to this fourth-order equation is
v(z) = 1 + ez + cax’ + cax®, (7.6.40)

where ¢; (i = 1,2, 3,4) are constants of integration, which we express in terms of the deflections
and rotations at the two ends of an element beam of length L. Let

Cdx
Az =v(L) = c1 + oL + c3L® + cuL?, (7.6.41)

A1 =v(0) =c1, A= ( dv) = —co,
x=0

Ay = (—d—”) = —cs — 2c5L — 3ea L2,
d.’L‘ =L

Clearly, A1 and Az are the values of the transverse deflection v at x = 0 and « = L, respectively,
and A, and Ay are the rotations —dv/dz, measured positive clockwise, at z = 0 and =z = L,
respectively; see Fig. 7.6.2(Db).

The reason for picking two deflection values and two rotations, as opposed to four deflec-
tions at four points of the beam, needs to be understood. From Example 7.6.1, it is clear that
both v and dv/dz are the primary (kinematic) variables, which must be continuous at every
point of the beam. If we were to join two such beam segments (possibly made of different
bending stiffness FT), the kinematic variables can be made continuous by equating the like
degrees of freedom at the point common to the two segments.

The four equations in Eq. (7.6.41) can be solved for ¢; in terms of A;, called generalized dis-
placements, which will serve as the generalized coordinates for the application of Castigliano’s
theorem I. Substituting the result into Eq. (7.6.40) yields

v(z) = ¢1(z) A1 + Pp2(z) Az + ¢3(z) Az + ¢a(z)As = Z(ﬁl(x)Al, (7.6.42)
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where ¢;(z) (1 =1,2,3,4) are known as the Hermite cubic polynomials
w\2 z\3 T\2 aw
a@=1-3(z) +2(z) . *@=(z) (-2g).
8 2 & i
We note that Eq. (7.6.42) has the same form as Eq. (7.6.35).

The strain energy of the beam now can be expressed in terms of the generalized coordinates
A; (1=1,2,3,4) as

(7.6.43)

EI (% (d*\? EI (L (<, 2o . d2¢>
=% [ (&) =% [ (ZAdmﬂz :

24: 24: KijNidj = 3{A} [K]{A} (7.6.44)

l\D\H

where [K] is known as the stiffness matrix

L ;2 2
d"¢i d°¢;
Kij=EI : 6.4
; s (7.6.45)

Note that [K] is symmetric (K;; = Kj;). By carrying out the indicated integration, K;; can
be evaluated, as will be shown shortly.

Although we assumed that there is no distributed transverse load on the beam, as per Eq.
(7.6.39), if there were a distributed load ¢(z), acting upward, it can be converted to statically
equivalent generalized point loads at the end points of the beam segment by

L
qi:/ (2)du(@) da, i=1,2,3,4. (7.6.46)
0

The transverse point loads ¢i1 and g3 and bending moments g2 and g4 together are statically
equivalent (that is, satisfy the force and moment equilibrium conditions of the beam) to the
distributed load g(z) on the beam, as shown in Fig. 7.6.3(a). We distinguish between ¢; and
Q;, because the latter are generalized point loads that are not due to the distributed load,
q(z); Qi are the reactions at the ends of the beam, as shown in Fig. 7.6.3(b). The work done

by external loads is
4

V== (a+Q)A (7.6.47)
=1
q(x)
] ” .
9, q,
[ > (‘\ T [~
| J L Ll
| L 1 | I3 =~
(@)
(x) Q q(x) 0,

Fig. 7.6.3: (a) Statically equivalent generalized loads ¢; due to distributed load ¢(z) and
(b) Generalized reaction forces.
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Using Castigliano’s theorem I, we obtain the required relations between the generalized
displacements {A} and generalized forces {Q}

= = Y KsA =Qi+a or [KI{A}={a} +1{Q},

AA; 0A;

or, in explicit matrix form

6 —3L —6 —3L Ay @ Q1

2FEI | —3L 2L? 3L L* Ao | ) @ Q2

3 -6 3L 6 3L As (7 ) g3 i Qs (- (7.6.:48)
—3L L?> 3L 2L? Ay qa Q4

It can be verified that the stiffness matrix [K] is singular because the rigid-body motions (that
is, rigid-body translation and rotation) of the beam segment are not eliminated.

Example 7.6.3

Consider a beam fixed at x = 0 (this geometric condition eliminates the rigid-body motion),
supported at x = L by a linear elastic spring with spring constant k, subjected to uniformly
distributed load of intensity go, and clockwise bending moment My at x = L, as shown in Fig.
7.6.4. Determine the elongation w(L) in the spring.

9
A AAAAd

/——
),

k

Fig. 7.6.4: A beam fixed at x = 0 and supported by a spring at = L.

Solution: The geometric boundary conditions at © = 0 require that A1 = Az = 0. These
conditions remove the rigid-body modes of vertical translation and rotation about the y-axis.
The force boundary conditions at * = L require Q3 = —Fs = —kv(L) = —kA3 and Q4 = M.
For uniformly distributed load acting upward, q(z) = qo, the load vector {q} is given by

@ 6
@2\ _ql)-L
Bo=2 6 0 (7.6.49)
qa L
Then we have
6 —3L —6 —3L 0 6 Q1
2FI | —3L 2L? 3L L? 0 | gl ) -L Q2
I5 | =6 3L 6 3L | As( 12 ) 6 () —kAs (7.6.50)
=3, L7 S 27 Ay L Mo

Thus, there are four equations in four unknowns, Q1,Q2,As, and A4. Since the last two
equations contain Az and A4 as the only unknowns, we can write

Btk B [As) gL 6 o (76.51)
sEI  4EL| | A,f 12 | L Mo | o
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Solving for As = v(L) and Ay = —(dv/dx)(L), we obtain

3L2 kL3
As = (qoL? —4Mp) ———" =
3=(® o) 8EI(3+a)’ * EI’
_q@L® 24—a)  MoL (124 a)
48EI (3+0a) ' 4EI (3+a)

(7.6.52)

Ay =

The reactions at the fixed end can be determined using the first two equations in Eq. (7.6.50):
—G — A 6

Qu| _2EI[-6 3L 3| qlL . (7.6.53)
0> 5 | 3L L*|) A, 2 )1

The solution obtained in Egs. (7.6.52) and (7.6.53) is exact because the representation in Eq.
(7.6.42) is the exact solution of Eq. (7.6.31) when EI is a constant and the distributed load
q(z) is replaced by statically equivalent point forces and moments.

7.6.5 The Ritz Method
7.6.5.1 The variational problem

The Ritz method, named after German engineer W. Ritz (1878-1909), is a
numerical method of solving problems posed in terms of solving the variational
problem of the type: find the function the vector function u(z) from a suitable
space U of functions such that

B(u,v) = L(v) for all v from U. (7.6.54)

where B(u,v) is called a bilinear form and L(v) is called a linear form, with the
properties

B(auy + Pug,v) = aB(uj,v) + BB(ug,v) (linearity in the first argument)
B(u,av; 4 fv2) = aB(u,v1) + fB(u,vs) (linearity in the second argument)
L(avy + pvz) = aL(vy) + BL(v2), (7.6.55)

for any real numbers a and § and dependent variables u,u1, uo, v, vy, and vs.
The bilinear form is said to be symmetric if B(u,v) = B(v,u) (that is, u and v
can be interchanged without changing the value of B).

Some space and mathematical concepts from functional analysis are required
to formally introduce the properties of the space U, though these would distract
the reader from the focus of the book. However, it suffices to say that the space
U possesses properties of an inner product space, that is, functions u from U are
sufficiently differentiable to a certain order as dictated by the functional I(u), u
and its various derivatives are square-integrable in the sense that

/ lu(x)]? dz < oo, / |Vu(z)|> dr < oo, and so on,
Q Q

and an inner product can be defined between any two elements v and v of the
space U.
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Whenever B(-,-) is bilinear and symmetric and L(-) is linear, a quadratic
functional can be defined [see Reddy (2002)]:
I(u) = $B(u,u) — L(u), (7.6.56)
such that 7 = 0 gives the variational problem in Eq. (7.6.54):
0=6I(u) = & [B(6u,u) + B(u,du)] — L(6u) = B(du,u) — L(du),

which is the same as Eq. (7.6.54) with du = v.
As an example of I(u) in linearized elasticity, we consider the axial deforma-
tion of a uniform bar with an end spring. The governing equation is

d du

and the boundary conditions are

w(0) = 0, [(EAZZ) + ku(w)] =r (7.6.58)

where E' = E(x) is Young’s modulus, A = A(z) is the cross-sectional area, L is
the length, k is the spring constant, f(z) is the distributed axial load, and P is
the axial load at = L, as shown in Fig. 7.6.5. Equations (7.6.57) and (7.6.58)
are equivalent to minimizing the total potential energy functional I(u) = II(u):

II(u) = /OL %‘4 <Zzh;>2 dx + g [u(L)]* — [/OL fudz + Pu(L)
= 1B(u,u) — L(u), (7.6.59)

subjected to the geometric boundary condition, u(0) = 0. The bilinear and
linear forms in this case are
L
du d
Blu,v) = / BAS S o+ ku(Lyo(L),
x dx
0 (7.6.60)

L
L(U)—/O fvdz + Pu(L).

Rigid extension

EA P—»l- k

L
—*x Deformable bar

Fig. 7.6.5: Axial deformation of a uniform bar with an end spring.
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Another example of the functional I is provided by the total potential energy
functional IT in Eq. (7.6.27) associated with the bending of straight beams
according to the Euler—Bernoulli beam theory. The bilinear and linear forms in

this case are . o
d“v d“w
B(’U,w):/o Elﬁﬁdl‘,

I (7.6.61)
L(w) = /0 quw dz + Fyw(L) + Moa(L),

where a = —(dw/dzx).

7.6.5.2 Description of the method

In the Ritz method, we seek an approximation Uy(x) of u(z), for a fixed and
preselected IV, in the form

u(z) = Un(x) = cipi(x) + ¢o(x), (7.6.62)

where summation on repeated index i is implied (over the range of 1 to N),
¢;(x) are appropriately selected approximation functions, and ¢; are unknown
parameters. In view of the fact that the natural boundary conditions of the
problem are included in the functional I(u), we require the approximate solu-
tion Uy to satisfy only the geometric boundary conditions. In order that Uy
satisfies the geometric boundary conditions for any ¢;, it is convenient to choose
the approximation in the form (7.6.62) and require ¢o(z) to satisfy the actual
specified geometric boundary conditions. For instance, if u(z) is specified to be
G at z = 0, we require ¢g(x) be such that ¢o(0) = @, while ¢; are required to
satisfy the homogeneous form of the geometric boundary condition, ¢;(0) = 0.
This follows from

N N

0=Un(0) =) ci¢i(0) + ¢0(0) = > cihi(0) + .

i=1 =1

Because Uy (0) = 4, it follows that
N
> cii(0)=0 — ¢;(0)=0foralli=1,2,...,N.
i=1

Thus, ¢;(z) must satisfy the homogeneous form of specified essential boundary
conditions, and they must be sufficiently differentiable as required by the func-
tional I(U). The parameters ¢; are determined by the condition that I(Uy) is
the minimum, that is, 6/(U) = 0.

The approximation functions ¢g and ¢; should be such that the substitution
of Eq. (7.6.54) into ¢II results in N linearly independent equations for the
parameters ¢; (j = 1,2,..., N) so that the system has a solution. To ensure that
the algebraic equations resulting from the Ritz approximation have a solution,
and the approximate solution Uy (z) converges to the true solution u(z) of the
problem as the value of N is increased, ¢; (i =1,2,...,N) and ¢¢ must satisfy
certain requirements, as outlined next.
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(1) ¢o must satisfy the specified geometric boundary conditions. It is identi-
cally zero if all of the specified essential boundary conditions are homoge-
neous, that is, ¢o(x) = 0. (7.6.63);

(2) ¢i (i = 1,2,...,N) must satisfy the following three conditions: (a) be
continuous, as required by the quadratic functional I(u); (b) satisfy the
homogeneous form of the specified essential boundary conditions; and (c)
the set {¢;} be linearly independent and complete; completeness refers to
the property that all lower order terms up to the highest desired term must

be included. (7.6.63)2
Substituting Un(c1,co, -+ ,cn) into the total potential energy functional II
in Eq. (7.6.56), we obtain II as a function of the parameters ¢, ¢, - - -, ¢y (after

carrying out the indicated integration with respect to x):

IT = L B(cjpj + do, ckdr + ¢o) — L(ckdr + ¢o)
= & [cjerB(dj, dk) + 2¢;B(j, o) + B(do, ¢0)] — ciL(er) — L(do).

Then ¢; are determined (or adjusted) such that JII = 0; in other words, we

minimize IT with respect to ¢;, ¢ =1,2,--- | N:
oIl oIl oIl Y o1
0=0Il=—6c1+ —dco+...+ —dcy = —(5cj.
361 862 8CN = aCj
Because the set {c;} is linearly independent, it follows that
o
0= e =2 lex B(9i, o) + ¢;B(9j, i) + 2B (s, ¢o)] — L(s)

= ¢;B(¢i, ;) + B(¢i, do) — L(¢;) for i=1,2,---,N.

or
Bc =R, (7.6.64)
where
Bij = B(¢i, ¢5), Ri = L(¢i) — B(i, ¢o)- (7.6.65)
Equation (7.6.64) consists of N linear algebraic equations among N parameters,
c1, ¢2,--+, cy. Once the parameters are determined from Eq. (7.6.64), the

solution Uy to the problem is given by Eq. (7.6.62). We consider couple of
examples next.

Example 7.6.4

Formulate the N-parameter Ritz solution Un (x) of the bar problem described by Egs. (7.6.57)
and (7.6.58) for AE(z) = ao(2 — ¥), k =0, and f(z) = fo, and determine the Ritz solutions
for N =1 and N = 2 [see Reddy (2002)].

Solution: First, we must select the approximation functions ¢o and ¢;. Apart from the guide-
lines given in (7.6.63), the selection of the coordinate functions is largely arbitrary. As a
general rule, the coordinate functions ¢; should be selected from an admissible set (that is,
those meeting the two conditions listed earlier), from the lowest order to a desirable order,
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without missing any intermediate terms (i.e., the completeness property). Also, ¢o should be
any lowest order (including zero) that satisfied the specified essential boundary conditions of
the problem; ¢o(z) has no continuity (differentiability) requirement.

For the problem at hand, ¢y = 0 because the specified essential boundary condition is
homogeneous, u(0) = 0; this homogeneous essential boundary condition requires us to find
¢1(x) such that ¢1(0) = 0 and it is differentiable at least once with respect to = because II(u)
involves the first derivatives of u &~ Upn. If an algebraic polynomial is to be selected, the lowest
order polynomial that has a nonzero first derivative is

¢1(z) = a + bz,

where a and b are constants. The condition ¢1(0) = 0 gives a = 0. Since b is arbitrary, we
take it to be unity (any nonzero constant will be absorbed into ¢1). When N > 1, property
2(c) in Eq. (7.6.63)2 requires that ¢;, s > 1, should be selected such that the set {¢;}ir; is
linearly independent and makes the set complete. In the present case, this is done by choosing
¢2 to be z2. Clearly, ¢2(x) = x? meets the conditions ¢2(0) = 0, linearly independent of
¢1(z) = z (i.e., ¢2 is not a constant multiple of ¢1), and the set {x,z*} is complete (i.e.,
no other admissible term up to quadratic is omitted). In other words, in selecting coordinate
functions of a given degree, one should not omit any lower-order terms that are admissible.
Otherwise, the approximate solution will never converge to the exact solution, no matter how
many terms are used in the Ritz approximation, as the exact solution may have those lower
order terms that were omitted in the approximate solution. We choose

Us(x) = ci¢n + c2¢2 + - - - + cNdN (T) = i di(z). (1)

For the choice of algebraic polynomials, the N-parameter Ritz coefficients B;; are [see Eq.
(7.6.60)]

L . .
B = g8 = [ o0 (1= 2) S8 4o kg tyey 0

dx dx
=agij /OL (1 — %) 72 dx + k(L)
ij(1+i+j) iti—1 i+j
=9 D61 7) (L) + k(L) (2)
L r . . _ fO i+1 P(L i 3
Ri= [ foude+Pour) = 2 ()" + P )

Note that £ = 0 for the problem at hand.
For one-term approximation (N = 1), we have

a1 = %aoL, by = %fOLQ + PL,

wo bl S (S pr) o L

aiil - 9a0L 3a0

and the one-parameter Ritz solution is

L+2P
:7f0 + x.

Ul (1’) 3a0

For N = 2, we have
3 4 5
a1 = §aoL, a2 = a1 = §a0L2, a2 = gaoLg’,
1 1
by = 5f0L2 + PL, by = gfOL3 + PyL?.

The Ritz equations can be written in matrix form as

aoL 9 8L C1 _foL2 3 1
T[SLmL?ch}— 6 120 PR L
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whose solution by is

1 (7 6 3
= (X —P =—— (—foL+P).
7w (13f°+13 ) ¢2 = 34,1 (TSI +F)

Hence, the two-parameter Ritz solution is

_ TfoL+6P  3(P— foL) »
Ua(®) = " T3es *F " Bagl ° (5)

The exact solution of Egs. (7.6.57) and (7.6.58) with u(0) =0, k =0, EA = ao[2— (z/L)],
and f = fo is

foL (foL = P)L x
= S0, MO ) 0 (1 — =
u(x) a0 T+ o og( 2L) (6)
_ foL+P P—foL o  P—foL 3
- 2CLO @ 8(10L * 24a0L2 B oo (7)

Table 7.6.1 contains a comparison of the Ritz coefficients ¢; for N = 1,2,...,8 with the
exact coefficients in Eq. (7) for L = 10 ft., ap = 180 x 10° Ib, fo = 0, and P = 10 x 10° Ib.
Clearly the Ritz coefficients ¢; converge to the exact ones as N goes from 1 to 8.

Table 7.6.1: The Ritz coefficients* for the axial deformation of an isotropic elastic bar sub-
jected to axial force.

C1 C2 C3 Cq Cs Ce Ccr Cs
37.037

25.641 12.821

28.219 4.409 4.879

27.691 7.788 0.000 3.029

27.794 6.701 3.389 —1.040 1.664

27.775 7.009 1.904 2.012 —1.142 0.952

27.778 6.929 2.453 0.320 1.447 —0.980 0.560

27.778 6.948 2.272 1.094 —0.287 1.136 —0.769 0.336
Exact 27.778 6.944 2.315 0.868 0.347 0.145 0.062 0.027

00~ O U WS

* G =ci X 1057,

Example 7.6.5

Consider a simply supported beam of length L and constant bending stiffness FI, subjected
to uniformly distributed transverse load go. Determine the transverse displacement v(x) of the
beam using the Ritz method with NV =2 and N = 3.

Solution: The Ritz equations are obtained from Eq. (7.6.64) and (7.6.65), where the bilinear
and linear forms defined by Eq. (7.6.61) with Fy = Mo = 0. We choose an N-parameter Ritz
approximation of the form

v(z) = Va(z) = c1¢n(x) + cag2(x) + - - - + endn () 4 do().

Noting that the essential boundary conditions are v(0) = v(L) = 0, we select ¢ to be zero. As
far as ¢; are concerned, we choose them to vanish at x = 0 and x = L. Thus, we can choose

pr=x3(L—x), pp=3"(L—1), ¢i(z)=2(L—=), -, ¢n(@)=2"(L—=), (1)
and
d*¢s

dx?

‘2“: =iLz'™' — (i + 1)2’, =i(i — 1)Lz — (i + 1)iz". (2)
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Substituting these expressions into B;; and R;, we obtain

iz 2 92
Bij:/ Eld ¢1d¢1 dz

0

L

dx? dx?

:/0 EI [i(i — 1)L — (i + 1)ixi] [j(j 1)L -+ 1)jxj] dx (2)

L L . .
Rz‘ :/ q0¢i d.r :/ q()(.l‘lL—.CEl+l)d.T.
0

0

For N = 2, we have

4 2L) e | _ @L® 2
EIL{2L4L2H@}_ 12 \LJ ®)

The solution of these equations yields the result ¢; = q0L2/24EI and c2 = 0, and the two-
parameter Ritz solution becomes

qoL4 T z?
Va(2) = 517 <Z - ﬁ) ' )

For N = 3 we obtain

4 2L 2L? c1

3
EIL | 2L 4L? 4L% |{ e b = qolj; L &, (5)
2L% 4L° 4.8L* c3 0.6L7
and we obtain ¢; = co, = —c3L? = q0L2/24EI. Hence, the three-parameter Ritz solution is
qL* [z 2 2t
= 2 _9Z 4 2
Va(®) = 20E1 (L 2 tIi) (©6)

which coincides with the exact solution of the beam problem.

Example 7.6.6

Consider the Poisson equation governing the Prandtl stress function ¥, Eq. (7.5.79):
~VPU =240 in Q =0 on T. (1)

If the cross section of the cylinder is a square, 2 = {—a < z, y < a}, as shown in Fig. 7.6.6,
determine the stress function and compute the shear stresses 0., and 0. using a one-parameter
Ritz approximation.

Y

—V2U = 246 in Q
U=0onTl

le—Q —dle—Q—
i
1
1
1
1
1
1
*

le—a —>le—Qa —>|

Fig. 7.6.6: Torsion of a cylinder of square cross section.
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Solution: The functional associated with Eq. (1) is

_1 / / owN*, (0¥
2/ . ) .1\ oz By
and the bilinear and linear forms are

8\1184’ v 0P @ re
B(¥, ®) / / (833 or T 9y 9y )dmd L(<I>)—2u0/7a/;a<l>dxdy. (3)

For N =1 we choose the function

dz dy — 2u0/ / U dx dy. (2)

¢1 = (a® —2°)(a® — ), (4)
and obtain
By a 896 Oz 8 Oy 45
R; = 2ub . ¢i dxdy = 2u9®, (5)

and the one-parameter solution is given by

Bia = 2 (1 2) (1-£). ®

For N = 2 with
¢1 = (a* —2°)(a® —y°), d2= (2" +y")p1, -~ . (7)
we obtain
[256 1024‘12]{01} 6{196}
8 45 525
a = 2uba , (8)
2 4 32 2
e Yy @ 59
whose solution yields
. _ 1295 o 525 ©)
' T 2216a2" T w324t

The two-parameter Ritz solution is given by

uba®
4432

Wa(x,y) = 2590 + 525(2* + 5°)](1 — &) (1 — §°), (10)
where Z = z/a and § = y/a.

The exact solution to Eq. (1) can be obtained using the separation of variables method,
and it is given by

2 [e’e)
U(ey) = 20 s~ L gyeonpfy_ cohlomy/2a)] e an

3

co
o n3 cosh(nm/2) 2a

The exact value of ¥ at the center of the region is
(0,0) = 0.5884u0a°,

whereas the two-parameter Ritz solution is 0.5844u6a?, which has an error of only 0.68%.

Although the problem is presented here as one governing the Prandtl stress function for
the torsion of a cylindrical member, the equation arises, among others, in connection with the
transverse deflection of a membrane fixed on all sides and subjected to uniform pressure fo (in
place of 2u0) and in conduction heat transfer in a square region with internal heat generation
of fo unit area. The function v denotes the deflection u in the case of a membrane and the
temperature 7" in the case of conduction heat transfer. Thus the results obtained can also be
interpreted for these two problems.
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7.7 Hamilton’s Principle
7.7.1 Introduction

The principle of total potential energy discussed in the previous section can be
generalized to initial value problems, that is, problems involving time, and the
principle is known as Hamilton’s principle. In Hamilton’s principle the system
under consideration is assumed to be characterized by two energy functions:
the kinetic energy K and the total potential energy 1. For discrete systems
(i.e., systems with a finite number of degrees of freedom), these energies can
be described in terms of a finite number of generalized coordinates and their
derivatives with respect to time t. For continuous systems (that is, systems that
are described by an infinite number of generalized coordinates), the energies
can be expressed in terms of the dependent variables of the problem that are
functions of position and time.

7.7.2 Hamilton’s Principle for a Rigid Body

To gain a simple understanding of Hamilton’s principle, consider a single particle
or a rigid-body (which is a collection of particles, the distance between which
is unaltered at all times) of mass m moving under the influence of a force (see
Reddy, 2002) F = F(r,t). The path r(t) followed by the particle is related to
the force F and mass m by the principle of balance of linear momentum (i.e.,
Newton’s second law of motion):

F(r,t) = % <mj;> . (7.7.1)

A path that differs from the actual path is expressed as r + dr, where dor is the
variation of the path for any arbitrarily fized time t. We suppose that the actual
path r and the varied path differ except at two distinct times ¢1 and ¢, that is,
dr(t1) = dr(t2) = 0. Taking the scalar product of Eq. (7.7.1) with the variation
or, and integrating with respect to time between t; and ts, we obtain

/t t [jt <mf;> - F(r,t)] .61 dt = 0. (7.7.2)

Integration-by-parts of the first term in Eq. (7.7.2) yields

21 dr dér dr
- & R(e,t) - or|dt @
/t {mdt o + F(r,t) 5r]d + (mdt 61')

1

to
—0. (7.7.3)

t1

The last term in Eq. (7.7.3) vanishes because dr(t;) = dr(t2) = 0. Also, note

that dr dd dr d
r r mdr dr
—— =0|=——| =K 7.4
"at [2 dt dt} ’ (7.7.4)
where K is the kinetic energy of the particle or a rigid-body

1 dr dr 1
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and 0K is called the virtual kinetic energy. The expression F(r,t) - dr is called
the virtual work done by external forces and denoted by

oWg = —=F(r,t) - Ir. (7.7.6)

The minus sign indicates that the work is done by external force F on the body
in moving through the displacement dr. Equation (7.7.3) now takes the form

t2
/ (6K — §Wp)dt =0, (7.7.7)
t1
which is known as the general form of Hamilton’s principle for a single particle or
rigid body. Note that a particle or a rigid-body has no strain energy II because
the distance between the particles is unaltered.

Suppose that the force F is conservative (i.e., the sum of the potential and
kinetic energies is conserved) such that it can be replaced by the gradient of a
potential

F = —grad V, (7.7.8)

where V' = V(r,t) is the potential energy due to the loads on the body. Then
Eq. (7.7.7) can be expressed in the form

to

b | (K-V)dt=0, (7.7.9)
t1
because (r = x;6;)
ov
grad V - r = oz, dz; =0V (x).

The difference between the kinetic and potential energies is called the Lagrangian
function

L=K-V. (7.7.10)

Equation (7.7.9) is known as Hamilton’s principle for the conservative motion
of a particle (or a rigid body). The principle can be stated as follows: The motion
of a particle acted on by conservative forces between two arbitrary instants of
time t1 and to is such that the line integral over the Lagrangian function is an
extremum for the path motion. Stated in other words, of all possible paths that
the particle could travel from its position at time ¢; to its position at time to,
its actual path will be one for which the integral

t2
IE/ L dt (7.7.11)
t1

is an extremum (i.e., a minimum, maximum, or an inflection).

If the path r can be expressed in terms of the generalized coordinates g;(i =
1,2,3), the Lagrangian function can be written in terms of ¢; and their time
derivatives

LZL(QLQ%Q&%@%Q:&)- (7712)
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Then the condition for the extremum of I in (7.7.11) results in the equation
(note that dg; = 0 at t; and t¢2)
to

(5[:(5 L(QlaQZ7Q37Q1aQ2aQB)dt:0
t1

2 3. 1oL d [OL
_ 9L L% s, at. 7.1
/t Z[@qi dt((aqi)]éq dt (7.7.13)

1 4=1

When all ¢; are linearly independent (i.e., no constraints among ¢;), the varia-
tions dg; are independent of each other for all ¢, except that all §¢; = 0 at ¢; and
to. Therefore, the coefficients of dq1, dgo, and dq3 vanish separately:
oL _d <8L> =0, i=1,2,3. (7.7.14)
dg;  dt \ 9q;
These equations are called the Lagrange equations of motion. Recall that in Sec-
tion 7.6 (for a static case) these equations were also called the Euler equations.
For the dynamic case involving deformable solids, these equations will be called
the Fuler—Lagrange equations.
When the forces are not conservative, we must deal with the general form
of Hamilton’s principle in Eq. (7.7.7). In this case, there exists no functional I
that must be an extremum. If the virtual work can be expressed in terms of the
generalized coordinates g; by

Wg = — (Fl 0qr + F» g0 + F3 5Q3) , (7.7.15)
where F; are the generalized forces, then we can write Eq. (7.7.14) as

[y

i=1

[8[( d <8K

- — Fl i =0, 7.1
e @ aqi>+ ]6q dt =0 (7.7.16)

and the Euler-Lagrange equations for the nonconservative forces are given by

0K d (0K
0g¢;  dt\ Og;

5 : ) +F=0, i=1,2,3 (7.7.17)

Example 7.7.1

Consider the planar motion of a pendulum that consists of a mass m attached at the end of
a rigid massless rod of length L that pivots about a fixed point O, as shown in Fig. 7.7.1.
Determine the equation of motion.

Solution: The position of the mass can be expressed in terms of the generalized coordinates
¢1 =l and g2 = 6, measured from the vertical position. Because [ is a constant, we have ¢; = 0
and 6 is the only independent generalized coordinate. The force F' acting on the mass m is the
component of the gravitational force,

F =mg(cosfé&, —sinfé&y) = F, &, + Fy é&. (7.7.18)

The component along €, does no work because g1 = [ is a constant. The second component,
Fy, is derivable from the potential (VV = —Fy &):

V(0) = — [-mgl(1 — cos0)] = mgl(1 — cosb), (7.7.19)
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:3’/ I(1-cos @)

~o

mg cos @
mgsing M&

Fig. 7.7.1: Planar motion of a pendulum.

where V represents the potential energy of the mass m at any instant of time with respect to
the static equilibrium position § = 0, and V is the gradient operator in the polar coordinate

system:
0 e D

Thus the kinetic energy and the potential energy due to external load are given by

m N2
K=—{0)", V =mgl(l—cosb),
2! _ )_ { ) (7.7.21)
0K =ml*060, 6V =mglsinfsh = —Fy(156).

Therefore, the Lagrangian function L is a function of 6§ and 6. The Euler-Lagrange equation

is given by 5 o7
L L

which yields

d . .. ..

—mglsing — = (mi*0) =0 or 6+ %sma =0 (Fy=mlb). (7.7.22)
Equation (7.7.22) represents a second-order nonlinear differential equation governing 6. For
small angular motions, Eq. (7.7.22) can be linearized by replacing sin 6 ~ 6:

0+ %9 =0. (7.7.23)

Now suppose that the mass experiences a resistance force F* proportional to its speed
(e.g., the mass m is suspended in a medium with viscosity p). According to Stokes’s law,

F* = —6mpald éy, (7.7.24)

where p is the viscosity of the surrounding medium, a is the radius of the bob, and &y is the
unit vector tangential to the circular path. The resistance of the massless rod supporting the
bob is neglected. The force F* is not derivable from a potential function (i.e., nonconservative).
Thus, we have one part of the force (i.e., gravitational force) conservative and the other (i.e.,
viscous force) nonconservative. Hence, we use Hamilton’s principle expressed by Eq. (7.7.14)
or Eq. (7.7.17) with

SWi =6V — F* - (160 &9) = (mgz sin 6 + 6mpal® é) 80 = —Fyl 56.

Then the equation of motion is given by [K = K (0)]:

d (0K 6map
dt

—.>+F9l:0 or 6+ 2 sin0+—2Hg=o. (7.7.25)
00 I m

The coefficient ¢ = 6rap/m is called the damping coefficient.
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7.7.3 Hamilton’s Principle for a Continuum

Hamilton’s principle for a continuous body B occupying configuration x with
volume €2 and boundary I' can be derived following essentially the same ideas as
discussed for a particle or a rigid body. In contrast to a rigid body, a continuum is
characterized by strain (or internal) energy U, in addition to the kinetic energy
K. Newton’s second law of motion for a continuous body can be written in

general terms as
0 ov
F-— — | =0, 7.7.26

ot <m a:a) (7.7.26)
where m is the mass, v(x,t) = du/0t is the velocity vector, u(x,t) is the dis-
placement vector, and F is the resultant of all forces acting on the body B. The
actual path u followed by a material particle in position x in the body is varied,
consistent with kinematic (essential) boundary conditions on I', to u+du, where
du is the admissible variation (or virtual displacement) of the path. We assume
that the varied path differs from the actual path except at initial and final times,
t1 and ts, respectively. Thus, an admissible variation du satisfies the conditions,

du(x,t) =0 on I, for all ¢,

7.7.27
ou(x,t;) = du(x, tz) = 0 for all x, ( )

where I',, denotes the portion of the boundary I' of the body where the displace-
ment vector u is specified.

The work done on body B at time t by the resultant force F, which consists
of body force f and specified surface traction t in moving through respective
virtual displacements du, is given by

/f-éudx—i—/ f~(5ud3—/a:66dx, (7.7.28)
Q - Q

where o and € are the stress and strain tensors, and I', is the portion of the
boundary I' on which tractions are specified (I' = I", UT';). The last term in Eq.
(7.7.28) is known as the virtual work stored in the body due to deformation. The
strains de are assumed to be compatible in the sense that the strain-displacement
relations (7.2.1) are satisfied. The work done by the inertia force d(mv)/0t in
moving through the virtual displacement du is given by

/Qgt (,00 ?;:) -du dx, (7.7.29)

where pg is the mass density of the medium (m = pg dx). We have, analogous
to Eq. (7.7.2) for a rigid body, the result

2 0 Ou A
/t1 {/Qat<ﬂoat>.5udx—[/ﬂ(f~5u—a.5&:)dx+/ot.5uds]}dt:()7

or

to
—/ [/poau-a(sudx—}—/(f-5u—0':6€)dx—|—/ f:-éuds]dt:().
o Lo 0t Ot Q r,

(7.7.30)
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In arriving at the expression in Eq. (7.7.30), integration-by-parts is used on the
first term; the integrated terms vanish because of the initial and final conditions
in Eq. (7.7.27). Equation (7.7.30) is known as the general form of Hamilton’s
principle for a continuous medium — conservative or not, and elastic or not.

For an elastic body, we recall from the previous sections that the forces f
and t are conservative,

5V:—</f'5udx+/ E.auds>, (7.7.31)
Q I

and that there exists a strain energy density function Uy = Up(e) such that

Uy
= —. 7.7.32
Oe ( )
Substituting Eqgs. (7.7.31) and (7.7.32) into Eq. (7.7.30), we obtain
t2
0 [K — (V +U)]dt =0, (7.7.33)
t1
where K and U are the kinetic and strain energies:
po Ou Ou
K=| &—— . -—d = dx. .7.34
/Q2826 atx,U/Qon (7.7.34)

Equation(7.7.33) represents Hamilton’s principle for an elastic body. Recall
that the sum of the strain energy U and potential energy V of external forces,
U +V, is called the total potential energy, II, of the body. For bodies involving
no motion (that is, forces are applied sufficiently slowly such that the motion is
independent of time, and the inertia forces are negligible), Hamilton’s principle
(7.7.33) reduces to the principle of virtual displacements. Equation (7.7.33) may
be viewed as the dynamics version of the principle of virtual displacements.

The Euler-Lagrange equations associated with the Lagrangian, L = K — 11,
can be obtained from Eq. (7.7.33):

to
0=9 L(u,Vu,u)dt

t1

to 62 )
:/ !/ <poatlzl—V-0'—f> -5udX+/ (t_t)'5Ud8]dt7 (7.7.35)
t1 Q ;

where t = o - n. In arriving at Eq. (7.7.35) from Eq. (7.7.33), we have
used integration-by-parts, gradient theorems, and Eqs. (7.7.27);. Since du is
arbitrary for ¢, t; <t < to, and for x in 2 and also on I',, it follows that

0%u
Po 912
t(s,t) —t(s,t) =0 onT, fort > 0. (7.7.37)

—V.o—f=0 inQfort>0, (7.7.36)
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Equations (7.7.36) are the Euler-Lagrange equations for an elastic body. Equa-
tions (7.7.36) are also subject to initial conditions of the form

u(x,0) = up(x), u(x,0)=vp(x), (7.7.38)

where ug and v are the initial displacement and initial velocity vectors, respec-
tively.

Example 7.7.2

The displacement field for pure bending (i.e., omit the axial displacement u) of a beam according
to the Euler-Bernoulli beam theory is (see Section 7.3.4)

Ov
—, u2 =0, wus(z,t) =v(z,t), 1
Yoo, w2 =0, w(nt) =v(w,0) )
where v is the transverse displacement. Determine the equations of motion of the Euler—

Bernoulli beam theory.

ui(z, z,t) = —

Solution: The Lagrange function associated with the dynamics of the Euler—Bernoulli beam is
given by L = K — (U + V), where

K= //A{%( axat)2+ (%lf”d“‘d”
) @)

az
LET (0%
-/, 7(? 4 )
L
V:—/ qu dx, (4)
0

where q is the transverse distributed load. In arriving at the expressions for K and U, we have
used the fact that the z-axis coincides with the geometric centroidal axis, [ Ay dA=0.
The Hamilton principle gives

0_5/ (K—U-V)dt

2
/ / [po 8”85“+p0Av5v—E1@85”+q5v

9% Om 922 922 dx dt. (5)

The Euler-Lagrange equation obtained from Eq. (5) is the equation of motion governing the
Euler—Bernoulli beam theory

0? v 0 ov o? 0%
9201 <f’°’ 837815) ~ (”OAE) "o <EI aT) +a=0, (7.7.39)
for 0 < z < L and t > 0. The first term is the contribution due to rotary inertia. The boundary
and initial conditions associated with Eq. (7.7.39) are

Ox Ox? 20z

2
specify: % or El%7 (7.7.40)

2 3
Boundary conditions: specify: v or 9 <EI DRy )—|— pol O

Initial conditions: specify: v(z,0) and o(z,0).
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Example 7.7.3

Suppose that the Euler-Bernoulli beam of Example 7.7.2 experiences two types of viscous
(velocity-dependent) damping: (1) viscous resistance to transverse displacement of the beam
and (2) a viscous resistance to straining of the beam material. If the resistance to transverse
velocity is denoted by c(z), the corresponding damping force is given by gp(z,t) = c(z)v. If
the resistance to strain velocity is cs, the damping stress is 02, = cs€zz. Derive the equations
of motion of the beam with both types of damping.

Solution: We must add the following terms due to damping to the expression in Eq. (5) of
Example 7.7.2:

T L
—/ [/ opode dx+/ qDov dm} dt
9%*5v Z
/ [/ /cs< 63:2875) (—z 83@2) dAda:—F/O qpov dx} dt
v 825v D)
,/O /0 (Icsm o aév) da dt. 1)

Then the expression in Eq. (5) of Example 7.7.2 becomes

0= / / [po @@ + poAi 86 — El%%év + qbv|da dt

v 9%6v ow

/ / ( 5520t oz T §5v> du dt (2)

and the Euler-Lagrange equation is
92 *v 0 Ov a2 9%
B0t (Pof 8:5815) ~ o (f’oAa> ~ (E’ %)
0? v Ov

_@O%aﬂat) ‘o T1=0 ®)

The boundary and initial conditions for this case are

2 B 3
Boundary conditions: specify: v or 5% (E'IQ + Icsﬁ) + pol CAT

Ox? 0xz20t o209z
. ov v v
specify: 5 E'I@ + Ics 9020t (4)
Initial conditions: specify: v(z,0) and o(z,0).

7.8 Summary

This is a very comprehensive chapter on linearized elasticity. Beginning with a
summary of the linearized elasticity equations that include the Navier equations
and the Beltrami—Michell equations of elasticity, the three types of boundary
value problems and the principle of superposition were discussed. The Clapey-
ron theorem and Betti and Maxwell reciprocity theorems and their applications
were also presented. Various methods of solutions, namely, the inverse method,
the semi-inverse method, the method of potentials, and variational methods
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are discussed. The two-dimensional elasticity problems, plane strain and plane
stress, are formulated, and their solutions by the inverse method and the Airy
stress function method are presented. Analytical solutions of a number of stan-
dard boundary value problems of elasticity using the Airy stress function are dis-
cussed. Torsion of cylindrical members is also presented. The principle of mini-
mum total potential energy and its special case, the Castigliano theorem I, are
discussed. The Ritz method is introduced as a general method of solving prob-
lems formulated as variational problems of finding u such that B(u,v) = L(v)
holds for all v. Lastly, Hamilton’s principle for problems of dynamics is pre-
sented. A number of examples are included throughout the chapter.

Solution of elasticity problems discussed in this chapter requires an under-
standing of the problem from the aspect of suitable boundary conditions; exis-
tence of solution symmetries, if any; and the qualitative nature of the solution.
Only then one may choose a solution method that suits its solution strategy. An
insight into the problem is necessary for the use of the semi-inverse method. If
one makes assumptions on the basis of a qualitative understanding of the prob-
lem and solves the boundary value problem, then the assumptions are likely to
be correct. If not, the assumptions need to be modified. Also, most real-world
problems do not admit exact or analytical solutions, and approximate solutions
are the only alternative. The theoretical formulation of a problem based on
the principles of mechanics is a necessary first and most important step even
when one considers its solution by a numerical method. Therefore, a course on
continuum mechanics or elasticity helps in correctly formulating the governing
equations of boundary value problems of mechanics.

Problems
STRAINS, STRESSES, AND STRAIN ENERGY
7.1 Define the deviatoric components of stress and strain as follows:
Sij = 045 — %Ukk(sijy €ij = Eij — %Ekk5ij~

Determine the constitutive relation between s;; and e;; for an isotropic material.
7.2 For each of the displacement fields given below, sketch the displaced positions in the
x1z2-plane of the points initially on the sides of the square shown in Fig. P7.2.

(a) u:%(x2é1+x1é2). (b) u= 2(—$2é1+$1é2). (C) u=ar és.

x2‘

0,1 (1,1)

(0,0) R

Fig. P7.2
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7.3

7.4

7.5

7.6

7.7
7.8

7.9

7.10

7.11

7.12

7.13

For each of the displacement fields in Problem 7.2, determine the components of (a) the
Green—Lagrange strain tensor E, (b) the infinitesimal strain tensor €, (c) the infinitesimal
rotation tensor €2, and (d) the infinitesimal rotation vector w (see Sections 3.4 and 3.5
for the definitions).
Similar to Cauchy’s formula for a stress tensor, one can think of a similar formula for
the strain tensor,

En = €1,
where &,, represents the strain vector in the direction of the unit normal vector, n. Deter-
mine the longitudinal strain corresponding to the displacement field u = % (281 + x1 €2)
in the direction of the vector &; + é-.

For the displacement vector given in the cylindrical coordinate system
u=Aré, + Brzég + Csinfe,,

where A, B, and C are constants, determine the infinitesimal strain components in the
cylindrical coordinate system.

The displacement vector at a point referred to the basis (&1, €2, €3) is u = 2é1+2é2 —4és.
Determine @; with respect to the basis (€1, e2,€3), where ; = (2&; + 2&> + &3)/3 and
& = (&1 —&2)/V2.

Express Navier’s equations of elasticity (7.2.17) in the cylindrical coordinate system.
An isotropic body (E = 210 GPa and v = 0.3) with two-dimensional state of stress
experiences the following displacement field (in mm):

2 3 3 3
w1 = 3x] — xixe + 215, U = x| + 2x17T2,

where x; are in meters. Determine the stresses and rotation of the body at point
(z1,z2) = (0.05,0.02) m.

A two-dimensional state of stress exists in a body with the following components of
stress:

_ 3 2 _ 3 _ 2 2
011 = C1T3 + C2T1x2 — C3X1, 022 = C4Xp — C5, 012 = CT1T3 + C7XT T2 — C8,

where ¢; are constants. Assuming that the body forces are zero, determine the conditions
on the constants so that the stress field is in equilibrium and satisfies the compatibility
equations.

Express the strain energy for a linear isotropic body in terms of the (a) strain components
and (b) stress components.

A rigid uniform member ABC of length L, pinned at A and supported by linear elastic
springs, each of stiffness k, at B and C, is shown in Fig. P7.11. Find the total strain
energy of the system when the point C is displaced vertically down by the amount uc.

Rigid bar

A BFk cFk
@ | )
L L
! 2 ! 2

Fig. P7.11

Repeat Problem 7.11 when the springs are nonlinearly elastic, with the force deflection
relationship, F' = ku?, where k is a constant.

Consider the equations of motion of 2-D elasticity (in the x- and z-coordinates) in the
absence of body forces:

00wz + 005y 9% uy
or oy o
00 3y n Ooyy 082uy

oz oy o
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For a beam of uniform height h and width b, integrate the preceding equations with
respect to y from —h/2 to h/2, and express the results in terms of the stress resultants
N and V defined in Eq. (7.3.28). Use the following boundary conditions:

Oay(,h/2) = ouy(x, =h/2) = f(2)/b; 0wy(®,h/2) + 0uy(2, —h/2) =0,

oyy(x, —h/2) =0, boyy(x,h/2) =q

Next, multiply the first equation of motion with y and integrate it with respect to y
from —h/2 to h/2, and express the results in terms of the stress resultants M and V'
defined in Eq. (7.3.28).

7.14 For the plane elasticity problems shown in Figs. P7.14(a)-(d), write the boundary
conditions and classify them into type I, type II, or type III.

Spherical 0
Core, U, 4
(b) <)

Spherical
shell, 4,49

(@)

Xo

(© (d

Hollow
cylindrical

Fig. P7.14

CLAPEYRON’S, BETTI’S, AND MAXWELL’S THEOREMS

7.15 Consider a cantilever beam of length L, constant bending stiffness E'I, and with right
end (z = L) fixed, as shown in Fig. P7.15. If the left end (z = 0) is subjected to a
moment Mo, use Clapeyron’s theorem to determine the rotation (in the direction of the
moment) at x = 0.

y,v
e L Y, v F,
M, Q ..... . — 4
3%(\__-—— 4 Al =
0, =—(dv /dx),_, L o
Fig. P7.15 Fig. P7.16

7.16 Consider a cantilever beam of length L, constant bending stiffness EI, and with the
right end fixed, as shown in Fig. P7.16. If a point load Fy is applied at a distance a
from the free end, determine the deflection v(a) using Clapeyron’s theorem.
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7.17 Determine the deflection at the midspan of a cantilever beam subjected to a uniformly
distributed load go throughout the span and a point load Fy at the free end, as shown
in Fig. P7.17. Use Maxwell’s theorem and superposition.

Y,U
F, 9 0.5 _.| 3,0 F,
L L .
M 2 2 1
A o@\ B ,
— x I x 6}
EI= z L |
=constant F 1
Fig. P7.17 Fig. P7.18

7.18 Consider a simply supported beam of length L subjected to a concentrated load Fy at
the midspan and a bending moment My at the left end, as shown in Fig. P7.18. Verify
that Betti’s theorem holds.

7.19 Use the reciprocity theorem to determine the deflection v. = v(0) at the center of a
simply supported circular plate under asymmetric loading (see Fig. P7.19):

r
q(r,0) =qo + ¢ ~ cos 0.
The deflection v(r) due to a point load Fyp at the center of a simply supported circular

plate is
_ Foa® 34+v r? 2 T
o) = T6xD Kuy) (1 B E) +2(5) log (5)} ’
where D = Eh®/[12(1 — v%)] and h is the plate thickness.

q(r,0) = qo + g1 cos®

¥, u(r)

simply supported ’

Fig. P7.19

7.20 Use the reciprocity theorem to determine the center deflection v. = v(0) of a simply
supported circular plate under loading ¢(r) = go(1 — 7/a).

7.21 Use the reciprocity theorem to determine the center deflection v. = v(0) of a clamped
circular plate under loading ¢(r) = go(1 — r/a). The deflection due to a point load Fp
at the center of a clamped circular plate is given in Eq. (7.4.21).

7.22 Determine the center deflection v. = v(0) of a clamped circular plate subjected to a
point load Fyp at a distance b from the center (and for some 6) using the reciprocity
theorem.

7.23 Rewrite Eq. (7.3.10) in a form suitable for direct integration and obtain the solution
given in Eq. (7.3.13). Hint: Note that 42 + 20 = > -4 (R?U).

SOLUTION OF ELASTICITY PROBLEMS

7.24 Verify that the compatibility equation (3.7.4) takes the form

€aa,BB — Eap,ap =0 (auB = 172)7 (1)
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7.25

7.26

7.27

7.28

7.29

7.30

LINEARIZED ELASTICITY

or, in terms of stress components for the plane stress case,
Vi0aa = —(14 V) faa- (2)

Rewrite Eq. (7.5.17) in a form suitable for direct integration and obtain the solution
given in Eq. (7.5.21). Hint: Note that 4% — L= 44y,

Show that the solution to the dlfferentlal equation for G(r) in Eq. (6) is indeed given
by the first equation in Eq. (7) of Example 7.5.7. Hint: Note that (verify to yourself)

LQG—!—ldG 1d dG /rlnrdr—ﬁ lnr—l

a2 Trar  rar \"ar 2 2)°
Show that the solution to the differential equation for F(r) in Eq. (6) is indeed given
by the second equation in Eq. (7) of Example 7.5.7. Hint: Note that (verify to yourself)
d°F 1dF 4F 1d < 3dF )

= _2%?F
7ﬂdr

arz " rdr 12 rdar
The only nonzero stress in a prismatic bar of length L, made of an isotropic material
(F and v), is 011 = —Mozs/I, where My is the bending moment and I is the moment
inertia about the x2-axis, respectively. Determine the three-dimensional displacement
field. Eliminate the rigid-body translations and rotations requiring that u = 0 and
Q2=0atx=0.

A solid circular cylindrical body of radius a and height h is placed between two rigid
plates, as shown in Fig. P7.29. The plate at B is held stationary and the plate at A is
subjected to a downward displacement of §. Using a suitable coordinate system, write
the boundary conditions for the two cases: (a) When the cylindrical object is bonded
to the plates at A and B. (b) When the plates at A and B are frictionless.

l Rigid plate
/ Lateral surface

h Cylinder

o
A r

Fig. P7.29

The lateral surface of a homogeneous, isotropic, solid circular cylinder of radius a, length
L, and mass density p is bonded to a rigid surface. Assuming that the ends of the cylinder
at z = 0 and z = L are traction-free (see Fig. P7.30), determine the displacement and
stress fields in the cylinder due to its own weight.

%

-4

Y =%,

f=-pge,

AR
™~

Fig. P7.30
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7.31

7.32

7.33

An external hydrostatic pressure of magnitude p is applied to the surface of a spherical
body of radius b with a concentric rigid spherical inclusion of radius a, as shown in
Fig. P7.31. Determine the displacement and stress fields in the spherical body. Using
the stress field obtained, determine the stresses at the surface of a rigid inclusion in an
infinite elastic medium.

Rigid spherical core 0 A
Spherical core (4, 4) ‘
|- < -

Spherical shell (4, 4)

Spherical shell (u, A)

Fig. P7.31 Fig. P7.32

Consider the concentric spheres shown in Fig. P7.32. Suppose that the core is elastic and
the outer shell is subjected to external pressure p (both are linearly elastic). Assuming
Lamé constants of u; and A; for the core and p2 and Az for the outer shell, and that
the interface is perfectly bonded at r = a, determine the displacements of the core as
well as for the shell.

Consider a long hollow circular shaft with a rigid internal core (a cross section of the
shaft is shown in Fig. P7.33). Assuming that the inner surface of the shaft at r = a
is perfectly bonded to the rigid core and the outer boundary at r = b is subjected to a
uniform shearing traction of magnitude 79, find the displacement and stress fields in the
problem.

Rigid core

Long hollow
cylindrical
Shaft (1, 1)

Fig. P7.33

AIRY STRESS FUNCTION

7.34 For the plane stress field

7.35

Oz = cxy, 0oy =0.5¢(h* —y%), oy, =0,

where ¢ and h are constants, (a) show that it is in equilibrium under a zero body force,
and (b) find an Airy stress function ®(z,y) corresponding to it.

In cylindrical coordinates, we assume that the body force vector f is derivable from the
scalar potential Vy(r, 6):

aV, 190V,
r=-vv (n=-%F h=1%7). W
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7.36

7.37

7.38

7.39

7.40

7.41

LINEARIZED ELASTICITY

and define the Airy stress function ®(r,0) such that

L low 1%
e or 2 062 h
)
o0 = 55 Vi, (2)

oy 9 (102
T T or\r o0 )

Show that this choice trivially satisfies the equations of equilibrium

0orr 100, 1
g - 0—9"’;(0—7’1”_0'09)“1‘,]07“:0,

67" T 80 (3)
80’9r 18090 209 _
o Trag Ty TI=0

The tensor form of the compatibility condition in Eq. (7.5.33) is invariant.
Interpret the stress field obtained with the Airy stress function in Eq. (7.5.42) when all
constants except c3 are zero. Use the domain shown in Fig. 7.5.6 to sketch the stress
field.
Interpret the following stress field obtained in Example 7.5.5 using the domain shown
in Fig. 7.5.6:

Ozz = 6C102Y, Oyy =0, 0Ozy = —3c10y°.
Assume that cio is a positive constant.
Compute the stress field associated with the Airy stress function

®(z,y) = Az® + Bx'y + C2*y° + Doy’ + Bay* + Fy’.

Interpret the stress field for the case in which constants A, B, and C are zero. Use the
rectangular domain shown in Fig. P7.38 to sketch the stress field on its boundaries.

y q, (force per unit area)
. —ple— N
b
x 26 b x
b a
I L |
Fig. P7.38 Fig. P7.39

Determine the Airy stress function for the stress field of the beam shown in Fig. P7.39
and evaluate the stress field.

Investigate what problem is solved by the Airy stress function
_3A zy? B

where A and B are constants. Use the domain in Fig. P7.38 to sketch the stress field.
Show that the Airy stress function

1
O(z,y) = SQ% {1’2 (y3 - 3b2y + 2b3) — gy3 (y2 - 2b2)

satisfies the compatibility condition. Determine the stress field and find what problem
it corresponds to when applied to the region —b <y < b and z = 0, L (see Fig. P7.38).
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7.42 The thin cantilever beam shown in Fig. P7.42 is subjected to a uniform shearing traction

7.43

7.44

7.45

of magnitude 7 along its upper surface. Determine if the Airy stress function

2 3 2 3
@(x,y):%(xy,ﬂ,%+%+ai)

satisfies the compatibility condition and stress boundary conditions of the problem.

X

qOL

y & y/v/f’/z
e ke I N

Fig. P7.42 Fig. P7.43

Consider the problem of a cantilever beam carrying a uniformly varying distributed
transverse load, as shown in Fig. P7.43. The following Airy stress function is suggested
(explain the terms to yourself):

O(z,y) = Azy + Bz® + Cz®y + Dzy® + Exy® + Fzy®.

Determine each of the constants and find the stress field.

The curved beam shown in Fig. P7.44 is curved along a circular arc. The beam is
fixed at the upper end and it is subjected at the lower end to a distribution of tractions
statically equivalent to a force per unit thickness P = —Pé;. Assume that the beam is
in a state of plane strain/stress. Show that an Airy stress function of the form

O(r) = (Ar3 + g + Crlogr) sin 0

provides an approximate solution to this problem and solve for the values of the constants
A, B, and C.

2

NANNNNY

Fig. P7.44

Determine the stress field in a semi-infinite plate due to a normal load, fo force/unit
length, acting on its edge, as shown in Fig. P7.45. Use the following Airy stress function
(that satisfies the compatibility condition V*® = 0):

®(r,0) = A + Br’0 + Crlsin 6 + Dr cos,

where A, B, C, and D are constants [see Eq. (7.5.40) for the definition of stress compo-
nents in terms of the Airy stress function ®]. Neglect the body forces (i.e., Vy = 0). Hint:
Stresses must be single-valued. Determine the constants using the boundary conditions
of the problem.
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Fig. P7.45

TORSION OF CYLINDRICAL MEMBERS

7.46

7.47

7.48

Show that the resultant forces in the three coordinate directions on the end surface (i.e.,
z = L face) are zero. Also show that the resultant moments about the z- and y-axes on
the end surface are also zero.

Use the warping function v (z,y) = kxy, where k is a constant, to determine the cross
section for which it is the solution. Determine the value of k in terms of the geometric
parameters of the cross section and evaluate stresses in terms of these parameters and
-

Consider a cylindrical member with the equilateral triangular cross section shown in
Fig. P7.48. Show that the exact solution for the problem can be obtained and that the
twist per unit length 6 and stresses 0., and oy, are given by

g V3T b

_po
= et O g @@y, oy =

%(x2 + 2az — 3°).

Hint: First write the equations for the three sides of the triangle (that is, y = mz + ¢,
where m denotes the slope and ¢ denotes the intercept), with the coordinate system
shown in the figure, and then take the product of the three equations to construct the
stress function. Also note that

a I;F/ga
/F(x,y)d:rdy:/ ° F(z,y)dydx.
Q —2a —M
V3
Yy
y y ’
3q %& a a
~g
yd b
Side 1 X
Side 3
b
x X
x=—2a

Fig. P7.48 Fig. P7.49

7.49 Consider torsion of a cylindrical member with the rectangular cross section shown in

Fig. P7.46. Determine if a function of the form

.132 y2
vea(m ) )
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7.50

where A is a constant, can be used as a Prandtl stress function.
From Example 7.5.8, we know that for circular cylindrical members we have ¥ = 0. Use
the cylindrical coordinate system to show that o.. = 0 and 0. = Tr/J, where J is the

polar moment of inertia.

ENERGY AND VARIATIONAL METHODS

7.51

7.52

7.53

7.54

7.55

7.56

7.57

Timoshenko beam theory. Consider the displacement field

u1(:v,y) = yd)(x)v uz(x,y) = U(:U)v ug =0, (1)

where v(z) is the transverse deflection and ¢ is the rotation about the z-axis. Follow the
developments of Section 7.3.4 and Example 7.6.1 (see Fig. 7.6.1) to develop the total
potential energy functional

L
Hww.) = 5 [

where ET is the bending stiffness and GA is the shear stiffness (E and G are Young’s
modulus and shear modulus, respectively, A is the cross-sectional area, and I is the mo-
ment of inertia). Then derive the Euler equations and the natural boundary conditions
of the Timoshenko beam theory.

dp ) d ’
EI (?f) +GA (£+¢) qv:| dx — Fou(L) — Mop(L),

Identify the bilinear and linear forms associated with the quadratic functional of the
Timoshenko beam theory in Problem 7.51.
The total potential energy functional for a membrane stretched over domain Q € R? is

given by
T ou 2 ou 2

where u = u(z1,22) denotes the transverse deflection of the membrane, T' is the ten-
sion in the membrane, and f = f(x1,x2) is the transversely distributed load on the
membrane. Determine the governing differential equation and the permissible bound-
ary conditions for the problem (that is, identify the essential and natural boundary
conditions of the problem) using the principle of minimum total potential energy.

Use the results of Example 7.6.2 to obtain the deflection at the center of a clamped-
clamped beam (length 2L and EI = constant) under uniform load of intensity go and
supported at the center by a linear elastic spring (k).

Use the results of Example 7.6.2 to obtain the deflection v(L) and slopes (—dv/dx)(L)
and (—dv/dz)(2L) under a point load Fy for the beam shown in Fig. P7.55. It is
sufficient to set up the three equations for the three unknowns.

v, F, »v y
T L L L
%_, x 7
X
| 2L | % | oL i
Fig. P7.55 Fig. P7.56

Use the results of Example 7.6.2 to obtain the deflection v(2L) and slopes at x = L and
x = 2L for the beam shown in Fig. P7.56. It is sufficient to set up the three equations
for the three unknowns.

Consider an arbitrary triangular, plane elastic domain 2 of thickness h and made of
orthotropic material. Suppose that the body is free of body forces but subjected to
tractions on its sides, as shown in Fig. P7.57. Use Catigliano’s theorem I and derive a
relationship between the point displacements and the corresponding forces at the vertices
of the triangle.
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(a) (b)

Fig. P7.57

7.58 Find a two-parameter Ritz approximation of the transverse deflection of a simply sup-
ported beam (constant E1) on an elastic foundation (modulus k) that is subjected to a
uniformly distributed load, go. Use (a) algebraic and (b) trigonometric polynomials.

7.59 Establish the total potential energy functional in Eq. (2) of Example 7.6.6.

7.60 Determine a one-parameter Ritz approximation Ui(z) of u(x), which is governed by
the equation (like the equation governing the Prandtl stress function over square cross
section of 2 units)

_ (82u 0%u

922 + 07y2) = fo in a unit square,
subjected to the boundary conditions
ou ou
u(l,y) =u(x,1) =0, —‘ = — =
Ly) = ulz. 1) Oxloy  Oyl@o

Take the origin of the coordinate system at the lower left corner of the unit square.

HAMILTON’S PRINCIPLE

7.61 Find Beltrami—Michell equations for dynamic elasticity.
7.62 Extend Clapeyron’s Theorem to the dynamic case by starting with the expression

/OT(U—K) dx,

where K is the kinetic energy.

7.63 Consider a pendulum of mass m; with a flexible suspension, as shown in Fig. P7.63. The
hinge of the pendulum is in a block of mass m2, which can move up and down between
the frictionless guides. The block is connected by a linear spring (of spring constant k)
to an immovable support. The coordinate x is measured from the position of the block
in which the system remains stationary. Derive the Euler-Lagrange equations of motion
for the system.

Unstretched length
of the spring A

Fig. P7.63
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7.64

7.65

7.66

7.67

7.68

7.69

A chain of total length L and mass m per unit length slides down from the edge of a
smooth table. Assuming that the chain is rigid, find the equation of motion governing
the chain (see Example 5.3.3).

Consider a cantilever beam supporting a lumped mass M at its end (J is the mass
moment of inertia), as shown in Fig. P7.65. Derive the equations of motion and natural
boundary conditions for the problem using the Euler—Bernoulli beam theory.

X, = unstretched
length

Fig. P7.65 Fig. P7.66

Derive the equations of motion of the system shown in Fig. P7.66. Assume that the
mass moment of inertia of the link about its mass center is J = mQ?, where € is the
radius of gyration.

Derive the equations of motion of the Timoshenko beam theory, starting with the dis-
placement field (including the axial displacement, u):

ui(z,y,t) = u(z, t) + yo(z,t), uz =v(z,t), uz=0.

Assume that the beam is subjected to distributed axial load f(x,t) and transverse load
q(x,t), and that the z-axis coincides with the geometric centroid.

Derive the equations of motion of the third-order Reddy beam theory based on the dis-
placement field

i, ,1) = u(e, ) + yo(a, 1) — ey (64 00

u2($,y,t) :'U($,t), us :07

(1)

where ¢1 = 4/(3h?). Assume that the beam is subjected to distributed axial load f(z,t)
and transverse load ¢(z,t), and that the z-axis coincides with the geometric centroid.
Consider a uniform cross-sectional bar of length L, with the left end fixed and the right
end connected to a rigid support via a linear elastic spring (with spring constant k), as
shown in Fig. P7.69. Determine the first two natural axial frequencies of the bar using
the Ritz method. Hint: The kinetic energy K and the strain energy U associated with
the axial motion of the member are given by

L 2 L 2
. pA [ Ou _/ EA (0u k 2
K —/0 > (—at) dz, U= . 2 \os dx + 2[u(L,t)] . (1)

Use Hamilton’s principle to obtain the variational equation, and for periodic motion
assume ,

u(z,t) = uo(w)e™", i=+v~1, (2)
where w is the frequency of natural vibration, and uo(z) is the amplitude, to reduce the
variational statement to

L
0= / (pAw2uo§u0 - EA@ douo
0

. ) dx — kuo(L)duo(L). (3)
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jfe——————————— L
—x Deformable bar
Fig. P7.69
7.70 Consider the equation
~Vu=Xu, inQ, u=0 onT, (1)

where (2 is the triangular domain shown in Fig. P7.48 and I’ is its boundary. Equation
(1) describes a nondimensional form of the equation governing the natural vibration of
a triangular membrane of side a; mass density p; and tension T' (A = pa2w2/T, w being
the natural frequency of vibration). Determine the fundamental frequency (that is,
determine \) of vibration by using a one-parameter Ritz approximation of the problem.
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